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TO THE INSTRUCTOR

The attributes and philosophy of this book are best described by giving a
running synopsis of each of the six chapters. This summary is accompanied by
open expressions of my pedagogical preferences. Like most authors, I tend to
regard these not as idiosyncrasies, but as the only reasonable way to do things!
If you disagree in spots, I hope you will attribute this lack of modesty to an excess of
enthusiasm, an occupational hazard of those with the effrontery to write books.

The contents of Chapter 1 are often called ‘‘precalculus,’’ and are in fact just
what that term implies, namely, material that ought to be at one’s mathematical
fingertips before attempting the study of calculus proper. Opinions differ as to what
such a background chapter should contain. Some authors cannot wait to get on with
the main show, even at the risk of talking about derivatives to students who are still
struggling with straight lines, while others seem unwilling to venture into the heart-
land of calculus without a year’s supply of mathematical rations. I have tried to
strike a happy medium by travelling light, but well-equipped. Thus there is a brief
section on sets, a larger one on numbers, a little bit on mathematical induction, and
quite a lot on inequalities and absolute values, two topics that always seem to give
students trouble despite their precalculus character. There is a whole section on
intervals, both finite and infinite. The last three sections of the chapter administer
a modest dose of analytic geometry, with the emphasis on straight lines and their
equations. It should not take long to bring all the students up to the mathematical
level of Chapter 1, regardless of their starting points, and those few who are there
already can spend their spare time solving extra problems while the others catch up!

The class is now ready to attack Chapter 2, and with it the study of differential
calculus. The chapter begins with a rather leisurely and entirely concrete discus-
sion of the function concept. It is my belief that many books adopt too abstract an
approach to this important subject. Thus I do not hesitate to use terms like *vari-
able”” and ‘“‘argument,”” which some may regard as old-fashioned, relegating the
mapping and ordered pair definitions of function to the problems. At the same
time, I find this a natural juncture to say a few words about functions of several
variables. After all, why should one have to wait until the very end of the book to
write a simple equation like F(x, y) = 0? And what’s wrong with a few examples of
nonnumerical functions, which crop up all the time in the social sciences? While
still in the first three sections of Chapter 2, the student encounters one-to-one func-
tions and inverse functions, and then composite functions and sequences after
specializing to numerical functions of a single variable. Graphs of equations and
functions are treated in terms of solution sets, with due regard for parity of func-
tions and its consequences for the symmetry of their graphs.

Having mastered the concept of function, in all its various manifestations,
the student now arrives at Sec. 2.4, where derivatives and limits are introduced
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vi To the Instructor

simultaneously. 1 am of the opinion that the novice can hardly develop any re-
spect for the machinery of limits, without first being told that limits are needed to
define derivatives. Here the development of the individual’s understanding must
recapitulate the actual historical evolution of the subject. For the same reason, 1
feel that no time should be wasted in getting down to such brass tacks as difference
quotients, rates of change, and increments. Moreover, after defining the tangent to
acurve, I find it desirable to immediately say something about differentials. This is
a small price to pay for the ability to motivate the ubiquitous ‘‘d notation,”” and
differentials have many other uses too (for example, in Secs. 4.6 and 6.2).

It is now time for the student to learn more about limits. This is done in Sec.
2.6, where a number of topics are presented in quick order, namely, algebraic
operations on limits, one-sided limits, the key concept of continuity, algebraic
operations on continuous functions, and the fact that differentiability implies con-
tinuity. Armed with this information, one can now become a minor expert-on dif-
ferentiation, by mastering the material in Secs. 2.7 and 2.8. After establishing the
basic differentiation formula (x”)’ = rx""! for r a positive or negative integer, I
authorize the student to make free use of the same formula for r an arbitrary real
number. Why waste time justifying special cases when the ‘“master formula’ itself
will be proved once and for all in Sec. 4.4? (However, in a concession to tradition,
the validity of the formula for r a rational number is established in the problems,
in the usual two ways.) Following a brief discussion of higher derivatives, the
student arrives next at the rule for differentiating an inverse function and the all-
important chain rule. Unlike most authors, I use a proof of the chain rule which com-
pletely avoids the spurious difficulty stemming from the possibility of a vanishing
denominator, and which has the additional merit of generalizing at once to the case
of functions of several variables (see Sec. 6.3). The method of implicit differentia-
tion is treated as a corollary of the chain rule, and I do not neglect to discuss what
can go wrong with the method if it is applied blindly. Chapter 2, admittedly a long
one, closes with a comprehensive but concise treatment of limits of other kinds,
namely, limits involving infinity, asymptotes, the limit of an infinite sequence, and
the sum of an infinite series. Once having grasped the concept of the limit of a func-
tion at a point, the student should have little further difficulty in assimilating these
variants of the limit concept, and this seems to me the logical place to introduce
them.

In Chapter 3 differentiation is used as a tool, and the book takes a more prac-
tical turn. I feel that the concept of velocity merits a section of its own, as do related
rates and the concept of marginality in economic theory. It is then time to say more
about the properties of continuous functions and of differentiable functions, and I
do soin that order since the student is by now well aware that continuity is a weaker
requirement than differentiability. The highly plausible fact that a continuous image
of a closed interval is itself a closed interval leads to a quick proof of the existence
of global extrema for a continuous function defined in a closed interval, with the
intermediate value theorem as an immediate consequence. The connection be-
tween the sign of the derivative of a function at a point and its behavior in a neigh-
borhood of the point is then used to prove Rolle’s theorem and the mean value
theorem, in turn. With the mean value theorem now available, I immediately ex-
ploit the opportunity to introduce the antiderivative and the indefinite integral,
which will soon be needed to do integral calculus.

The chapter goes on to treat local extrema, including the case where the func-
tion under investigation may fail to be differentiable at certain points. Both the
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first and second derivative tests for a strict local extremum are proved in a straight-
forward way, with the help of the mean value theorem. The next section, on con-
cavity and inflection points, is somewhat of an innovation, in that it develops a
complete parallelism between the theory of monotonic functions and critical points,
on the one hand, and the theory of concave functions and inflection points, on the
other. The chapter ends with a discussion of concrete optimization problems, and
the three solved examples in Sec. 3.8 are deliberately chosen to be nontrivial, so
that the student can have a taste of the ‘“‘real thing.””’

"It is now Chapter 4, and high time for integral calculus. Here I prefer to use
the standard definition of the Riemann integral, allowing the points ¢; figuring in
the approximating sum o to be arbitrary points of their respective subintervals.
Students seem to find this definition perfectly plausible, in view of the interpretation
of o as an approximation to the area under the graph of the given function. Once the
definite integral is defined, it is immediately emphasized that all continuous func-
tions are integrable, and this fact is henceforth used freely. After establishing a few
elementary properties of definite integrals, I prove the mean value theorem for
integrals and interpret it geometrically. It is then a simple matter to prove the funda-
mental theorem of calculus. Next the function Inx is defined as an integral, in the
usual way, and its properties and those of its inverse function e* are systematically
explored. The related functions log,x, a* and x™ are treated on the spot, and the
validity of the formula (x™)’ = rx™"! for arbitrary real r is finally proved, as promised
back in Chapter 2. The two main techniques of integration, namely, integration by
substitution and integration by parts, are discussed in detail. The chapter ends
with a treatment of improper integrals, both those in which the interval of integra-
tion is infinite and those in which the integrand becomes infinite.

There are various ways in which integration can be used as a tool, but foremost
among these is certainly the use of integration to solve differential equations. It
is for this reason that I have made Chapter 5 into a brief introduction to differential
equations and their applications. All the theory needed for our purposes is de-
veloped in Sec. 5.1, both for first-order and second-order equations. The next sec-
tion is then devoted to problems of growth and decay, a subject governed by simple
first-order differential equations. The standard examples of population growth,
both unrestricted and restricted, are gone into in some detail, as is the topic of
radioactive decay. The last section of this short chapter is devoted to problems of
motion, where second-order differential equations now hold sway. Inclusion of
this material may be regarded as controversial in a book like this, but I for one do
not see anything unreasonable in asking even a business or economics student to
devote a few hours to the contemplation of Newton’s mechanics, a thought system
which gave birth first to modern industrial society and then to the space age. In any
event, those who for one reason or another still wish to skip Sec. 5.3 hardly need my
permission to do so.

The last of the six chapters of this book is devoted to the differential calculus
of functions of several variables. Here my intent is to highlight the similarities with
the one-dimensional case, while not neglecting significant differences. For example,
this is why I feel compelled to say a few words about the distinction between dif-
ferentiable functions of several variables and those that merely have partial deriva-
tives. However, I do not dwell on such matters. It turns out that much of the theory
of Chapters 2 and 3 can be generalized almost effortlessly to the n-dimensional
case, without doing violence to the elementary character of the book. In particular,
as already noted, the proof of the chain rule in Sec. 6.3 is virtually the same as the
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one in Sec. 2.8. Chapter 6 closes with a concise treatment of extrema in n dimen-
sions, including the test for strict local extrema and the use of Lagrange multipliers
to solve optimization problems subject to constraints. I stop here, because unlike
some authors I see no point in reproducing the standard examples involving indif-
ference curves, budget lines, marginal rates of substitution, and the like, to be
found in every book on microeconomic theory. I conceive of this book as one
dealing primarily with the common mathematical ground on which many subjects
rest, and the applications chosen here are ones which shed most light on the kind of
mathematics we are trying to do, not those which are most intriguing from other
points of view.

The idea of writing this book in the first place was proposed to me by John S.
Snyder, Jr. of the W. B. Saunders Co. Without his abiding concern, 1find it hard to
imagine that the book would ever have arrived at its present form. In accomplishing
atotal overhaul of an earlier draft, I was guided by helpful suggestions from a whole
battery of reviewers, notably, Craig Comstock of the Naval Postgraduate School,
John A. Pfaltzgraff of the University of North Carolina, J. H. Curtiss of the Uni-
versity of Miami, Carl M. Bruns of Florissant Valley Community College, David
Brown of the University of Pittsburgh, and Maurice Beren of the Lowell Tech-
nological Institute. The last of these reviewers played a particularly significant
role in my revision of Chapter 1. I would also like to thank my friend Neal Zierler
for checking all the answers to the problems in the first draft of the book, and my
copy-editor Lloyd Black for his patience in dealing with the kind of author who
keeps reading proof, looking for trouble, until it is finally taken away from him
once and for all. It has been a pleasure to work with all these fine people.



TO THE STUDENT

~ Calculus cannot be learned without solving lots of problems. Your instructor
will undoubtedly assign you many problems as homework, probably from among
those that do not appear in the Selected Hints and Answers section at the end of the
book. But, at the same time, every hint or answer in that section challenges you to
solve the corresponding problem, whether it has been assigned or not. This is the
only way that you can be sure of your command of the subject. Problems marked
with stars are either a bit harder than the others, or else they deal with side issues.
However, there is no reason to shun these problems. They’re neither that hard nor
that far off the main track.

The system of cross references used in this book is almost self-explanatory.
For example, Theorem 1.48 refers to the one and only theorem in Sec. 1.48, Exam-
ple 2.43b refers to the one and only example in Sec. 2.43b, and so on. Any problem
cited without a further address will be found at the end of the section where it is
mentioned. The book has a particularly complete index to help you find your way
around. Use it freely.

Mathematics books are not novels, and you will often have to read the same
passage over and over again before you grasp its meaning. Don’t let this discourage
you. With a little patience and fortitude, you too will be doing calculus before long.
Good luck!
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Chapter 1

MATHEMATICAL
BACKGROUND

1.1 INTRODUCTORY REMARKS

1.11. You are about to begin the study of calculus, a branch of mathematics
which dates back to the seventeenth century, when it was invented by Newton and
Leibniz independently and more or less simultaneously. At first, you will be exposed
to ideas that you may find strange and abstract, and that may not seem to have very
much to do with the “real world.” After a while, though, more and more appiica-
tions of these ideas will put in an appearance, until you finally come to appreciate
just how powerful a tool calculus is for solving a host of practical problems in fields
as diverse as physics, biology and economics, just to mention a few.

Why this delay? Why can’t we just jump in feet first, and start solving practical
problems right away? Why must the initial steps be so methodical and careful?

The reason is not hard to find, and it is a good one. You are in effect learning
a new language, and you must know the meaning of key words and terms before
trying to write your first story in this language, that is, before solving your first
nonroutine problem. Many of the concepts of calculus are unfamiliar, and were
introduced, somewhat reluctantly, only after it gradually dawned on mathematicians
that they were in fact indispensable. This is certainly true of the central concept of
calculus, namely, the notion of a “limit,” which has been fully understood only for
a hundred years or so, after having eluded mathematicians for millennia. Living as
we do in the modern computer age, we can hardly expect to learn calculus in archaic
languages, like that of “infinitesimals,” once so popular. We must also build up a
certain amount of computational facility, especially as involves inequalities, before
we are equipped to tackle the more exciting problems of calculus. And we must
become accustomed to think both algebraically and geometrically at the same time,
with the help of rectangular coordinate systems. All this “tooling up” takes time, but
nowhere near as much as in other fields, like music, with its endless scales and ex-
ercises. After all, in calculus we need only train our minds, not our hands!

It is also necessary to maintain a certain generality in the beginning, especially
in connection with the notion of a “function.” The power of calculus is intimately
related to its great generality. This is why so many different kinds of problems can
be solved by the methods of calculus. For example, calculus deals with “rates of
change” in general, and not just special kinds of rates of change, like “velocity,”
“marginal cost” and “rate of cooling,” to mention only three. From the calculus

1



2 Mathematical Background Chap. 1

point of view, there are often deep similarities between things that appear super-
ficially unrelated.

In working through this book, you must always have your pen and scratch
pad at your side, prepared to make a little calculation or draw a rough figure at a
moment’s notice. Never go on to a new idea without understanding the old ideas
on which it is based. For example, don’t try to do problems involving “continuity”
without having mastered the idea of a “limit.”” This is really a workshop course, and
your only objective is to learn how to solve calculus problems. Think of an art
class, where there is no premium on anything except making good drawings. That
will put you in the right frame of mind from the start.

1.12. Two key problems. Broadly speaking, calculus is the mathematics of
change. Among the many problems it deals with, two play a particularly prominent
role, in ways that will become clearer to you the more calculus you learn. One
problem is

(1) Given a relationship between two changing quantities, what is the rate of
change of one quantity with respect to the other?

And the other, so-called “converse” problem is

(2) Given the rate of change of one quantity with respect to another, what is
the relationship between the two quantities?

Thus, from the very outset, we must develop a language in which “relationships,”
whatever they are, can be expressed precisely, and in which “rates of change” can
be defined and calculated. This leads us straight to the basic notions of “function”
and “derivative.” In the same way, the second problem leads us to the equally basic
notions of “integral” and “differential equation.” It is the last concept, of an equa-
tion involving “rates of change,” that unleashes the full power of calculus. You
might think of it as “Neéwton’s breakthrough,” which enabled him to derive the laws
of planetary motion from a simple differential equation involving the force of gravita-
tion. Why does an apple fail?

We will get to most of these matters with all deliberate speed. But we must
first spend a few sections reviewing that part of elementary mathematics which is an
indispensable background to calculus. Admittedly, this is not the glamorous part of
our subject, but first things first! We must all stand on some common ground. Let
us begin, then, from a starting point where nothing is assumed other than some
elementary algebra and geometry, and a little patience.

1.2 SETS

A little set language goes a long way in simplifying the study of calculus.
However, like many good things, sets should be used sparingly and only when the
occasion really calls for them.

1.21. A collection of objects of any kind is called a set, and the objects them-
selves are called elements of the set. In mathematics the elements are usually numbers
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or symbols. Sets are often denoted by capital letters and their elements by small
letters. If x is an element of a set 4, we may write x € 4, where the symbol € is read
“is an element of” Other ways of reading x € 4 are “x is a member of 4,” “x belongs
to A,” and “4 contains x.” For example, the set of all Portuguese-speaking countries
in Latin America contains a single element, namely Brazil.

1.22. If every element of a set A is also an element of a set B, we write A < B,
which reads “A is a subset of B.” If A is a subset of B, but B is not a subset of 4, we
say that A is a proper subset of B. In simple language, this means that B not only
contains all the elements of A4, but also one or more extra elements. For example,
the set of all U.S. Senators is a proper subset of the set of all members of the U.S.
Congress.

1.23. a. One way of describing a set is to write its elements between curly
brackets. Thus the set {a,b,c} is made up of the elements a, b and c. Changing the
order of the elements does not change the set. For example, the set {b,c,a} is the
same as {a,b,c}. Repeating an element does not change a set. For example, the set
{a,a,b,c,c} is the same as {a,b,c}.

b. We can also describe a set by giving properties that uniquely determine its
elements, often using the colon: as an abbreviation for the words “such that.” For
example, the set {x: x = x?} is the set of all numbers x which equal their own
squares. You can easily convince yourself that this set contains only two elements,
namely 0 and 1.

1.24. Union of two sets. The set of all elements belonging to at least one of
two given sets A and B is called the union of A and B. In other words, the union
of 4 and B is made up of all the elements which are in the set 4 or in the set B, or
possibly in both. We write the union of 4 and B as 4 U B, which is often read
“A cup B,” because of the shape of the symbol L. For example, if 4 is the set {a, b, c}
and Bis the set {c,d, e}, then A U Bis theset {a,b,c,d, e}.

1.25. Intersection of two sets. The set of all elements belonging to both of two
given sets A and B is called the intersection of A and B. In other words, the inter-
section of 4 and B is made up of only those elements of the sets 4 and B which are
in both sets; elements which belong to only one of the sets A and B do not belong
to the intersection of 4 and B. We write the intersection of 4 and B as A n B, which
is often read “A cap B,” because of the shape of the symbol n. For example, if A is
the set {a,b,c,d} and Bis the set {b,d,e, f,g},then A N Bis the set {b,d}.

1.26. Empty sets. A set which has no elements at all is said to be an empty set
and is denoted by the symbol . For example, the set of unicorns in the Bronx Zoo
is empty.

By definition, an empty set is considered to be a subset of every set. This is just
a mathematical convenience.

1.27. Equality of sets, We say that two sets A4 and B are equal and we write
A = B if ‘A4 and B have the same elements. If 4 is empty, we write A = J. For
example, {x: x = x?} = {0, 1}, as already noted, while {x: x # x} = ¢J since no
number x fails to equal itself!
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PROBLEMS

Find all the proper subsets of the set {a,b,c}.
Write each of the following sets in another way, by listing elements:
@ {x:ix=-x}; (b) {xxx+3=8}; (0 {x:x?=9};
(d) {x:x*—5x+6=0}; () {x:xisa letter in the word “calculus™}.
Let A = {1,2,{3},{4,5}}. Which of the following are true?
@ led; (b) 3ed; (© {2}eA.
How many elements does 4 have?
Which of the following are true?
(a) IfA=B,thend =« BandB c 4; (b) IfAc BandB < A,then A = B;
() {x:xed} =4, (d) {all men over 80 years old} = (.
Find the union of the sets 4 and B if
(@ A={ab,c},B={abcd}; (b) A={1,234,B={-10273}.
Find the intersection of the sets 4 and B if
(@) A4=1{1,234},B=1{3,456}; (b) A=1{abcd},B=/{fgh.
Given any set 4, verifythat AU A = AN A = A.
Given any two sets A and B, verify that both 4 and B are subsets of 4 U B,
while A N B is a subset of both 4 and B.
Given any two sets A and B, verify that 4 ~ B is always a subset of A U B.
Can A N B ever equal A U B?
Given any two sets 4 and B, by the difference A — B we mean the set of all
elements which belong to 4 but not to B. Let A4 = {1,2,3}. Find 4 — B if
(@ B={1,2}; (b) B = {4,5}; ) B=; (d) B=1{1,2,3}.
Which of the following sets are empty? .
(@) {x:xisa letter before c in the alphabet};
(b) {x:xis aletter after z in the alphabet};
© {xxx+7=7};
(d) {x:x?=9and2x = 4}.
Which of the following sets are empty?
(a) The set of all right triangles whose side lengths are whole numbers;
(b) The set of all right triangles with side lengths in the ratio 5:12:13;
(¢} The set of all regular polygons with an interior angle of 45 degrees;
(d) The set of all regular polygons with an interior angle of 90 degrees;_
(e) The set of all regular polygons with an interior angle of 100 degrees.
Explain your reasoning.

Comment. A polygon is said to be regular if all its sides have the same
length and all its interior angles are equal.
Let A = {a,b,c,d}, and let B be the set of all subsets of 4. How many elements
does B have?

1.3 NUMBERS

In this section we discuss numbers of various kinds, beginning with integers and

rational numbers and moving on to irrational numbers and real numbers. The set
of all real numbers is called the real number system. It is the number system needed
to carry out the calculations called for in calculus.

1.31. The number line. Suppose we construct a straight line L through a point
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1 (I) | Il
i| l ¥ 1 ! ] 1 l-
-3 -2 -1 0 1 2 3
Figure 1.

0 and extend it indefinitely in both directions. Selecting an arbitrary unit of mea-
surement, we mark off on the line to the right of O first 1 unit, then 2 units, 3 units,
and so on. Next we do the same thing to the left of 0. The marks to the right of
O correspond to the positive integers 1, 2, 3, and so on, and the marks to the left
of O correspond to the negative integers —1, —2, —3, and so on. The line L,
“calibrated” by these marks, is called the number line, and the point O is called the
origin (of L). The direction from negative to positive numbers along L is called the
positive direction, and is indicated by the arrowhead in Figure 1.

1.32. Integers

a. The set of positive integers is said to be closed under the operations of
addition and multiplication. In simple language, this means that if we add or multi-
ply two positive integers, we always get another positive integer. For example,
2 43 =5and2-3 = 6, where 5 and 6 are positive integers. On the other hand, the
set of positive integers is not closed under subtraction. For example, 2 — 3 = —1,
where — 1 is a negative integer, rather than a positive integer.

The number 0 corresponding to the point O in Figure 1 is called zero. It can be
regarded as an integer which is neither positive nor negative. Following mathematical
tradition, we use the letter Z to denote the set of all integers, positive, negative and zero,
The set Z, unlike the set of positive integers, is closed under subtraction. For example,
4 -2=2,3-—3=0and2 — 5= —3, where the numbers 2, 0 and —3 are all
integers, whether positive, negative or zero.

b. An integer n is said to be an even number if n = 2k, where k is another
integer, that is, if n is divisible by 2. On the other hand, an integer n is said to be
an odd number if n = 2k + 1, where k is another integer, that is, if » is not divisible
by 2, or equivalently leaves the remainder 1 when divided by 2. It is clear that every
integer is either an even number or an odd number.

1.33. Rational numbers. The set Z is still too small from the standpoint of
someone who wants to be able to divide any number in Z by any other number
in Z and still be sure of getting a number in Z. In other words, the set Z is not closed
under division. For example, 2 + 3 = 3 and —4 + 3 = —%, where $ and —% are
fractions, not integers. Of course, the quotient of two integers is sometimes an integer,
and this fact is a major preoccupation of the branch of mathematics known as number

_theory. For example, 8 + 4 = 2 and 10 + —5 = —2. However, to make division
possible in general, we need a bigger set of numbers than Z. Thus we introduce
rational numbers, namely fractions of the form m/n, where m and » are both integers
and n is not zero. Note that every integer m, including zero, is a rational number,
since m/1 = m.

Let Q (for “quotient”) denote the set of all rational numbers. Then the set 0
is closed under the four basic arithmetical operations of addition, subtraction, muiti-
plication and division, provided that we never divide by zero. 1t cannot be emphasized
too strongly that division by zero is a forbidden operation in this course. These
matters are considered further in Problems 3 and 13.
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Figure 2.

1.34. Irrational numbers

a. With respect to the number line, the rational numbers fill up the points
corresponding to the integers and many but not all of the points in between. In
other words, there are points of the number line which do not correspond to rational
numbers. To see this, suppose we construct a right triangle PP'O with sides PP’ and
P'O of length 1, as in Figure 2A. Then, by elementary geometry, the side OP is of
length /12 + 12 = ﬁ (use the familiar Pythagorean theorem). Suppose we place
the side OP on the number line, as in Figure 2B, with the point O coinciding with the
origin of the line. Then the point P corresponds to the number ﬁ But, as mathe-
maticians concluded long ago, the number ﬁ cannot be rational, and therefore P
is a point of the number line which does not correspond to a rational number.

b. By an irrational number we simply mean a number, like ﬁ, which is not
rational. To demonstrate that /2 is irrational, we argue as follows. First we digress
for a moment to show that the result of squaring an odd number (Sec. 1.32b) is
always an odd number. In fact, every odd number is of the form 2k + 1, where k
is an integer, and, conversely, every number of this form is odd. But, squaring the
expression 2k + 1, we get

@k + 1)? = 4k? + 4k + 1 = 202k> + 2k) + 1,

which is odd, since 2k? + 2k is itself an integer (why?).

Now, returning to the main argument, suppose ﬁ is a rational number. Then
/2 must be of the form m/n, where m and n are positive integers and we can assume
that the fraction m/n has been reduced to lowest terms, so that m and n are no longer
divisible by a common factor other than 1. (For example, the fraction 13 is not in
lowest terms, but the equivalent fraction  is.) We can then write

JZ="2. 5

n
Squaring both sides of (1), we have
2
m
2 = ;IT’
or equivalently
m? = 2n?, )

Thus m? is an even number, being divisible by 2, and therefore the number m itself
must be even, since if m were odd, m? would also be odd, as shown in the preceding
paragraph. Since m is even, we can write m in the form

m = 2k, 3)
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where k is a positive integer. Squaring both sides of (3), we have

m? = 4k% )
Substituting (4) into (2), we get

4k* = 2n?,
or equivalently

2 __ 4k2 _ 2
nt=—= 2k*.
But then n2 is an even number, and hence so is n, for the reason just given in con-
nection with m? and m.
Thus we have managed to show that m and n are both even numbers. Therefore
m and n are both divisible by 2. But this contradicts the original assumption that
the fraction m/n has been reduced to lowest terms. Since we run into a contradiction
if we assume that /2 is a rational number, we must conclude that /2 is an irrational
number. This fact was known to the ancient Greeks, who proved it in just the same
way.
c. There are many other irrational numbers. For example, the square roots
V3, /5 and /7 are all irrational, and so is =, the ratio of the circumference of a
circle to its diameter. For convenience, we use the letter I to designate the set of all
irrational numbers.

1.35. The real number system. Let R be the set made up of Q, the set of
all rational numbers, and I, the set of all irrational numbers. In other words, let
R be the union of @ and I, in the language of sets. Thus

R=Qul

in symbolic notation (Sec. 1.24). The set R is called the real number system, and its
elements are called the real numbers. From now on, when we use the word “number”
without further qualification, we will always mean a real number.

1.36. Properties of the real numbers

Next we list several useful facts about real numbers. The student who finds
these things interesting is encouraged to pursue them further by visiting the library
and looking up a more detailed treatment of the subject.

a. There is one and only one point on the number line corresponding to any
given real number, and, conversely, there is one and only one real number cor-
responding to any given point on the number line. For this reason, the number
line is often called the real line. In mathematical language, we say that there is a
one-to-one correspondence between the real numbers and the points of the real line,
or between the real number system and the real line itself.

b. Let N be any positive integer, no matter how large. Then between any two
distinct real numbers there are N other real numbers. Since N is as large as we
please, this can be expressed mathematically by saying that between any two distinct
real numbers there are arbitrarily many real numbers, or better still, infinitely many
real numbers. In view of the one-to-one correspondence between the real numbers
and the points of the real line, this fact is geometrically obvious, since between any
two distinct points of the real line we can clearly pick as many other points as we
please.
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c. If a rational number is expressed in decimal form, the decimal either ter-
minates in some digit from 1 to 9 or else the decimal does not terminate, but con-
tinues indefinitely with groups of repeated digits after a certain decimal place. For
example, the rational numbers 3, 4, §, 75 and 15 are represented by the terminating
decimals 0.5, 0.2, 0.125, 0.1 and 0.0625, respectively, while the rational numbers L

& and  are represented by the repeating decimals 0.3333 ... = 03,0.1666 ... = 0.1§
and 0.142857142857 ... = 0.142857. Here the dots ... mean “and so on forever,”

and the digits written beneath the horizontal line repeat over and over again. Actually,
a terminating decimal can be regarded as a special kind of repeating decimal, namely,
one with an endless run of zeros after a certain decimal place. Thus 0.125 = 0.1250,
0.0625 = 0.06250, and so on.

d. Conversely, if a number in decimal form is a repeating decimal (which
includes the case of a terminating decimal), then the number is a rational number,
and it can be put in the form of a fraction m/n.

e. If an irrational number is expressed in decimal form, the decimal does not
terminate, but continues indefinitely with no groups of repeated digits. For example,
\/f = 1.414213562373 . .. , where the dots . . . again mean “and so on forever,” but
this time with no groups of repeated digits. Conversely, if a number in decimal form
is this kind of nonrepeating decimal, then the number is an irrational number.

f. It follows from the foregoing that there is a one-to-one correspondence
between the real number system and the set of all decimals, fepeating and non-
repeating.

1.37. Mathematical induction

a. In mathematics we often encounter assertions or formulas involving an
arbitrary positive integer n. As an example, consider the formula

1+3+5+@Qn—1)=n (5)

which asserts that the sum of the first n odd integers equals the square of n. Here
the dots - - - indicate the missing terms, if any, and it is understood that the left side
of (5) reduces to simply 1ifn = 1,1 + 3ifn = 2,and 1 + 3'+ Sifn = 3. To prove
a formula like (5), we can use the following important technique, known as the
principle of mathematical induction. Suppose that the formula (or assertion) is known
to be true for n = 1, and suppose that as a result of assuming that it is true for n = k,
where k is an arbitrary positive integer, we can prove that it is also true forn = k + 1.
Then the formula is true for all k.

The reason why mathematical induction works is perfectly clear: First we
choose k = 1 and use the truth of the formula n = k = 1 to deduce its truth for
n =k + 1= 2. This shows that the formula is true for n = 2. Playing the same
game again, we now choose k = 2 and use the truth of the formula for n = k = 2
to deduce its truth for n = k + 1 = 3. Doing this over and over again, we can
prove the truth of the formula for every positive integer n, no matter how large.

b. Thus, to prove formula (5), we first note that (5) is certainly true for n = 1,
since it then reduces to the trivial dssertion that

1=12%
Suppose (5) holds for n = k, so that we have
1+3+54+-+2k~1)=k. (6)
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Then, adding 2k + 1 to both sides of (6), where 2k + 1 is the next odd number
after 2k — 1, we get

14+3454+ - +2k—-1D+Qk+1) =4k +2k+ 1L W)
The expression on the right clearly equals (k + 1)%, so that (7) takes the form
1+34+54 - +Ck=1D+Qk+1=(k+1~
But this is just the form taken by (5)if n = k + 1, since then
2n—1=2k+1)—-1=2k+ L

In this way, we have shown that if (5) is true for n = k, it is also necessarily true
for n = k + 1. Therefore, by the principle of mathematical induction, (5) is true
for all n starting from n = L.

¢. The truth of the assertion for n = 1 is only needed to “get the induction
started.” This condition can be relaxed. For example, to give a rather wild example,
suppose the assertion is known to be true for n = 8, and suppose its truth forn = k
implies its truth for n = k + 1. Then the assertion is true for all n = 8,9, ..., that
is, for'all n starting from 8. This is actually the situation in Problem 20.

PROBLEMS

1. Is the set of negative integers closed under the operation of addition? Give
numerical examples to show that the set of negative integers is not closed under
the operations of subtraction, mulitiplication and division.

2. Give numerical examples to show that
(a) The sum of two rational numbers is a rational number;

(b) The difference of two rational numbers is a rational number;
() The product of two rational numbers is a rational number;
(d) The quotient of two rational numbers is a rational number.

3. Show algebraically that the set of rational numbers is closed under the operation
of addition. Do the same for the operations of subtraction, multiplication and
division.

4. Which of the following exist?

(a) A largest positive integer;

(b) A smallest positive integer;

(c) A largest positive integer less than 100;

(d) A smallest positive integer greater than 100.

5. Is the number 1 — ﬁ rational or irrational? Explain your answer.

6. Give an example to show that the sum of two irrational numbers can be a
rational number. How about the difference of two irrational numbers?

7. Give an example to show that the product of two irrational numbers can be
a rational number. How about the quotient of two irrational numbers?

8. What conclusions can you draw from Problems 6 and 7 about whether or not
the set of irrational numbers is closed under the operations of addition, sub-
traction, multiplication and division?

9. Prove that 0 ¢ = 0 for every real number c.

10. Give examples other than those in the text of rational numbers which terminate
when expressed in decimal form.
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11.  Give examples other than those in the text of rational numbers which continue
indefinitely with groups of repeated digits when expressed in decimal form.
12. Use mathematical induction to prove that

_ nin + 1)

142434 +n :

foralln =1,2,...

13.  Let abe any real number, possibly zero. Why is the expression a/0 meaningless?
In other words, why is division by zero impossible?

Comment. On the other hand, if a # 0, then 0/a is a perfectly respectable
number, equal to 0.

14. It can be shown (Sec. 1.4, Prob. 12) that between any two rational numbers
there is another rational number. Illustrate this statement by inserting another
rational number between 5 and T

*15. Verify that§ + % = 4 by adding the corresponding decimals. What conclusions
can you draw from this about any decimal with an endless run of nines after a
certain decimal place?

*16. Which rational number (in lowest terms) is expressed by the following repeating
decimal?

(@ 0919; (b) 031; (¢) 1.231; (d) -04T7.

*17. Explain why a rational number, when expressed in decimal form, either ter-
minates or continues indefinitely with groups of repeated digits.

*18. It can be shown (Sec. 1.5, Prob. 13) that between any two irrational numbers
there is another irrational number. Illustrate this statement by inserting another
irrational number between /2 = 1414213562 . .. and 1.414215784 ...

*19. Use mathematical induction to prove that

3 32
12+22+32+...+n2___2"_+._6"$

foralln=1,2,...

*20. Verify that every integer greater than seven can be written as a sum made
up of threes and fives exclusively. For example, 8 =3 + 5,9 =3 + 3 + 3,
10=5+ 5,11 =3+ 3 + 5,and so on.

1.4 INEQUALITIES

1.41. Let a and b be any two numbers. Then there are only three, mutually
exclusive possibilities:

(1) Either a equals b, written a = b;
(2) Or ais greater than b, written a > b;
(3) Orais less than b, written a < b.

On the real line, a > b simply means that the point corresponding to the number
a lies to the right of the point corresponding to the number b, or, in simpler language,
that “the point a” lies to the right of “the point b” (Sec. 1.56). Similarly, a < b means
that the point a lies to the left of the point b. Note thata > band b < a mean exactly
the same thing, andsodoa < band b > a.
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Another way of saying that a is greater than b is to say that if b is subtracted
from a, we get a positive number, that is, a number greater than zero, while if a is
subtracted from b, we get a negative number, that is, a number less than zero. In other
words,a > b,a — b > 0 and b — a < 0 all mean exactly the same thing, and simi-
larly, sodoa < b,b —a>0anda — b < 0. We regard it as a known fact that if
aand b are both positive numbers, then so are thesuma + band the product ab.

Formulas involving the symbols > and < (or the symbols > and < to be
introduced in Sec. 1.47) are called inequalities. There are several theorems about
inequalities which are both intuitively reasonable and very easy to prove. We now
prove some of these which are particularly useful.

1.42. THEOREM. Adding the same number to each side of an inequality does
not change the sense of the inequality. That is,

Ifa>b, thena+c>b+g 1)
where ¢ is any number at all, while
Ifa<b, thena+c<b+ec 1)
Proof. To prove (1), we need only show that (a + ¢) — (b + ¢) > 0, which
means exactly the same thing as a + ¢ > b + ¢. But
@+d—-b+c)=@—-b+c-d=@a-b+0=a—->b>0,

since a > b. The proof of (1') is just as easy, and is left as an exercise. [
The symbol [J is a modern way of indicating the end of a proof. The old-
fashioned way is “Q.E.D.,” which you may recall from elementary geometry.

1.43. THEOREM. Multiplying both sides of an inequality by the same positive
number does not change the sense of the inequality. That is,

Ifa>bandc >0, thenac > b, )
while

Ifa<bandc >0, thenac < bc. 29

Proof. To prove (2), we need only show that ac — bc > 0, which means
exactly the same thing as ac > bc. Buta — bis positive, since a > b, and cis positive,
by hypothesis. Therefore the product (a — b)c = ac — bc is also positive, since the

product of two positive numbers is a positive number. Thusac — bc > 0,as required.
The proof of (2') is just as easy, and is left as an exercise. [

1.44. THEOREM. Multiplying both sides of an inequality by the same negative
number changes the sense of the inequality. That is,

Ifa>bandc <0, thenac < b, 3)
while

Ifa<bandc <0, thenac > bc. 3"

Proof. To prove (3), we need only show that ac — bc < 0, which means
exactly the same thing as ac < be. Buta — bis positive, sincea > b, and cis negative,
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by hypothesis. Therefore the product (@ — b)c = ac — bc is negative, since the
product of a positive number and a negative number is a negative number. Thus
ac — bc < 0,asrequired. The proofof(3')is just as easy, and is left as an exercise. [J

1.45. THEOREM. Ifa > bandb > c,thena > c.
Proof. By hypothesis,a — b > 0and b — ¢ > 0. But then
@a—-b+b—-—c)=a—-c>0,

since the sum of two positive numbers is positive. Alternatively, the theorem follows
at once by examining the relative positions of a, b and c, regarded as points on the
real line (give the details). O]

1.46. THEOREM. Let a and b be positive numbers such that a > b. Then
1 1
<

Proof. To prove (4), we need only show that

1 1
b a0
Writing
1 1 a b a—b>b
R Sl ©)

we note thata — b > 0,since a > b, whileab > 0,sincea > 0and b > 0. It follows
that the expression on the right in (5) is positive, being the quotient of two positive
numbers. [

1.47. In dealing with inequalities, it is a great convenience to introduce the
symbol >, which means “is either greater than or equal to,” and the symbol <,
which means “is either less than or equal to.” Thus a > b means “a is either greater
than or equal to b,” while a < b means “a is either less than or equal to b.” It is
possible for both inequalities a > b and a < b to be valid simultaneously, but only
if a is actually equal to b, since the three possibilities listed in Sec. 1.41 are mutually
exclusive. In other words, @ > b and a < b together imply a = b.

Clearly a > b means exactly the same thing as a — b > 0, while a < b means
exactly the same thingasa — b < 0.

1.48. Hereisanother theorem on inequalities, this time involving the symbol < :
THEOREM. If a < band ¢ < d, then ;
a+c<b+d 6)

Proof. As just noted, a2 < b means exactly the same thing as a — b < 0, while
¢ < d means exactly the same thing as ¢ — d < 0. But the sum of two numbers
which are negative or zero is itself a number which is negative or zero. In other
words, the sum of two nonpositive numbers is a nonpositive number. It follows that

@a—b)+(c—-—d)=(a+)—-(b+d)<0,

which means exactly the same thing as (6). O
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.1.49. [Inequalities are often combined. For example, a > b > ¢ means that
both inequalities a > band b > ¢ hold simultaneously. Similarly,d < e < f means
that both d < e and e < f hold simultaneously. Thus we have

2> VA1, 224>1 1<y2<2 1<J2<2

Give other examples involving the same numbers. Bear in mind that by ﬁ, where
x is a positive number, we always mean the positive square root of x. Thus, for
example, /4 equals 2, never —2.

PROBLEMS

1. Show that

(a) Ifa > b, then —a < —b;
©(b) Ifa>bandc > d,thena +c>b +d

2. Given two unequal rational numbers p = m/n and p' = m'/n’, written with
positive denominators (as is always possible), show that p > p’ is equivalent
to mn' > m'n, while p < p’ is equivalent to mn’ < m'n.

3. Which is larger?
@ Bork; (b —Hor -4 (9 Kork

4. Verify thatifa > b > Oandc > d >0, then ac > bd > 0.

5, Verify that if a > 0, b > 0 and b?* > a?, then b > a. Use this to confirm
that /3 > /2.

6. Show that a®> > aifa > 1, while a* < aif 0 < a < 1. When does a? = a?

7. Verify that

Write this in another way, using the symbol < instead.
8. Show that
(@) Ifa > b, then —a < —b;
(b) Ifa>=bandb = ¢, thena = ¢;
(¢ Ifazbandb >corifa > band b > ¢, thena > ¢
9. Verify that if @ > b and ¢ > 0, then ac 2 be, while if a > b and ¢ < 0, then
ac < be.

10. Given a number x, the largest integer less than or equal to x is called the integral
part of x and is denoted by [x], not to be confused with {x}, the set whose only
element is x. Find
@ 1 o [ © § @ K2 © [-i

O [-V2) |

11. Let n be an integer. Find

@ [; ® +3: © -3

*12. Let p and g be two rational numbers such that p < q. Show that the number
L(p + q) is also rational and lies between p and g. Use this to show that there
is no largest rational number less than 1, and no smallest rational number
greater than 0. Can we change the word “rational” to “real” here?

*13. Verify that
(@ a* + b* > 2ab; (b) (a+ b)* > 4ab;

(¢) Ifa>0,thena +%22.
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*14. The arithmetic mean of two positive numbers x and y is defined as

_Xx+y
=73

and the geometric mean as

g =1x.

Verify that g < a unless x = y, in which case g=a
*15.  Use the preceding problem to show that of all rectangles with a given perimeter
(combined side length), the square has the greatest area.

1.5 THE ABSOLUTE VALUE

1.51. By the absolute value of a number x we'mean the number which equals x
if x is nonnegative and —x if x is negative. If x is expressed in decimal form, then
the absolute value of x is just the decimal without its minus sign if it has one. The
absolute value of x is denoted by x|, with two vertical lines (never with brackets).
In other words,

(1)

l _ x if x2=0,
1= % it x<o

Thus, for example, 2.2 = 2.2,|-3.1| = ~(=3.1) = 3.1, [0] = 0. Note that |—x| =
x| for any number x. For example, [-3.1] =31 = 3.1 |
1.52. THEOREM. The inequalities
< x <l o
and
e+ ol < 6+ ]l (3)

hold for arbitrary numbers x and y.

Proof. To prove (2), we merely note that, by (1), x = x| if x > 0, while
x = —|x| if x < 0. Therefore (2) holds in either case.

To prove (3), we write

-l <y<y 4@

as well as (2). It then follows from Theorem 1.48, witha = x, b = [xl,c = y,d =y,
that

x+y <X+ |y, 5)
and from the same theorem, this time with a = —xl, b =x,¢c= - Iy, d =y, that
= =< x+ (5"

But (5) and (5') together imply (3). In fact, if x + y=0,thenx 4+ y=|x+ ¥, so
that (5) is equivalent to (3), while if x + y < 0, then x + y=—|x+ y|, so that (5)
becomes —|x| — )| < ~|x + y|, which is again equivalent to 3). O

1.53. According to (3), the absolute value of the sum of any two numbers is
either less than or equal to the sum of the absolute values of the numbers. More
concisely, “the absolute value of a sum cannot exceed the sum of the absolute values.”

4
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You should convince yourself by testing the various possibilities that (3) reduces to
the equality |x + y| = |x| + |y| when x and y have the same sign or at least one of
the numbers x and y is zero, and that (3) can be replaced by the “strict” inequality
Ix + ¥y < + |y| when x and y have opposite signs. Formula (3) is often called
the “triangle inequality,” for a reason we do not go into here.

1.54. The coordinate of a point on the real line. As we have seen in Sec. 1.36a,
there is one and only one point on the real line corresponding to any given real
number, and, conversely, there is one and only one real number corresponding to
any given point on the real line. Thus, to specify a point P on the line, we need only
give the real number corresponding to P. This number is called the coordinate of P.

Let d be the distance between the origin O, namely the point with coordinate
zero, and the point P. Then P has the coordinate d if P lies to the right of O (see
Figure 3A) and the coordinate —d if P lies to the left of O (see Figure 3B). If the
point P coincides with the origin O, its distance from O is zero, and therefore so is
its coordinate.

0 P P 0]
—d— —d—
0 d —d 0
A B
Figure 3.

Conversely, suppose P has the coordinate x, where x is any real number. Then
P is just the point at distance |x| from O, lying to the right of O if x is positive (see
Figure 4A) and to the left of O if x is negative (see Figure 4B). If x = 0, then P clearly
coincides with O.

0 P P 0
f—ixi— p—ixl—
0 X X 0

A B
Figure 4.

1.55. The distance between two points on the real line

THEOREM. Let P, and P, be two points on the real line with coordinates x, and
x,, respectively, and let d be the distance between P, and P,. Then

d = |x1 - le. (6)

Proof. Let P, and P, both lie to the right of the origin O. Then formula (6)
follows from Figure 5A if P, lies to the right of P, and from Figure 5B if P, lies

Xy — x5l = X4 =X, IXg — Xo | = Xg — X4

0 Py / P (o] Py / P,
Xz I ! X4 L.
X, X2

A B
Figure 5.
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f— c+ Xy !
(o} l‘°+x1‘i P, 0 P;I
l F—txq 1= =x, i X2 —]
I ¢ 1
Figure 6

to the left of P,. On the other hand, if P, or P, (or both) lies to the left of 0, as in
Figure 6, then we can replace O by a new origin (', a distance c to the left of O,
such that P; and P, both lie to the right of 0’. With respect to the new origin O,
the points P, and P, have coordinates ¢ + x, and ¢ + x,, as is apparent from the
figure, where the point P, lies to the left of O and the distance from O’ to P, equals
¢ = |x1| = ¢ + x,. Therefore, by the first part of the proof, we now have

= |(C + x1) ~ (c + xz)l = |(C =)+ (x; — xz), = ,xl - lea

so that formula (6) is still valid. [J

1.56. In talking about real numbers, we will make free use of geometrical
language whenever it seems appropriate. In particular, we will usually say “the
point x” instead of “the point with coordinate x.” The distance between the points
P, and P, will often be denoted by [Py P,], as suggested by the absolute value in (6).
The same “double vertical line notation” will also be used for the distance between
points in the plane and in space.

PROBLEMS

1. Verify that |xy| = |x| |y]. '
Comment. Thus “the absolute value of a product equals the product of the
absolute values.”
2. Show that

x+]x|- 2x if x>0,
10 if x<oO.

3. Verify that |x|* = x? and |x| = \/x? for every number x, regardless of the sign
of x.
4. Show that

[x+y+z|<|x|+ly|+|z|

for arbitrary numbers x, y, z.
5. More generally, show that

oot xa + o x] <l 4 x|+ 4 )

for arbitrary numbers x,, x,, .. ., x,.

6. Which points are at distance 2 from the point —1?

7. Find the two points which are four times closer to the point —1 than to the
point 4.

8. When does the point x? lie to the right of the point x? When does it lie to the
left? When do the two points coincide?

9. If P, and P, are the points with coordinates x, and x,, verify that the point
with coordinate 4(x, + x,) is the midpoint of the segment P, P,.
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*10. Show that
x =y = X = [yl

for arbitrary x and y. When does equality occur?
*11. Solve the equation
@@ [x-1=2; (b x—1=p3-x; © e+ 1] = [3 + x];
d x| =1]x-2
In other words, find the set of all numbers x satisfying the equation.
*12.  What happens to the point (1 — x)a + xb as x varies from 0 to 1?
*13. Verify that between any two real numbers x; and x,
(a) There is a rational number and an irrational number;
(b) There are infinitely many rational numbers and infinitely many irrational
numbers.

1.6 INTERVALS AND NEIGHBORHOODS
1.61. Intervals

a. Letaand b be any two real numbers such thata < b, and consider the set [
of all real numbers x such that x is greater than a but less than b. Then 1 is called
an open interval and is denoted by the symbol (a,b). Note that I does not include the
points x = aand x = b, called the end points of the interval. We can also denote (g, b)
by writing a < x < b, it being understood that a < x < b is shorthand for the
set] = {x:a < x < b}.

b. Suppose we enlarge the open interval (a, b) by including the end points
x = g and x = b. Then the resulting set is called a closed interval and is denoted
by the symbol [a, b], with square brackets instead of round brackets (parentheses).
Since [a, b] is clearly the set of all x such that x is greater than or equal to a but
less than or equal to b, we can also denote [a, b] by writing a < x < b, this being
shorthand for the set {x:a < x < b}.

¢. Sometimes it is convenient to speak of intervals which include one end
point but not the other. Thus we have the interval [a, b), which includes the left end
point a but excludes the right end point b, or the interval (a, b], which includes the
right end point b but excludes the left end point a. Note the crucial difference be-
tween the meaning of a round bracket ( or ) and a square bracket [ or ] Wecan
also write [a,b) as a < x < b and (g, b]asa < x < b. These intervals, which are
neither open nor closed, might be regarded as “half open,” but they might just as
well be regarded as “half-closed.” The intervals (a, b), [a,b], [a,b) and (a,b] are all
assigned the same length, namely b — a.

d. The geometrical meaning of the various kinds of intervals is shown in
Figure 7, where included end points are indicated by solid dots and excluded end
points by hollow dots.

1.62. Examples
a. Find the open interval a < x < b or (a,b) equivalent to

—5<x+2<3 1

— -— — —0 o
(a, b) (a, b} [a, b) {a, b]
Figure 7.
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SoLuTION.  Each of the two inequalities in ( 1), namely ‘
~5<x+2 )

and
Xx+2<3, (3)

remains valid if we add the same number to both sides. Adding —2 to both sides
of (2), or equivalently subtracting 2 from both sides, we get

-7 < x 2)
Similarly, subtracting 2 from both sides of (3), we get
x <1 (39

Combining (2') and (3’), we find that the open interval equivalent to (1) is
-T<x<1.

This is just the interval (— 7, 1) in bracket form.
b. Find the closed interval a < x < b or [a,b] equivalent to

1<x-5<4. 4)
SOLUTION.  Again, each of the inequalities in (4), namely
1<x-5 x-5<4, &)

remains valid if we add the same number to both sides. The only sensible choice
of the number to be added is 5, of course, and this converts the inequalities (5) to

6<x, x<09. (5)
Combining these inequalities, we find that the closed interval equivalent to (4) is
6<x<9,
or [6,9] in bracket form.
1.63. Neighborhoods

a. By a neighborhood of a point ¢ we mean any open interval with ¢ as its
midpoint. Thus, for example, the intervals (—1, 1), (—2,2) and (=3, 3) are all neigh-
borhoods of the origin of the real line, that is, of the point x = 0. If we exclude
the midpoint ¢ from any neighborhood of ¢, the resulting set is called a deleted
neighborhood of c. Note that a deleted neighborhood is the union of two open
intervals, rather than a single open interval.

b. - Let  (the Greek letter delta) denote any positive number. Then by the
d-neighborhood of a point ¢ we mean the neighborhood of ¢ of length 2. In other

. words, the 5-neighborhood of ¢ is the open interval c — 6 < x < ¢ + 4, or equiva-
lently(c — 6, ¢ + d),shown in Figure 8A. The corresponding deleted 5-neighborhood

i vk S i |

c—3& c ct+é c—§ c c+3d

A B
Figure 8.
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of ¢ is the union of intervals (¢ — 8, ¢) U (¢, ¢ + &), shown in Figure 8B, where the
hollow dot indicates the missing point ¢. Note that (c — 8,¢ + 8) can also be
described as the set of all x whose distance from c is less than §, and hence, by
Theorem 1.55, as the set of all x such that }x — c| < 6. Similarly,(c — S,c)ulc,c+ 0)
can be described as the set of all x such that 0 < |x — o <é.

There is nothing sacred about the use of the letter & in this context, apart from
mathematical tradition, and we could use any other letter as well. A common choice
is ¢ (the Greek letter epsilon).

c. Example. Find the 1-neighborhood of the point 2.

SoLuTION. Here ¢ = 2, & = 1, and the neighborhood is just the open interval
2 - 1<x<2+1, namely 1 <x <3 or (1,3). The corresponding deleted
1-neighborhood is the set (1,2) U (2,3).

1.64. Infinite intervals

a. In discussing intervals, it is convenient to introduce two new symbols. These
are oo, called (plus) infinity, and — o, called minus infinity. The symbols co and — o0
must not be thought of as numbers, even though they appear in inequalities. Using
oo and — oo, we now define the following kinds, of intervals, where c is an arbitrary
number:

(1) The set of all numbers x such that x < ¢, denoted by —00 < x < ¢;

(2) The set of all numbers x such that x < ¢, denoted by —o0 < x < ¢;

(3) The set of all numbers x such that x > ¢, denoted by ¢ < x < 00;

(4) The set of all numbers x such that x > ¢, denoted by ¢ < x < 0;

(5) Theset of all numbers x, namely the whole real number system, denoted
by —0 <x <

In bracket notation, we denote these five kinds of intervals by (=0, ¢), (—o0,c],
(¢, ), [¢, o) and (— o0, 0), respectively, with a round bracket for an excluded end
point and a square bracket for an included end point, just as before. These intervals,
involving co and — oo, are said to be infinite, as opposed to the finite intervals (a, b),
[a,b], [a. b) and (g, b].

b. Since co and — oo are not numbers, we cannot allow either x = oo or x =
— co. Therefore it is meaningless to write intervals like —o0 < x <¢, ¢ < x < o0,
— o0 < x < o0, etc., and no infinite interval written in bracket form can have a
square bracket next to the symbol oo or —co.

c. Example. Find the set of all x such that

k=1 —|x -2/ =1 ©)

SOLUTION. According to Theorem 1.55, equation (6) means that the distance
between the point x and the point 1 minus the distance between the point x and the
point 2 equals 1. This happens when x > 2 and only then (what goes wrong if x < 27).
Therefore the set of all x satisfying (6) is the infinite interval 2 < x < oo, or [2, 00)in
bracket form.

PROBLEMS

1. What is the open interval, in bracket form, equivalent to —3 < x — 3« —1?
The closed interval equivalent to —2 < x + 1< 4?
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2. What is the half-open interval, in bracket form, equivalentto1 < x — 1 < 77
Equivalent to /2 < x + 2 < /37

3. Find the set of all x such that |x — 1| + |x — 2| = 1.

4. Find the /2-neighborhood of the point 3. Write the corresponding deleted
neighborhood as a union of open intervals.

S. What is the open interval, in bracket form, equivalent to —6 < 3x < 3? The
closed interval equivalent to —6 < —3x < 3?7

6. Find a simpler way of writing
@ 1L,3)u{3}; ) [L,IHU[30); (© (—w,1)u(0 w).

7. Find a simpler way of writing
@ [-23]n[-11]; () [-L1]1n[L,2]}; () (—o0,1]N(~1,00).

*8. In what interval is the expression

—

%
+
=

defined? How about /1 — x?7

1.7 RECTANGULAR COORDINATES

As shown in Sec. 1.54, any given point on a line can be uniquely specified by
giving a single real number, called the coordinate of the point. We now show how
to uniquely specify any given point in a plane. This can be done by giving two real
numbers, again called the coordinates of the point.

L71. Suppose that at a convenient point in a plane (this page, say) we con-
struct a pair of perpendicular lines, known as coordinate lines or coordinate axes,
intersecting in a point O, called the origin (of coordinates). For convenience, we
choose one of the lines parallel to the short dimension of the page, calling it the
x-axis and labelling it Ox, and the other line parallel to the long dimension of the
page, calling it the y-axis and labelling it Oy. Each line is regarded as extending
indefinitely in both directions, and each is equipped with a positive direction, pointing
to the right in the case of the x-axis and upward in the case of the y-axis, as indicated
by the arrowheads in Figure 9A.

I v

Figure 9.



Sec. 1.7 Rectangular Coordinates 21

The plane containing the pair of perpendicular lines Ox and Oy is called the
xy-plane. The two coordinate lines divide the xy-plane into four regions, called
quadrants. These are indicated by the Roman numerals in Figure 9B, where I refers
to the first quadrant, 11 to the second quadrant, and so on. Note that the quadrants
are arranged in the counterclockwise direction, that is, in the direction opposite to
that in which the hands of a clock move.

1.72. We are now able to associate a pair of numbers with any given point P
in the xy-plane, by making the following construction which you have probably
already encountered before: Through the point P we draw two straight lines, one
perpendicular to the x-axis, the other perpendicular to the y-axis. Suppose that, as
in Figure 10, the first line intersects the x-axis in the point with coordinate a, where
the x-axis is regarded as a number line with the indicated positive direction. Suppose
also that the second line intersects the y-axis in the point with coordinate b, where
the y-axis is regarded as another number line with the indicated positive direction.
Then the numbers a and b are called the rectangular coordinates, or simply the
coordinates, of the point P. More exactly, a is called the abscissa or x-coordinate
of P, while b is called the ordinate or y-coordinate of P.

Conversely, given any pair of numbers a and b, to “plot” (that is, to find) the point
P in the xy-plane with abscissa a and ordinate b, we simply reverse the above con-
struction: We draw two straight lines, one perpendicular to the x-axis through the
point of the x-axis with coordinate 4, the other perpendicular to the y-axis through
the point of the y-axis with coordinate b. Then, as is immediately apparent, the point
of intersection of these two lines is just the point P with abscissa a and ordinate b.

y

b P = (a,b)

Figure 10.

1.73. The point P with abscissa a and ordinate b may also be denoted by (a, b).
The symbol (a, b) is called an ordered pair, and is a special kind of two-element set
of real numbers, namely one in which the order of the elements matters. Thus, although
the ordinary sets {a, b} and {b, a} are identical (Sec. 1.23a), the ordered pairs (a, b)
and (b, a) are different unless a = b.

Do not confuse the ordered pair (a,b) with the same symbol (a, b) used to
designate an open interval with end points a and b. The context will always show
which meaning is to be attached to the symbol (a, b). Although it would be nice to
have different symbols for different things, this is a case where mathematical tradition
must be respected.

Note that the origin O has abscissa zero and ordinate zero. In other words,
0 is the point (0, 0).
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Vi — — —

Figure 11.

1.74. The distance between two points in the plane

THEOREM. Let Py = (x,, y,) and P, = (x,, y,) be two points in the x y-plane, and
let |P\ P,| be the distance between them. Then

|PyP,| = \/lxl — x> + |Y1 - YT- (v

Proof. Dropping perpendiculars from P, and P, to the x- and y-axes, we find
that P, P, is the hypotenuse of the right triangle P,QP, shown in Figure 11. More-
over, it is obvious that |P,Q| = |AB| and |QP,| = |CD|, where A and B have coor-
dinates x; and x, regarded as points of the x-axis, while C and D have coordinates
y1 and y, regarded as points of the y-axis. Therefore, by the Pythagorean theorem,

[P1Ps[* = [P\Q|" + |QP,[* = |4B[* + |CDP,

and hence
|P,P,| = [AB[* +[CDJ" )
But, according to Theorem 1.55,
|AB} = |x, — x5},  |CD| = |y, — y,|- 3)

Combining (2) and (3), we get (1) at once. O
Since |x|> = x? for every number x, regardless of the sign of x, we can just as
well write (1) in the equivalent form

lP1P2| =Jx = )2+ (yy — y) = Jx2 = x)F + (y, - ). (f‘)
1.75. Examples

a. Find the distance between the points P; = (—1,2)and P, = (1, —2).
SOLUTION.  According to (4),
|P\Py| = (=1 — 1) + 2 = (=2)? = /(=2 + 4

= J4+16 = /20 = 2/5.

b. Find the distance between two points P; and P, lying on the same line
parallel to the x~axis. On the same line paraliel to the y-axis.
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Sorution. If P, and P, lie on the same line parallel to the x-axis, then P,
and P, have the same ordinate, say b, so that P, = (xy, byand P, = (x,, b). Therefore,
in this case, formula (4) reduces to

|P1P2| = \le - X2)2 + (b - b)2 = \/@ - x2)2 = |x1 - x2|. %)

This is just what we would expect from Theorem 1.55, which deals with the case

where the common ordinate b equals zero.
In the same way, it is easy to show that if P; and P, lie on the same line parallel
to the y-axis, so that P, and P, have the same abscissa, then formula (4) reduces to

lP1P2| = |J’1 - J’2|- (6)

Give the details.

¢. Is the triangle ABC with vertices A = (0,0), B =(3,3), C = (-1,7) a
right triangle?

SOLUTION. Yes. To see this, we first calculate the squares of the side lengths
of ABC, with the help of formula (4). As a result, we obtain

|AB|2 =32 4 32 = 18,
|BC|2 = (—4)* + 4% = 32,
1AC|2 = (=12 + 7* = 50,
so that
|AC|? = |AB|* + |BC|?

for the given triangle ABC. It follows from the converse of the Pythagorean theorem
(explain) that ABC is a right triangle with the side AC as its hypotenuse.

PROBLEMS

1. Plot the points 4 = (2,0), B =(2,2),C =(0,3),D =(—-2,2),E = (~2,0), F =
(0, — 1) on ordinary graph paper. Then join Ato C, Bto D, Cto E,Dto F,
E to A, and finally F to B. What is the resulting figure?

2. Suppose the figure in the preceding problem is shifted one unit to the right and
two units upward. Then 4, B, C, D, E, F go into new points A', B, C', D', E',
F’. What are these new points?

3. If the point (x, ) lies in the first quadrant, then x > 0, y > 0. Write similar
conditions characterizing the other three quadrants.

4. Find the distance between the pair of points
@ (1,3),57; ® (-2,-3,01D; © 1,3),04; @) 2469

5. Give an example of four points, each in a different quadrant, whose distances
from the origin are all equal.

6. Given two points P, = (x,,y,) and P, = (x,, y,), verify that the point with
abscissa (x; + x,) and ordinate 4(y, + y,) is the midpoint of the segment
P,P,.

7. Two vertices A and B of an isosceles triangle ABC lie at the points (0, 1) and
(10, 1). Find the abscissa of the point C if |4C| = |BC]|.

8. Locatethepoints 4 = (4,1),B = (3,5),C = (—1,4)and D = (0,0). Show that
ABCD is a square. What is the side length of the square?
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9. Find the midpoints of the sides of the square ABCD in the preceding problem.
*10. Find all points which are equidistant from the x-axis, the y-axis and the point
(3, 6).
*11. How many points of the form (m, n), where m and n are integers, lie inside the
circle of radius 3 with its center at the origin?
*12. Given three noncollinear points 4 = (0,0), B = (x, y) and D = (x/, y), what
choice of the point C makes the quadrilateral ABCD a parallelogram?

1.8 STRAIGHT LINES

1.81. The slope of a line

a. Let L be any nonvertical straight line in the xy-plane, and let P, = (x,, y,)
and P, = (x,, y,) be any two distinct points of L. Then by the slope of L we mean
the ratio

m=22" (1)
Xq — Xy
To interpret the slope geometrically, we draw the line through P, parallel to the

x-axis and the line through P, parallel to the y-axis, intersecting in the point 4 =
(x3, ¥1), as shown in Figure 12. Then the slope m is just the ratio

[P24]
P, 4]

of the length of the side P, A to the length of the side P, 4 in the right triangle P, AP,.

b. It is important to note that the slope of a line L does not depend on the
particular choice of the points used to define the slope. To see this, let P, and P,
be any two points on L other than P, and P,, and suppose the line through P,
parallel to the x-axis intersects the line through P, parallel to the y-axis in the
point B, as shown in Figure 13, where L, P,, P, and A are exactly the same as in
Figure 12. Then the right triangles P,AP, and P,BP, are similar (why?), and
therefore

m =

2

|PsB| _ P24
P,B| P4

P, = (xz, Y2)

/ Py =(x,vq)  A={x,,vq} / P, A
[0} X X

-~ §) e 0

Figure 12. Figure 13.
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P1 = (X1,y1)

A= {Xqy,Y,)
X
(6]
\L
Figure 14.
so that Athe formula
o = P48
|P3B|

leads to exactly the same value of m as formula (2).

¢. The slope of the line L in Figure 12 is clearly positive, since in this case
both x, — x, and y, — y, are positive, and hence so is the ratio (1). However, a
line may well have a negative slope. For example, the ratio (1) is negative for the
line L shown in Figure 14. To see this, we need only note that y, — y, is now nega-
tive, while x, — x, is still positive.

Thus, in brief, if a line slopes up to the right, its slope is positive, while if a line
slopes down to the right, its slope is negative.*

1.82. The inclination of a line

a. By the inclination of a straight line L in the xy-plane we mean the smallest
angle between the x-axis and L, as measured from the x-axis to L in the counter-
clockwise direction. The inclination, which we denote by 8 (the Greek letter theta),
will be measured in degrees, denoted by the symbol °. Moreover, any line parallel
to the x-axis, including the x-axis itself, will be regarded as having the inclination 0°
(zero degrees). Since vertical angles are equal (see Figure 15), it doesn’t matter

y

~_

0 )

180° + ¢

Figure 15.

*Note that in interpreting the slope geometrically (and in proving Theorem 1.74), we have
tacitly assumed that the line L slopes up to the right and that the point P, lies to the left of
the point P,. As an exercise, consider the modifications required in the other cases.
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whether the measurement of 6 is started to the right or to the left of the point in
which L intersects the x-axis. It is also clear from the figure that if L makes the
angle 180° + @ with the x-axis, then L also makes the smaller angle 0 with the x-axis.
Therefore the inclination 6 of any line whatsoever lies in the half-open interval
0° < 0 < 180°

b.  Now, according to formula (2), the slope m of the line L is just the ratio of
the length of the side P,A to the length of the side P, 4 in the right triangle P, 4P,.
Students who have had some elementary trigonometry will recall that this ratio (“the
opposite side over the adjacent side”) is also called the tangent of the interior angle
at P, in the triangle P; AP,. But this angle is precisely the inclination 8 of the line L,
since the side P, A is parallel to the x-axis. Thus, in the notation of trigonometry, we
have the formula

m = tan 6, (3

which is read as “m equals the tangent of 6,” giving the relation between the inclina-
tion of a line and its slope. The same argument as in Sec. 1.81b, based on the use
of similar triangles, shows that the tangent of an angle depends only on the size of
the given angle and not on the size of the right triangle containing the angle.

Figure 16 shows various lines, together with their inclinations and slopes, as
related by formula (3). Note that although a vertical line has inclination 90°, its slope
is undefined, since setting x, = x, in formula (1) would make the denominator zero.
It is for this reason, of course, that L was assumed to be nonvertical in Sec. 1.81a.

¢. In connection with formula (3), it should be noted that if the angle 8 lies
between 90° and 180°, then tan @ is negative, as we would expect since the line L
then slopes down to the right and has negative slope. To calculate tangents between
90° and 180°, we use the formula

tan (180° — ) = —tan 6, 4)
established in every course on trigonometry. For example,

tan 135° = tan (180° — 45°) = —~tan 45° = —1,

1
tan 150° = tan (180° — 30°) = —tan 30° = ——,
( ) e

and so on.
90°, slope undefined
120°, slope —/3 60°, slope+/3
135°, slope —1 45°, slope 1
160°, slope — ﬁ 30°, slope \/—13—-
0°, slope 0 0°, slope 0

Figure 16.
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Figure 17.

1.83. Examples

a. Find the slope m of the line going through the points (1, 3) and (4, 6).
SoLuTioN.  According to (1),

m=)’2—)’1=6"3=§=1

Xq — Xq 4 -1 3 ’
b. Find the inclination 6 of the line going through the same points.
SoLUTION. According to (3) and the definition of inclination, 6 is the smallest
angle whose tangent is 1, namely 45°.

¢. Find the slope m of the line whose inclination is 15°.
SoLuTioN. Here (3) gives

m = tan 15° = 0.26795,

where we consult a table of tangents or use a pocket scientific calculator.

d. How are the slopes of a pair of perpendicular lines related?

SOLUTION. Let the lines be L and L', as in Figure 17, where L has slope m
and inclination 6, while L' has slope m' and inclination §' = 180° — «. Here «
(the Greek letter alpha) is the other acute interior angle of the triangle P, P,P5. Then

|P2 P

m=tanf = -———. 5
IP.P,| (5)
On the other hand, by (4),
m = tan § = tan (180° — a) = —tana,
so that
, |Py Py
m = — . ,
|P2Ps| (5
Comparing (5) and (5'), we find that
, 1
m o= ——
m
or, equivalently,
1
m= ——
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In other words, the slope of either of two perpendicular lines is the negative of the
reciprocal of the slope of the other line.

e. Find the slope of the line L’ perpendxcular to the line L going through the

points (2, 3) and (4, 6).

SOLUTION. Let m be the slope of L and m’ the slope of L’. Then

_6-3 3
=i
so that
' —_— 1 P 2
mo=—_ =3
PROBLEMS
1. Find the slope of the line going through the pair of points ;

*8.

@ (=2,4,(-3,-7); (b) (-2,6,(1,5; (0 (23.,25);
) (1,v2),2./3).

Let L be a line with slope m and L’ a line with slope m. When are L and L’
parallel?

Find the inclination of the line going through the pair of points

(@) (2,4),(4,6); (b) (23,25; () (2, —4),4 —6);

d @ f ) (=2,4/2)

Find the slope of the line with inclination

(a) 20°; (b) 100°; (c) 165°.

Find the slope of every line parallel to the line going through the points (1, —4)
and (-2, 5).

Find the slope of every line perpendicular to the line going through the points
(1,3)and (-3, ~1).

Show that the line L going through the points (1, 3) and (2, 5) is perpendlcular
to the line L' going through the points (4, 6) and (2, 7).

How is the line going through the points (0, \/— )and (1, \/_ ) related to the llne
going through the points (— 1,/3) and (0, /2)?

1.9 MORE ABOUT STRAIGHT LINES

1.91. The equation of a straight line

a. By the term “equation of a straight line” we mean a mathematical statement,

in equation form, which expresses the relationship between the x-coordinate and the
y-coordinate of every point on the line. To find such a statement, we reason as
follows: Let L be a nonvertical straight line with slope m, going through a fixed point
Py = (xy,y,), and let P = (x, y) be an arbitrary point on L, as in Figure 18. Then,
expressing the slope of L in terms of the coordinates of P, and P, we get ‘

Y~V _
X—-x1

It follows that

y =y = mlx — x,),
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y
P={(x,vy)
Py = (x5, ¥5)
Py =(xy,vq)
X
O
Figure 18.
or equivalently
y=mx + (y; — mx,). 1)

b. Despite its appearance, the right side of (1) does not actually depend on the
particular choice of the fixed point P; = (x;, y;) on the line L. To see this, suppose
we replace P, by another fixed point P, = (x,, y,)on L, as in the figure. Then we get

y =mx + (y, — mxy), 1

instead of (1). But we can easily show that the two expressions y, — mx, andy, — mx,
are equal. In fact, suppose we calculate the slope of L with the help of the points
P, and P,, relying on the fact, proved in Sec. 1.81b, that the slope of a line L does
not depend on the particular choice of the points used to define the slope. The
result is

Y2 =V _ m,
Xy — Xy
so that
Yz — y1 = mlx; — X1
or
Yo — mMXy =Yy — mMXy,
as claimed.

Since the expression y; — mx;, in (1) does not depend on the particular choice
of the point P, = (x,,y;) on L, we might just as well denote y; — mx, by a single
symbol, say b. Equation (1) then becomes simply

y = mx + b, )

which is the desired equation of a straight line with slope m. The geometric meaning
of the term b will be given in a moment (Sec. 1.92b).

1.92. The intercepts of a straight line

a. Let L be a straight line other than the coordinate axes themselves, and suppose
L intersects the x-axis in a point (a,0). Then a is called an x-intercept of L. Similarly,
if L intersects the y-axis in a point (0, b), we call b a y-intercept of L. By an intercept
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A B C
Figure 19.

we mean either an x-intercept or a y-intercept. Consulting Figure 19, we see that

(1) If Lis neither vertical nor horizontal, then L has exactly two intercepts,
namely an x-intercept and a y-intercept (as in Figure 19A);

(2) If Lisvertical or horizontal, then L has just one intercept, an x-intercept
but no y-intercept if L is vertical (as in Figure 19B) and a y-intercept
but no x-intercept if L is horizontal (as in Figure 19C).

b. Now let L be the straight line with equation (2), where we assume that L is
neither horizontal nor vertical, so that L has both an x-intercept and a y-intercept.
To find these intercepts, we need only note that the substitution x = 0 in (2) gives

y=m-0+ b=,

while the substitution y = 0 gives

O=mx+0b
or
mx = —b,
so that
b
x=——
m

(why is m nonzero in this case?). Therefore L intersects the x-axis in the point
(—b/m,0) and the y-axis in the point (0, b). But this just means that the line L has
—b/m as its x-intercept and b as its y-intercept. j

¢. If the line L is vertical and hence parallel to the y-axis, every point of L has
the same abscissa regardless of its ordinate. Suppose this abscissa is a. Then every
point P = (x, y) on L satisfies the simple equation

x = a, ()

in which the ordinate y does not appear at all. Note that (3) is not a special case
of (2). This is hardly surprising, since in deriving (2) the case where L is vertical,
and hence has no slope (recall Sec. 1.82b), was excluded from the outset.
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d. If the line L is horizontal and hence parallel to the x-axis, every point of
L has the same ordinate regardless of its abscissa. Suppose this ordinate is b. Then
every point P = (x, y) on L satisfies the simple equation

y=b 4

in which the abscissa x does not appear at all. This time (4) is a special case of (2).
In fact, to get (4) from (2) we need only make the substitution m = 0. This is hardly
surprising, since every horizontal line has zero slope.

e. All three equations (2), (3) and (4) can be combined into the single “master
equation”

Ax + By + C = 0, (%)

where A, B and C are constants, that is, fixed numbers, and at least one of the
numbers A and B is nonzero. In fact, if A # 0 and B = 0, equation (5) becomes

Ax + C =0,
or
= C
= -5
which is of the form (3) with a = —C/A4, while if A = 0 and B # 0, (5) becomes
By + C=0,
or X
- ¢
y - B,

which is of the form (4) with b = —C/B. In any case, if B # 0 we can divide both
sides of (5) by B, obtaining

wi O

%x+y+ =0,

or

_ c
y= B X — E’
which is of the form (2) with slope m = — A4/B and y-intercept b = —C/B.

f. Note that none of the equations for a straight line involves powers of x
and y higher than the first power. In mathematics such an equation is said to be
linear (in x and y). This term stems from the fact that every linear equation in x
and y is the equation of some straight line in the xy-plane. Another way of writing
the equation of a straight line, involving the intercepts, is given in Problem 12.

By “the line y = mx + b” we mean, of course, the line with equation y =
mx + b. Similarly, “the line Ax + By + C = 0” means the line with equation
Ax + By + C = 0, and so on.

1.93. Examples

a. Find the line with slope 2 going through the point (3, 1).
SoLutioN Using (1) withm = 2, x; = 3and y, = 1, we get

y=2x+(1-2-3)=2x — 5.
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b. Find the line going through the points (1, 3) and “, 6).
SoLuTioN.  The line has slope

m = 6-3 3 i
T4-1 3 7
Therefore, choosing (1, 3) as the point (x,, y,) in (1), we get
y=x+@B-1-1)=x+ 2

Naturally, the same result is obtained if we choose (4, 6) as the fixed point on the lme
(check this).
c. Find the slope and intercepts of the line ?
|

y=3x+2 (6)

SoLUTION.  Since (6) is of the form (2), with m = 3 and b = 2, the line has
slope 3, y-intercept 2 and x-intercept —b/m = —2,

d. Find the line L which goes through the point (1, 3) and is parallel to the

line (6).
SOLUTION.  Being paraliel to (6), L has the same slope as (6), namely 3. Usmg
(1), withm = 3,x; = land y, = 3, we get 1

y=3x+3-3-1) = 3x (‘7)

Note that L goes through the origin of the xy-plane (why?). \
e. Find the line L’ which goes through the point (1, 3) and is perpendicular to
the line (6).
SoruTioN.  Being perpendicular to (6), L’ must have slope —4 (recall Sec. 1. 83d)
Thus, instead of (7), we now have !

1 1 1 10
y=-—§x+<3+§1>——§x+?. (8)

We can also write (8) as
x+3y—-10=0,

which is of the form (5), with 4 = 1, B = 3, C = ~10.
f. Find the point of intersection of the lines (6) and (8). ‘

SOLUTION. The abscissa x; of the point of intersection of the lines (6) and

(8) is characterized by the fact that both lines have the same ordinate y, when x = x; 1
It follows that x, is the solution of the equation |

1 10
3x+2=—§x+?, 9
obtained by setting the right side of (6) equal to the right side of (8). Solving (9)

for x, we get |

0 _4
3773
or
4 2
=X ===, 10
X X1 10 5 ( })
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To get y,, the ordinate of the point of intersection, we substitute (10) into (6), or into
(8), obtaining

16
y1—3x1+2-—3—+2—?

Therefore the lines (6) and (8) intersect in the point

11.

*12.

*13.

*14.

*18.

21
(x1, y1) = <5 56>

PROBLEMS

Find the line with slope 2 going through the point

@ (1L,0; ( ©1; (© LY; @ ©0; (e 4 -1

Find the line going through the pair of points

@ 2,-5.3,2; (b)) (=30,0,2); (© (=31, 11);

Find the line with slope m and y-intercept b if

(a m=—1,b=1; (b) m=3,b=0; () m=0,b=-2;

(d m=—-4b=3

Find the slope m, x-intercept a and y-intercept b of the line

(a) y=3x—6; (b) y=2x+4; ) y=—x+3; d y=2
Do the same for the line

(@ Sx—y+4=0; (b) 3x +2y=0; () 2y—6=0;

d x+y+1=0.

Find the line which goes through the point (2, —4) and is parallel to the line
y =2x + 3. '
Find the line which goes through the point (1,2) and is perpendicular to the
line going through the points (2, 4) and (3, 5). What is the point of intersection
of these two lines?

What is the area of the triangle lying between the coordinate axes and the line
2x + S5y — 20 = 0?

Does the point (2, 3) lie above the line y = 2x + 1 or below it?

What is the relationship between the lines 2x + 3y —~ 1 = Oand 4x + 6y + 3 = 0?
Between the lines 2x + Sy — 4 = O and 15x — 6y + 5 = 07

Find the line joining the origin to the pomt of intersection of the lines
x+2y—3=0andx -3y +7=0.

-Show that the equation of the line with x-intercept a and y-intercept b is

assuming that a and b are both nonzero.

Find the line with x-intercept a and y-intercept b if

(@ a=1b=2; (b) a= —-3,b=—-1; (¢ a=4%b=4%

There are two lines, each with equal intercepts, going through the point (2, 3).
Find them.

What is the (perpendicular) distance between the parallel lines 3x — 4y — 10 =10
and 6x — 8y + 5 = 0?
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*16. Let d be the (perpendicular) distance between the point P, =(x,, y;) and the
line Ax + By + C = (. Show that
Qe |Ax; + By, + C|.
JA% 1 B
*17.  Find the distance between

(a) The point (3,1) and the line 3x + 4y — 3 = 0;
(b) The point (1, 1) and the line 5x — 12y + 72 = 0;
(¢) The point (1, —2) and the line x — 2y — 5 = Q. |

(11)



Chapter 2

DIFFERENTIAL
CALCULUS

21 FUNCTIONS

2.11. Constants and variables. The quantities encountered in mathematics fall
into two broad categories, namely “fixed quantities,” called constants, and “changing
quantities,” called.variables. A constant “takes only one value” in the course of
a given problem, while a variable “takes two or more values” in the course of one
and the same problem.

For example, let L be the straight line with slope m and y-intercept b. Then,
according to Sec. 1.9, L has the equation

y =mx + b. 1)

Here m and b are constants characterizing the given line L, while x and y are variables,
namely the abscissa and ordinate of a point which is free to change its position
along L.

As another example, suppose a stone is dropped from a high tower. Let s be
the distance fallen by the stone and t the elapsed time after dropping the stone.
Then, according to elementary physics, s and ¢ are variables which are related, at
least for a while, by the formula

1
= - gt
§ 29 >

where g is a constant known as the “acceleration due to gravity.” To a good ap-
proximation, this formula becomes

s = 16t%, (2
if s is measured in feet and ¢ in seconds.

2.12. Related variables and the function concept

a. A great many problems arising in mathematics and its applications involve
related variables. This means that there are at least two relevant variables, and the value
of one of them depends on the value of the other, or on the values of the others if
there are more than two. For example, the position of a spy satellite depends on the
elapsed time since launching, the cost of producing a commodity depends on the
quantity produced, the area of a rectangle depends on both its length and its width,
and so on.

Actually, the situation we have in mind is where knowledge of the values of all
but one of the variables uniquely determines the value of the remaining variable, in

35
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a crucial sense to be spelled out in a moment (Sec. 2.12b). The variables whose values
are chosen in advance are called independent variables, and the remaining variable,
whose value is determined by the values of the other variables, is called the dependent
variable. The “rule” or “procedure” leading from the values of the independent
variables to the value of the dependent variable, regardless of how this is accomplished,
is called a function. We then say that the dependent variable “is a function of” the
independent variables. The independent variables are often called the arguments of
the function.

Thus, for example, if x and y are the abscissa and ordinate of a variable point
on the line with slope m and y-intercept b, then y is a function of x, as described by
formula (1). Similarly, the distance traversed by a falling stone is a function of time,
as described by formula (2).

b. Consider a function of one independent variable, say x, and let y be the
dependent variable. Then the function assigns a value of y to each value of x. Ex-
pressed somewhat differently, the function establishes a correspondence between the
values of x and those of y. This correspondence must be such that each value of x
uniquely determines the corresponding value of y. This simply means that to each
value of x there corresponds one and only one value of y. On the other hand, the same
value of y may well correspond to more than one value of x. The situation is the

same for several independent variables x,, x,, ..., x, if for “value of x” we read
“set of values of x,, x,,..., x,.”
Thus if
2
y=x%

then y is a function of x, since to each value of x there corresponds one and only
one value of y. On the other hand, each positive value of y corresponds to two
values of x. For example, the value y = 4 corresponds to the two values x = 2 and
x = —2. This clearly prevents x from being a function of y, since every positive
value of y fails to uniquely determine the corresponding value of x.

As another example, let A be the area of the rectangle of length ! and width w.
Then A is a function of I and w, since the relation between these variables is described
by the simple formula

A = lw, (3

leading to one and only one value of 4 for any given pair of values of  and w. Solving
(3) for [, we get

which shows that [ is a function of 4 and w. Similarly,

A
w = 'l—,
which shows that w is a function of 4 and .

c. Do not jump to the conclusion that all related variables are numbers, and
that ll functions involve the use of formulas or numerical calculations. For example,
the name of a car’s owner is a function of the inscription on the car’s license plate,
and the rule or procedure describing this function is just this: Look up the plate in
the motor vehicle records of the state in question, and find the owner’s name.
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On the other hand, it is true that examples like this are a bit “offbeat.” Almost
all the functions considered in this book involve variables which take only numerical
values.

2.13. Function notation

a. The fact that one variable, say y, is a function of another variable, say x,
can be indicated by writing

y = fx),

pronounced “y equals f of x.” Here f is a letter denoting the function, that is, the
rule or procedure (usually, but not always, involving some formula) leading from the
values of x to the values of y. Suppose we give the independent variable x the value c.
Then the corresponding, value of y is denoted by f(c), and is called the value of the
function f at c. This is a bit fussy, and it is simpler to use the same letter to denote
both the independent variable and its values. We can then call f(x) the value of f at x.

Although, strictly speaking, f(x) is the value of the function f at x, we will often
talk about “the function y = f(x)” or simply “the function f(x).” Suppose y =
f(x) = x2, for example. Then we might talk about “the function f(x) = x*” “the
function y = x2” or simply “the function x2.”

b. There is nothing sacred about the use of the letter f to denote a function,
apart from its being the first letter of the word “function,” and other letters will do
* just as well. Common choices are Latin letters like g, h, F, etc., or Greek letters like
@ (phi), ¥ (psi), ® (capital phi), etc. Sometimes the letter is chosen to suggest a geo-
metrical or physical quantity under discussion. Thus A is often used for area, V for
volume, t for time, and so on.

¢. Functions of several variables are indicated in the same way. Thus f(s, t)
means a function of two independent variables s and ¢, ®(u, v, w) means a function
of three independent variables u, v and w, and so on.

2.14. The domain and range of a function

a. There is still one thing missing in our definition of a function, for we have
yet to specify the set of values taken by the independent variable (or variables). This
set is called the domain of the function. For example, returning to the problem of
the falling stone, we observe that formula (2) does not describe the motion of the
stone for all values of ¢, but only until the stone hits the ground. If the stone is dropped
from a height of 64 feet, say, it hits the ground after falling for 2 seconds (64 = 16 - 22)
and is subsequently motionless. In other words, formula (2) is valid only during the
time interval 0 < ¢ < 2, a fact we can make explicit by writing

s=16 (0<t<2) 4
instead of (2). The subsequent behavior of the stone is described by the formula
s = 64,
or, more exactly, by
s=64 (t>2) (5

We can also write (5) as
s = 64 2<t< ), &)
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in terms of the infinite interval 2 < ¢ < co. Incidentally, this shows the desirability
of considering constant functions, that is, functions which take only one value.
b. Formulas (4) and (5) can be combined into the single formula
1662 if 0<t<2,
s = _ = (6)
64 if t>2
Moreover, noting that the stone is motionless before it is dropped, as well as after
it hits the ground, we have the even more comprehensive formula

0 if t<0,
s=<16:2 if 0<t <2, (7
64 if t>2.

Formulas (4), (6) and (7) all describe different functions, in the sense that in each case
the domain of the function, that is, the set of allowed values of the independent
variable t, is different.

¢. Another way of saying that a function f has the domain D is to say that
f is defined in D. Thus the function (6) is defined in the interval 0 < t < oo, that is,
for all nonnegative ¢, while the function (7) is defined in the interval —oo < ¢ < oo,
that is, for all ¢, positive, negative and zero.

d. By the range of a function we mean the set of all values taken by the function,
or, equivalently, the set of all values taken by the dependent variable. For example,
all three functions (4), (6) and (7) have the same range, namely the interval 0 < s < 64.
On the other hand, the range of the constant function (5) is the set whose only element
is the number 64.

2.15. Examples
a. Let

fx) =1 = x% 8)
Find £(0), f(1) and f(2).

SoLuTtioN. To find f(0), we merely substitute x = 0 into (8), obtaining

fO=J1-0"=J/1=1,

and similarly

f=Jyi-1*=J0=0.

On the other hand, the quantity

f@Q=J1-22=/-3

“does not exist,” since there is no real number whose square is negative. There is a
sense in which meaning can be ascribed to “imaginary numbers” like ./ — 3, but such
an extension of the concept of number lies beyond the scope of this book, in which
all numbers are assumed to be real (Sec. 1.35).

Whenever a function f(x) is specified by an explicit formula like (8), we will
understand the domain of f(x) to be the largest set of numbers x for which the formula
makes sense. In the present case, this set is just the interval —1 < x < 1, since
1 — x?is negative for any other value of x and we do not take square roots of negative
numbers. Note that any smaller set can serve as the domain of a function whose
values are given by the same formula (8), but in such cases we will always explicitly
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indicate the domain, as in the formula

fx)=41—-x* (O<x<1l),

where the domain is now the smaller interval 0 < x < 1.

b. TIs the area of a rectangle a function of its perimeter?

SoLutioN. No, since knowledge of the perimeter of a rectangle does not
uniquely determine its area. For example, the rectangle of length 15 and width 3
has perimeter 15 + 3 + 15 + 3 = 36 and area 15 - 3 = 45, while the square of side
9 has the same perimeter 9 + 9 + 9 + 9 = 36 and a different area 92 = 81.

c. Turning to a function of two variables, let

x+y

x—y

Find ¢(1,2), g(2, 1) and g(1,1). What is the domain of g(x, y)?
SoLuTiON. Easy substitutions give

g(x,y) =

1+2 3
9,2y =y =—7= 3
and
2+1 3
g(2,1)-—2—_7—'{— 3.
On the other hand, g(1,1) fails to exist, since
1+1 2
g(1,1) = 110

and division by zero is impossible. The domain of g(x, y) is the set of all pairs of
numbers x and y such that x # y, since x = y leads to division by zero. Regarding
each such pair of numbers as the rectangular coordinates of a point (x, y) in the
xy-plane, we see that the domain of g(x, y) is the set of all points in the xy-plane
except those on the line y = x.

2.16. One-to-one functions and inverse functions

a. Let y be a function of x, or, in symbols, y = f(x). Then, as in Sec. 2.12b,
x uniquely determines y, that is, to each value of x there corresponds one and only
one value of y. On the other hand, there is nothing so far to prevent more than one
value of x from corresponding to one and the same value of y. However, suppose
we now impose an extra requirement on the function y = f(x), namely that not
only should x uniquely determine y but also that y should uniquely determine x. Then
not only does there correspond one and only one value of y to each value of x, but
also to each value of y there corresponds one and only one value of x. A function
y = f(x) of this special type is called a one-to-one function.

b. Lety = f(x) be a one-to-one function. Then there is a simple rule leading
from the dependent variable y back to the independent variable x. In fact, let y, be
any given value of y. Then x,, the corresponding value of x, is just the unique value
of x to which the function y = f(x) assigns the value y,. Thus the rule leading from
y to x is just as much a function as the original rule leading from x to y. This new
function, leading from y to x, is denoted by x = f~*(y) and is called the inverse
function, or simply the inverse, of the original function y = f(x). Never make the
mistake of confusing the inverse function f ~!(y) with the reciprocal 1/f(y).
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Let f(x) be a one-to-one function defined in some interval /. Then we simply
say that f(x) is one-to-one in I.
c. Example. The function

y = flx) = x2, ©®

with domain — o0 < x < oo and range 0 € y < 00, is not one-to-one, since to each
positive value of y there correspond two values of x, namely \/; and —\/; (as always,
\/; means the positive square root of y). But suppose we restrict the domain of (9)
to nonnegative values of x. Then to each value of y there corresponds precisely one
value of x, namely /y. In other words, the function

y=fx)=x* 0<x<x)
is one-to-one, with inverse
x=f =y ©O<y<wn)

More generally, it is easy to see that the function y = x? is one-to-one in any interval
in which x is of fixed sign, but not in any interval in which x changes sign.

PROBLEMS
1. I f(x) = x + 3x + 6, find £(0), (1), f(2) and f(/9).
2. If () = |t| + 3¢% find @(—2), p(—1), p(0) and o(/3).
3. Let
2x + 1
W =3a-T1

Find g(— 1), g(0), g(1), 9(1/5/2) and g(1/3/3).

4. Find the domain and range of the function

’ 1
@ y=vx'=-9 ® y=V9-x © y=:"3;
@ y=x73 |
5. Let
_x =2y
f(x’y)_zx_y'

Find f(3, 1), f(0, 1), f(1,0), f(a, a) and f(a, —a).

6. Find the domain and range of the function

z=—4 -
x Yy
Is the number of hairs on your head a function of time?
Is a man’s birthday a function of his first name? Of his Social Security number,
assuming that he has one?
9. Let P be the closing price of a given security traded on the stock exchange,
and let d be the date. Then P is a function of d. Given 4, how do you find P?
Is the function ever undefined?
10. Is the weight of a first-class letter a function of its postage?
11. Is the area of a square a function of its perimeter?

% N



Sec. 2.1 Functions 41

12.
13.
14.

15.
16.

17.

18.
19.

20.

21.
*22.

*23.

*24.
*25.

*26.

*27.

Is the number of a page of this book a function of the number of commas on
the page?

“The area of a right triangle is a function of two variables.” True or false?
“The area of a parallelogram is a function of two variables.” True or false?
Express the volume V of a brick as a function of its length [, width w and height h.
Let

1 1 1
f(x,y,z)=7_;+ﬁ+$.

Find f(1,1,1), f(4,1,9), f(1,9,1) and £(4,9, 16).
The function given by the table

x 0 20 60 80 100

y 32 68 104 140 212

is familiar from everyday life. What isit? Fill in the missing entries in the table.
Find a formula relating y to x and one relating x to y.

Is the inverse of a one-to-one function always a one-to-one function?

Let X be the domain and Y the range of a one-to-one function y = f(x). What
are the domain and range of the inverse function x = f~1(y)?

Which of the following functions are one-to-one?

1 1
@ y=x © y=2 ©ry=s—p @ y=Vx

e =[x

Find the inverse of each one-to-one function.

“The position of a clock’s hands is a one-to-one function of the time of day.”
True or false?

Find the domain and range of the function y = {x], where [x] is the integral
part of x (Sec. 1.4, Prob. 10).

Verify that the following formal definitions of function, domain, value and
range agree in all essentials with those given in the text:

Given any two nonempty sets X and Y, let f be a set of ordered pairs (x, y)
with x € X and y € Y such that for every x € X there is one and only one ordered
pair (x, y) € f with x as its first element. Then f is said to be a function defined
in X, and X is called the domain of f. If (x, y) is an ordered pair in f, then y,
the second element of the pair, is called the value of f at x, written fix). The
set of all values of a function f, that is, the set {f{x): x € X}, is called the
range of f.

Is the set Y in the preceding problem always the range of f?

How many different functions are there with domain X = {1,2,..., n} and
range Y = {a, b}?

Let the function f be defined as a set of ordered pairs (x, y), as in Problem 23.
When is f one-to-one? If f is one-to-one, how is the inverse f ™! obtained?
We can exhibit the behavior of a function f with domain X and range Y by
drawing a diagram like Figure 1, where X and Y are represented by disks, the
values of the independent and dependent variables x and y are represented by
points inside the disks, and each value of x is connected by an arrow to the
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Figure 1.

corresponding value of y. The arrows shew quite explicitly how f “maps” or
“carries” the values of x into those of y.

The function represented in Figure 1 is not one-to-one, since two arrows
terminate on the same point y,. Modify Figure 1 in such a way as to make it
represent a one-to-one function.

*28. What is the simplest way of converting the “mapping diagram” of a one-to-one
function f into the analogous diagram for the inverse function f~1?

*29. We say that there is a one-to-one correspondence between two sets A and B
if there is a one-to-one function with domain 4 and range B. Two sets are
said to have the same number of elements if there is a one-to-one correspondence
between them. Show that the set of all even numbers has the same number of
elements as the set of all odd numbers.

*30. Aset A4 issaid to have n elements if there is a one-to-one correspondence between
A and the set {1,2,...,n} made up of the first n positive integers. If a set A
contains n elements, where n is some positive integer, we say that A4 is finite;
otherwise A is said to be infinite. (An empty set is regarded as finite) Which
of the following sets are finite and which infinite?

(a) The set of all cells in a human body;

(b) The set of all integers less than 1,000;

() The set of all integers greater than 1,000,000;

(d) The set of all right triangles whose side lengths are integers.

2.2 MORE ABOUT FUNCTIONS

A variable whose values are all real numbers is called a real variable, and a
function whose values are all real numbers is called a numerical function. Calculus
is primarily concerned with numerical functions of one or more real variables, and
these are the only functions to be considered in the rest of this book. Thus, from
now on, when we use the words “function” and “variable” without further qualifica-
tion, we will always mean a numerical function and a real variable, just as the word
“number” always means a real number.

2.21. Two functions f(x) and g(x) are said to be identically equal, and we
write f(x) = g(x), if the functions have the same domain X and if f(x) = g(x) for
all x in X. Note the distinction between the ordinary equals sign = and the sign =
with three bars.

For example, the two functions

& =50+ 1 =56 = D
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and
g(x) = l(1 + x) + 1(1 - X)
2 2
are both identically equal to the constant function 1. An equation like
1 1
5(1 +x)+5(l —-x) =1,
involving the sign =, is called an identity.

2.22, Composite functions

a. Functions are often combined by letting the arguments of one function
equal the values of another. In this way, we get composite functions like f(g(x))
and g(f(x)). For example, suppose

S =1+x  g0)=x% 1)
Then straightforward substitution shows that
flgh)) =1+ g(x) =1 + x? 2

and

9(f(x) = [f()]* = A + x>

In the same way,

SR =1+ f() =2+ x

and
g(g(x) = [9()]* = x*.
Things are not always this simple. For example, suppose
169 =x g6y = ~[x
Then

flg) = ~|x|

fails to exist for every value of x except x = 0. This shows that a composite function
is defined only for values of the independent variable such that the values of the
“inner function” belong to the domain of the “outer function.”

Never make the mistake of confusing the composite function f(g(x)) with the
product function f(x)g(x). For example, the product of the functions (1) is

fx)g(x) = (1 + x)x* = x2 + x3,

which is not the same as the composite function (2).

b. Let y = f(x) be a one-to-one function, with inverse x = f~!(y). Sub-
stituting y = f(x) into x = f7!(y), and then substituting x = f~!(y) into y = f(x),
we get the important pair of identities

Uy =x SN =y ©)

involving the composite functions f ~(f(x)) and f(f ~*(y)). These formulas tell us
that each of the functions f and f ~* “nullifies” the action of the other.

2.23. Sequences

a. A function f whose domain is the set {1,2,...} of all positive integers is
called an infinite sequence, or simply a sequence, and the valuesof fatn =1,2,...
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are called the terms of the sequence. More informally, a sequence is a rule or procedure
assigning a number to every positive integer. We can write a sequence by listing
some of its terms

), fQs .., f0), ..., 4)

where f(n) is called the general term of the sequence. The first set of dots in (4) means
“and so on up to,” while the second set means “and so on forever.” It is customary
to save a lot of parentheses by simply writing

17 TR S (5)

instead of (4). A more concise way of specifying the sequence (5) is to write its general
term inside curly brackets:

{fa}-

Do not confuse { f,} in this context with the set whose only element is f,. Note that
the terms of a sequence are always listed in such a way that the integers 1,2,...,n,...
appear in their natural order, increasing from left to right, as in (4) and (5).

b. Again there is nothing sacred about the letter f, and other letters will do
just as well. Common choices are small Latin letters like q, b, ¢, s and x. Although,
strictly speaking, x, is the general term of the sequence {x,}, we will often talk about
“the sequence x,.” For example, suppose {x,} is the sequence such that x, = n?
Then we might talk about “the sequence x, = n?” or simply “the sequence n2.”

c. The “law of formation” of a sequence is often given explicitly as a formula
for its general term, as in the above example of the sequence x, = n?. A sequence
may also be given recursively, that is, by showing how each term can be obtained
from terms with lower subscripts. For example, suppose that

)Jcc:::)lc,,,_1+n if n>1 ©
Then
x, =1, X, =X, + 2 =13, X3 =X, +3=06, Xa=x3+4=10,...
This sequence can be written as 1, 3, 6, 10, . . .I, but this does little more than suggest

how the sequence was actually arrived at. A rule like (6) is called a recursion formula.

PROBLEMS

1. What is the largest set of numbers x for which the following identities are true?

@ Z=1; () x={9% (© x=x

x
2. Find values of g and b in the formula f(x) = ax? + bx + 5 such that
flix + 1) — f(x) = 8x + 3.

3. Let f and g be two numerical functions with the same domain X. Then by the
sum f + g we mean the function with domain X whose value at every point
x e X is just the sum of the value of f at x and the value of g at x. More
concisely,

(f + 9)0) = f(x) + g(x).
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*9,

*10.

*11.

*12.

Other algebraic operations are defined similarly. Thus
Jo(x) = f(x)g(x)
') = f)f(x) -~ fx),
factors

and so on.
Suppose that

)= ey g =VET L

Find the values of f + g, f — g, fg, f> and flg all at x = 5.
Let

fW=1 g =

Find f(f(x)), f(g(x)), g(f(x)) and g(g(x)).
Let

1
Find h(h(h(2))).
“In general, f(g(x)) = g(f(x)).” True or false?
Write the first five terms of the sequence {a,} with general term

n_. N _ (=1t
m’ (b) a, = m, (C) a, = n ’

@ a, =

1 for even n,

@ a = %for odd n.

Let {x,} be the sequence 1,3,5,...,2n — 1,... of all odd numbers written in
increasing order, and let s; = Xy, 53 = Xg + Xg,..., 8, = X + Xz + ** + Xy
Write the first few terms of the sequence {s,}, and find a simple expression for
its general term.

A sequence {x,} is specified by the following rule: Its first two terms equal 1,
and the remaining terms are given by the recursion formula

Xy, = Xp—1 + X2 (n=3,4..)

Write the first eight terms of this sequence, known as the Fibonacci sequence.
Find the terms a,, a3, a, and a, of the sequence {a,} determined by the formula

J2=1laa,...q,...
Let

-1 if —0o<x< —1, . )
f(X): x if —1 £ x < 1, g(x)=§|x+ 1| _-2—|x._ ]_l
1 if 1 <x < o0,

Prove that f(x) = g(x).
Does f(x)g(x) = 0 always imply f(x) = 0 or g(x) = 0?
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*13. Let
f(xa y) = X2 + yza g(t) = tz’ h(t) = \/?
Find f(g(2), h(2)).
2,3 GRAPHS

2.31.a. Let F(x,y) be a numerical function of two real variables x and y.
Then by the solution set of the equation

Fix,y) =0 (1)
we mean the set of all ordered pairs (x, y) for which (1) holds. For example, if :
F(x, y) = xy,
then (1) becomes the equation
xy =0, 2

which implies that either x = 0 or y = 0 (or both). Therefore the solution set of (2)
is the set of all ordered pairs of the special form (x, 0) or (0, y), where x and y are
arbitrary numbers.

Similarly, if

F(x,y) = x2 + y%,
we get the equation
x> +y*=0. 3)

But (3) implies that both x = 0 and y = 0. Therefore the solution set of (3) is the
set whose only element is the pair (0, 0).

b. Let S be the solution set of equation (1). Then there is a simple way of
“drawing a picture” of S. First we introduce a “system of rectangular coordinates,”
that is, we set up perpendicular axes Ox and Oy in the plane, as in Sec. 1.71. Next
we plot all the elements of S as points in the xy-plane; since all the elements of S
are ordered pairs.of numbers, this can be done in the way described in Sec. 1.72.
These points make up a “picture,” called the graph of S, or, equivalently, the graph
of equation (1). For example, the graph of equation (2) consists of the coordinate
axes themselves, while the graph of equation (3) consists of a single point, namely
the origin of coordinates.

¢. We can apply the same technique to a function

y =S 4

of a single variable x. Let S be the set of all ordered pairs (x, y) for which (4) holds.
Then, plotting all the elements of S as points in the xy-plane, we get a “picture,”
called the graph of S, or, equivalently, the graph of the function (4). For example,
according to Sec. 1.9, the graph of the function

y=mx+b

is just the straight line with slope m and y-intercept b.
d. The word “graph” will aiso be used as a verb, meaning “find the graph of.”



Sec. 2.3 Graphs 47

Note that (4) is a special case of (1), corresponding to the choice F(x,y) =y — f(x).
Thus the graph of a function is the graph of a special kind of equation.

e. The graph of an equation or function typically looks like a “curve,” possibly
made up of several “pieces.” With the help of calculus methods, we will eventually
become proficient at “curve sketching,” learning how to draw the graph of a func-
tion without explicitly plotting more than a few points. The graph of an equation
F(x, y) = 0 or of a function y = f(x) is often simply called “the curve F(x,y) =0
or “the curve y = f(x).”

2.32. Examples
a. Graph the equation
x2 42 =1 (%)
SOLUTION. Since x? + y? is the square of the distance between the point
(x, y) and the origin O (Sec. 1.74), the point (x, y) belongs to the graph of (5) when
the distance between (x, y) and O equals 1, and only then. Therefore the graph of (5)
is the circle of radius 1 with its center,at O, as shown in Figure 2.
b. Graph the equation
x2—6x+y?—4y+9=0. (6)
SorLution. First we “complete the squares” in (6), by noting that
xX2—6bx+ )y -4y +9=(x2—-6x+9)+(y* —4dy+4 -4
=(x-37+(y—-2°-4
so that (6) is equivalent to
x=3+(y—-2*=4

But the expression on the left is just the square of the distance between the variable
point (x, y) and the fixed point (3, 2). Therefore the graph of (6) is the circle of radius
ﬁ = 2 with its center at the point (3, 2), as shown in Figure 3. Note that the x-axis
is tangent to the circle at the point (3, 0).

x2 +y2 =1

Figure 2.
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y
X —6x+y*—4y +9=0
ot
3-.-
2+ .
(3.2)
14
o 1 5 5§ 4 )
Figure 3.
¢. Graph the function
y = |x]. 0
SoLution.  If x > 0, then |x| = x and (7) reduces to the straight line
y=x
with slope 1 going through the origin, while if x < 0, then |x| = —x and (7) reduces
to the straight line !
y=-x
with slope —1 going through the origin. Therefore the graph of the function (7) is
the curve shown in Figure 4, made up of “pieces” of the lines y = xand y = —x.

Note that the curve has a sharp “corner” at the origin.
A function like y = |x|, whose graph is made up of pieces of two or more stralght
lines, is said to be piecewise linear.

y = Ix|

O/ N
4 N
y=x7 Ny = —x

Figure 4.



Sec.2.3 Graphs 49

14
y = x2
Q=1{—x,v} P=(x,y)
0 X
Figure 5.
d. Graph the function
y = x% (®)

SoLuTiON. The graph of (8) is the curve shown in Figure 5, known as a pa-
rabola. The x-axis seems to be tangent to the curve at the origin, and moreover the
curve “opens upward” along its whole extent. These ideas will be made precise later,
when we introduce the concepts of the “tangent to a curve” and “concavity.”

The curve y = x? has another interesting property, namely it is symmetric in
the y-axis. This simply means that for every point P of the curve on one side of the
y-axis, there is another point Q of the curve on the other side such that the y-axis
is the perpendicular bisector of the line segment PQ. To see that this is true, we
merely note that changing x to —x has no effect on the value of y = x2, since
(—x)® = x2 But the points P = (x, y) and Q@ = (—x, y) clearly lie on opposite sides
of the y-axis, and the y-axis is the perpendicular bisector of the horizontal segment
PQ, as the figure makes apparent.

A function f(x) is said to be even if f(—x) = f(x), where it is tacitly assumed
that the domain of f(x) contains —x whenever it contains x. We have just shown
that the function f(x) = x? is even and that its graph is symmetric in the y-axis.
Clearly, the graph of every other even function has the same symmetry property.
For example, the function f(x) = |x| is even, since |— x| = |x|, and hence the graph
of y = |x| is symmetric in the y-axis, as is apparent from Figure 4.

e. Graph the function

y = x> )

SoLutioN. The graph of (9) is the curve shown in Figure 6, known as a cu-
bical parabola. This curve seems to “open downward” to the left of the origin and
“ypward” to the right of the origin, while changing from “downward” to “upward”
at the origin itself, which is accordingly called an “inflection point” of the curve.
All these ideas will be made precise later, in connection with our discussion of
“concavity.”

The curve y = x® has another interesting property, namely it is symmetric in
the origin. This simply means that for every point P of the curve, there is another
point Q of the curve such that the origin is the midpoint of the line segment PQ
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y
y =x3
P=(xvy)
0 X
Q= (—=x,—y}
Figure 6.

(thus P and Q are, so to speak, on “opposite sides” of 0). To see that this is true,
we note that changing the sign of x also changes the sign of y = x3, since (—x)® =
—x*. But the points P = (x, y), 0 = (—x, —y)and O = (0, 0) are collinear, as follows
at once from the observation that the slope of the line through O and P has the
same value y/x as the slope of the line through Q and 0. Moreover, O is clearly the
midpoint of the segment PQ, since

|OP| = |0Q| = /x* + y2.

A function f(x) is said to be odd if f(—x) = —f(x), where it is again assumed
that the domain of f(x) contains — x whenever it contains x. We have just shown
that the function f(x) = x* is odd and that its graph is symmetric in the origin.
Clearly, the graph of every other odd function has the same symmetry property.
For example, every line y = mx through the origin has this property.

The problem of evenness versus oddness plays an important role in applied
mathematics and physics. The question “What is the parity of f(x)?” simply means
“Is f{x) even or odd?”

2.33. Increasing and decreasing functions

a. Suppose the graph of a function f(x) rises steadily as a variable point P on
the graph moves from left to right, with its abscissa in some interval I. Then f(x)
is said to be increasing in I. For example, the functions |x| and x? are both increasing
in the interval 0 < x < oo, as we see at once from Figures 4 and 5, while the function
x3 is increasing on the whole real line, that is, in the whole interval — 0 < x < 0,
as we see from Figure 6. Similarly, if the graph of f(x) falls steadily as P moves from
left to right with its abscissa in an interval I, we say that f{x) is decreasing in I. For
example, the functions |x| and x2 are both decreasing in the interval —» < x < 0,
as is again apparent from Figures 4 and 5.

b. The graph of the constant function f(x) = 1 is simply the horizontal line
y = 1, which neither rises nor falls. Therefore this function is neither increasing nor
decreasing, in every interval. The same is true of any other constant function.

c. It is easy to give a purely algebraic definition of increasing and decreasing
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functions. Thus a function f defined in an interval I is said to be increasing in I if
f(x) < f(x') whenever x and x’ are two points of I such that x < x'. Similarly, f is
said to be decreasing in I if f(x) > f(x') whenever x and x’ are two points of I such
that x < x".

DA A

® e

10.

11.

12.

13.

14.

15.

16.

*17.

*18.

PROBLEMS

What is the graph of the equation x* — y* = 0?

What is the graph of the equation x> + y* + 2x — 2y + 1 = 0?

What is the equation of the circle of radius 2 with its center at the point (-2, 3)?
“No line parallel to the y-axis can intersect the graph of a function y = f(x)in
more than one point.” True or false?

“No line parallel to the y-axis can intersect the graph of an equation F(x, y) = 0
in more than one point.” True or false?

Neither of the graphs in Figures 2 and 3 is the graph of a function. Why not?
What is special about the graph of a one-to-one function y = f(x)?

Let G be the graph of the function f(x). Describe the graphs of the functions
f(x) + cand f(x + ¢).

Which of the following functions are even and which are odd?

@ y=2 O y=x+L © y=2; @ y=§—l;

x
© y=ai7
Show that the function

y=x" n=12..) (10)

is even if n is even and odd if n is odd.
Comment. By x" we mean, of course, the nth power of x, that is,

X=X Xx X
e —r

n factors

Show that the product of two functions of the same parity is even, while the
product of two functions of different parity is odd.

“If the function f(x) is increasing in an interval I, then the function —f(x) is
decreasing in I, and conversely.” True or false?

What is the equation of the circle circumscribed about the square with vertices
0,0),(0,1), (1,0) and (1,1)?

Given the graph of a one-to-one function y = f(x), how does one find the
graph of the inverse function x = f7!(y)?

Show that if a function f is increasing, then f is one-to-one, with an increasing
inverse f L.

Show that if a function f is decreasing, then f is one-to-one, with a decreasing
inverse £ ~*

Graph the function y = |x + 1| + |x — 1|. Is the function piecewise linear?
Where is the function increasing and where decreasing? What happens in the
interval —1 < x < 1?

Graph the function y = |x| + |[x + 1] + |x + 2| Is the function piecewise
linear? Where does the graph have corners? Where is the function increasing
and where decreasing?
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*19. Show thatif0 < x < x',then0 < x" < x"forall n = 1,2,...

*20. Show that if n is even, then the function (10) is increasing in the interval
0 < x < oo and decreasing in the interval —o0 < x < 0, while if n is odd,
then the function is increasing in the whole interval (— o0, c0).

2.4 DERIVATIVES AND LIMITS

2.41. An instructive calculation

a. We now make a little calculation, leading us straight to the heart of our
subject. Consider the function

1+ h? -1
o =121 m
defined for all nonzero values of h. Do not be disconcerted by our use of the “offbeat”
letter & for the independent variable; this is a deliberate choice, made to avoid “tying
up” the letter x, which will be needed a little later. We cannot allow h = 0 in (1),
because Q(h) would then reduce to the expression
_(1+0)2—1_1—1_0
Q0) = —F— ==,

which is meaningless. In fact, if 0/0 is to make sense, it must mean the one and only
number ¢ such that 0- ¢ = 0. But every number c has this property! For this rea-
son, the expression 0/0 is often called an indeterminate form.

Despite the fact that Q(0) itself is meaningless, the function Q(h) is perfectly
meaningful for values of h which are as close as we please to 0, whether these values
of h be positive or negative. Thus it is only natural to ask: What happens to Q(h)
as h gets “closer and closer” to the forbidden value h = 0?

b. To answer this question, we first carry out the algebraic operations in the
numerator of Q(h), obtaining

1+2h+h* -1 2h+h
ok = ! ==o— k=o

We then divide the numerator by the denominator h, which is permissible since
h # 0. This gives the simple formula

Q) =2+h (h#0).

We now observe that as h gets “closer and closer” to 0, Q(h) in turn gets “closer and
closer” to 2. In fact, the distance between Q(h) and 2, regarded as points of the real
line, is just

|Qh) — 2| = |2 + h) — 2| = |h]
(Theorem 1.55), and |h| is certainly very small whenever h is very near 0, for the
simple reason that |h| is just the distance between h and 0.

The fact that Q(h) gets “closer and closer” to 2 as h gets “closer and closer” to 0

is summarized by writing
lim Q(h) = 2. 2)
h=0

In words, (2) says that “the limit of Q(k) as h approaches zero equals 2.” This is our
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first encounter with the concept of a limit, about which we will say much more later.
An equivalent way of writing (2) is

Q(hy—»2 as h—0,

which says that “Q(h) approaches 2 as h approaches zero.”

c. We have just killed two birds with one stone. Not only have we calculated
the limit of Q(h) as h approaches zero, but as we will see in a moment, we have also
calculated something called “the derivative of the function f(x) = x2 at the point
x = 1.” In fact, both the limit and the derivative equal 2.

2.42. The derivative concept

a. Let f(x)beafunction defined in some neighborhood of a point x,. Then by the
difference quotient of f(x) at x,, we mean the new function

o0y = La 1 = Sl "

of the variable k. The letter Q stands for “quotient,” and x, has a subscript zero to
show that it is a fixed value of the argument x. For example, if f(x) = x2 and
xo = 1, then (3) reduces to

hz_ 2
om = L0,

which is nothing other than the expression (1).

b. Let Q(h) be the difference quotient of the function f(x) at the point xo.
Then by the derivative of f(x) at the point x,, denoted by f'(xo) and pronounced
“f prime of x zero,” we mean the limit

lim Q(h), 4
h=0
provided that the limit “exists” (that is, makes sense). Here, as in formula (2), the
expression (4) means the number, if any, which “Q(h) approaches as h approaches
zero.” Combining (3) and (4), we find that

1) = lim Sflxo + h}: - f(xo)‘ )
h=0

It is important to note that f*(x,) is a number, not a function. Suppose once
again that f(x) = x? and x, = 1. Then

Fy=tm SE =0 4

h=0 h h—0

2.

Thus the dérivative of the function f(x) = x2 at the point x = 1 exists and equals 2.
This justifies the claim made in Sec. 2.41c.

c. The derivative f'(x,) is also called the rate of change of y = f(x) with respect
to x at the point x,. The reason for this designation is not hard to find. The nu-
merator of the difference quotient (3) is just the change

flxo + B) — f(xo)

in the dependent variable y = f(x) when the independent variable x is changed
from x, to xo + h, while the denominator of (3) is just the change

(XO+h)—xO=h
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in x itself. Therefore the difference quotient itself becomes

Change in y
Change in x’

o) = (6)
and the derivative is the “limiting value” of this “change ratio” as the change in the
independent variable x gets “smaller and smaller,” that is, “approaches zero.” As for
the word “rate,” which suggests something changing with respect to time, it is a
metaphor borrowed from problems involving motion, where the independent variable
is indeed time (usually denoted by t), and the dependent variable changes with respect
to time at a certain “rate.”

d. In Sec. 1.12 we described calculus as the “mathematics of change” and
formulated the two basic types of problems with which calculus deals. The first of
these problems was stated in the following unsophisticated language:

(1) Given a relationship between two changing quantities, what is the rate
of change of one quantity with respect to the other?

We are now in a position to restate this problem in more precise language:

(1') Given a function y = f(x), what is the rate of change of y with respect
to x?

The study of this problem is the province of a branch of calculus known as differential
calculus and always involves the calculation of a derivative.

2.43. Examples

a. Find the derivative of the function f(x) = x? at an arbitrary point x,.
SoLution.  For this function we have

S(xo + h) — fl(xo) = lim (xo + h)? — x3

1, = 1’ s
S (%) h‘_{% h e A
which becomes
2 2 _ 2 2%.h h2
Flxg) = lim R F ZXoh + 17 = X0 o Dxoh + BT o b
h=0 h h=0 h A0

after doing a little algebra. But as h gets “closer and closer” to 0, the quantity 2x, + h
gets “closer and closer” to 2x,, for the simple reason that the distance between the
points 2x, + h and 2x, is just

|2xo + h) — 2xo| = |H].
Therefore

lim (2xo + h) = 2x,,
h=0
so that finally

S(x0) = 2x,.

Note that f'(x,) = 2 when x, = 1, as we already know from the preliminary cal-
culation made in Sec. 2.42b.
b. Let

f(x) = mx + b, ™

where m and b are constants. Find the derivative of f(x) at an arbitrary point x,.
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SoLutioN. In this case,

— mxg — h
Floxg) = lim MGt Wb =X =0y M i = m,
B0 h k=0 B -0

The last step calls for finding the number to which m gets “closer and closer” as
h — 0, but this can only be the number m itself, since m is a constant! Choosingm = 0
in (7), we find that the derivative of any constant function f(x) = b equals 0 at every
point xo. Choosing m = 1, b = 0 in (7), we find that the derivative of the function
f(x) = x equals 1 at every point x,.

You will recognize (7) as the equation of the straight line with slope m and
y-intercept b. Since the derivative of (7) equals m at every point X,, you may begin
to suspect that the derivative has something to do with slope. Indeed it has. In
Sec. 2.52d we will see that the derivative f'(x,) is just the slope of the tangent to the
curve y = f(x) at the point with abscissa xo. Of course, this will require that we
first decide what is meant by the “tangent to a curve.” Note that the word “tangent”
as used here has nothing to do with the same word as used in trigonometry (Sec. 1.82b).
In fact, the tangent to a curve is a line, while the tangent of an angle is a number.

2.44. Limits
a. So far we have only considered limits of the form

lim Q(h),
h-0
where the function Q(h) is the difference quotient associated with another function
f(x). This, of course, is the special kind of limit leading to the notion of a derivative.
More generally, we can consider the limit of an arbitrary function f(x) as its argument
x approaches an arbitrary point x,, provided that f(x) is defined in some deleted
neighborhood of x, (Sec. 1.63a). Thus we say that a function f(x) approaches the
limit A as x approaches x,, or that f(x) has the limit A at x,, if f(x) gets “closer and
closer” to 4 as x gets “closer and closer” to x, without ever actually coinciding with
Xo. This fact is expressed by writing
lim f(x) =4 (8)
x-*Xp

or
fx)» A as x - x,.

Put somewhat differently, (8) means that f(x) is “arbitrarily near” A for all x which
are “sufficiently near” x,, or, equivalently, that | f(x) — A| is “arbitrarily small” for
all “sufficiently small” (but nonzero) values of |x — xo|.
b. Can this rather intuitive definition of a limit be made mathematically exact?

Yes, it can, by resorting to the following procedure, invented by Cauchy in the early
nineteenth century, which involves two positive numbers, traditionally called ¢ (the
Greek letter epsilon) and & (the Greek letter delta). What does it really mean to say
that | f(x) — A| is “arbitrarily small” for all “sufficiently small” |x — Xo|? Just this:
Suppose somebody we call the “challenger” presents us with any positive number ¢ .
he pleases. Then we must be able to find another positive number & such that
|f(x) — 4] < & for all x (#x,) satisfying the inequality |x — xo| < 6. At this point,
you may well ask: What has all this to do with the numbers | f(x) — 4] and [x — x|
being small? The answer is simply that we allow our challenger to present us with
any positive number whatsoever, in particular, with a number which is as small as
he pleases (that is, “arbitrarily small”). We must then find a corresponding number J,
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which in general cannot be “too large” (and hence is “sufficiently small”) such that
| f(x) — A| < e whenever |x — x| < 4.

Thus, once again, in more concise language, to say that f(x) has the limit A at
Xo means that, given any ¢ > 0, we can find a number 6 > 0 such that [flx) — Al <&
whenever 0 < |x — xo| < 6. Here the formula 0 < |x — x| < 4 is just a neat way
of writing [x — xo| < 6 and x # x, at the same time, since |x — Xo| > 0 is equiv-
alent to x # x,.

You may find this definition a bit strange, but we urge you to master it anyway.
It is a most valuable tool, which will help you keep many calculations brief and to
the point (see Probs. 1215, for example).

¢. The fact that x is not allowed to take the value x, in the definition of the
limit of f(x) at x, is crucial. It shows that the limit (if any) of f(x) at x4 has nothing
to do with the value of f(x) at x = x,, since this value does not even enter into the
definition of the limit. In fact, a function can have a limit even at a point x, where
it fails to be defined! For example, the limit of the function

S(xo + h) — f(xo)
h

ol =

as h — 0 is the derivative f'(xq), a fundamental concept of calculus, and yet Q(k) is
undefined at h = 0, where it reduces to the indeterminate form 0/0.

d. It is often convenient to talk about having a limit without specifying what
the limit is. Thus we say that a function f(x) has a limit at x, if there is some number
A such that f(x) » 4 as x - x,.

2.45. Examples
a. Let x, be an arbitrary point. Then

lim x = x,, 9
X X0
as we would certainly hope! This can be seen at once by using “, § language.” In fact,
given ¢ > 0, we need only choose § = &. It is then self-evident that [x — xo| < &
whenever 0 < [x — xg| < 6. '

b. The constant function f(x) = A approaches the limit A as x approaches an
arbitrary point x,. In fact, in this case |f(x) — A = |4 — 4] = 0, so that, given
any ¢ > 0, we have |f(x) — 4| < ¢ for all x, and in particular for all x such that
0 < |x — xo| < 8, where § > 0 is arbitrary.

¢. The function f(x) = 3x approaches the limit 6 as x — 2. In fact, given any
¢ > 0, choose § = ¢/3. We then have

[fx) — 6| =3x — 6] =3]x ~ 2| <36 =¢

whenever 0 < [x — 2| < 4.
d. Show that
lim x? = 4. (10)

x=2
SoLuTioN. It seems plausible enough that as a number gets “closer and
closer” to 2, its square must get “closer and closer” to 4, and this is an acceptable, if
somewhat crude, solution. A better solution is based on the use of “¢, 6 language”
and goes as follows: Given any ¢ > 0, let § be the smaller of the two numbers 1 and
¢/5. Then

) - =+ D - D) =+ Y -2 <5 2=
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whenever 0 < |x — 2| < 8, since our choice of & automatically forces x to satisfy
the extra condition |x + 2| < 5, as well as [x — 2| < ¢/5. To see this, note that
|x — 2| < & certainly implies |x — 2| < 1, or equivalently 1 < x < 3, so that
3 < x + 2 < 5, which in turn implies |x + 2| < 5.
~ Actually, even this solution is only a “stopgap measure.” In Sec. 2.61 we will

show that

lim x? = lim x - lim x = (lim x>2

x—=2 x=2 x=2 x=2
and then (10) will be an immediate consequence of (9), with xo = 2.

e. Does the function

K

Jx) = (x # 0)

have a limit at x = 0? :
SoLuTioN. No. If x > 0, then |x| = x and f(x) = 1, while if x < 0, then

|x| = —x and f(x) = —1. Therefore f(x) takes both values 1 and —1 in every
deleted neighborhood of x = 0. But then f(x) can hardly be “arbitrarily near” some
number A for all x “sufficiently near” 0, even if we pick A = 1 or A = —1. This

intuitive solution seems plausible, but its crudity is rather distressing. Again “e, &
language” comes to the rescue, providing us with a solution which is both simple
and perfectly sound. Suppose f(x) has a limit A at x = 0. Then, choosing & = 3, we
can find a number & > 0 such that |{x) — A] < ¢ = 4 whenever 0 < |x| < 8. Let x,
= 15, x, = —16, so that, in particular 0 < [x,| < 8, 0 < |x,| < 8. Then, on the one
hand,

flxy) =1, flx) = -1,

while, on the other hand,
1 1
o) = Al <50 ftxa) = 4] <5

But these requirements are incompatible. In fact, using the triangle inequality (3),
p. 14, we find that

‘f(xl) - f(xz)l = l[f(x1) - A] +[4 - f(xz)]l
1

< |f6ey) = Al + 4 — flx2)] <%+§= 1,

while, at the same time, '
Ifix) = fx)l = 1 = (=D =2
Thus the assumption that f(x) has a limit at x = 0 has led to the absurd conclusion
that 2 < 1. Therefore f(x) does not have a limit at x = 0.
f. Does the function f(x) = |x| have a derivative at x = 0?
SoLuTioN. No, since

70 = im0 FER =SO _ 0+ ’;! il Y
h-0

h h—+0 h—0

or

(o) = 1im X
f(o)_an;x,
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if we denote the independent variable by x instead of by h, which is our privilege. But
we have just shown that this limit fails to exist.

PROBLEMS

1. Let f(x) = ax® + bx + c, where g, b and c are constants. Verify that f'(x,) =

2axy + b at every point x,.

2. Let f(x) = x*. Verify that f’(x,) = 3x2 at every point x,.

Comment. Problems 1 and 2 are just “warming up exercises.” The tech-
nique of evaluating derivatives will be developed more systematically in Sec. 2.7.
Is the formula f"(« + B) = f'(@) + f'(B) true for f(x) = mx + b? For f(x) = x??
Can f'(x,) ever equal f(x,)?

Show that f(x) - 4 as x - x, and f(x) — 4 — 0 as x - x, mean exactly the
same thing,
6. Find the limit
2 2
(@ lim|x[; (b) lim f; (¢ lim Ix—l; (d) lim x—; (&) lim £

x=0 x=0 X x-1 X x=0 X x=0 X

R W

7. Does the function

x if 0€x<1,
f(")={2x if 1<x<3

have a limit at the point x = 1?7 At the point x = 2?
8. Find the limit of the function

x2 if x #0,
) = {2 if x=0
at the point

@@ x=~1; () x=0; (© x=.2
9. To find the number § in the “g, & language” must we know the number £? Is
¢ a function of ¢?
10. Show that if f(x) — 0 as x — x,, then | f(x)| - 0 as x — x,, and conversely.
*11. Show that if f(x) » A as x — x,, then | f(x)| — |4] as x — x,. Is the converse
true?

The following problems are all easily solved with the help of “s, § language.”
Make sure that you understand what these problems mean, even if you don’t work
them out.

*12. Show that if f(x) has a limit at x,, then the limit is unique. In other words,
show that f(x) cannot have more than one limit at x.
*13. Show that changing the value of a function f(x) at any point x, # x, has no
effect on the limit (if any) of f(x) at x,.
Comment. Thus only the values of f(x) in the “immediate vicinity” of x,
have any effect on the “limiting behavior” of f(x) at x,.
*14. Show that if f(x) - 4 as x — x,, then there is a deleted neighborhood of X
in which | f(x)| < |4] + L.
Comment. Thus a function cannot become “too large” in absolute value
near a point where it has a limit.
*15. Show that if f(x) » 4 # 0 as x — x,, then there is a deleted neighborhood of
Xo in which f(x) has the same sign as 4 and |f(x)| > }|4].
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Comment. Thus a function cannot change sign or even become “too small”
in absolute value near a point where it has a nonzero limit.

2.5 MORE ABOUT DERIVATIVES

2.51. Increment notation. The meaning of the derivative can be made even
clearer by using a somewhat different notation. Given a function y = f(x), let the
change in the independent variable, namely the difference between the final and
initial values of x, be denoted by Ax, instead of by h as in Sec. 2.42c. Here Ax, where
A is the Greek capital letter delta, must be thought of as a single entity, pronounced
“delta x,” and not as the product of the separate symbols A and x. Let the corre-
sponding change in the dependent variable, namely the difference between the
final and initial values of y, be denoted by Ay (“delta y”), that is, let

Ay = f(xo + Ax) — f(xo).
Then formula (6), p. 54, takes the particularly suggestive form

A
0By = 2,

where the reason for the term “difference quotient” is now staring you in the face.
We also call Ax the increment of x and Ay the increment of y. We will favor this
“increment notation” from now on, because of the way it identifies the quantities
which are actually being changed. '

In terms of increment notation, formula (5), p. 53, defining the derivative of f(x)
at the point x, takes the form

o L6t 8% = f(xo)

Ax—0 Ax

J(%0)

Bear in mind that in writing Ax — 0, we impose no restriction on the sign of Ax,
which is free to take both positive and negative values.

2.52. The tangent to a curve

a. Inkeeping with the remarks in Example 2.43b, we now decide what is meant
by the “tangent to a curve.” You already know how the tangent is defined in the
case where the curve is a circle C. In fact, according to elementary geometry, the’
tangent to a circle C at a point P, is the line which intersects C in the point P, and
in no other point. A moment’s thought shows that this property of the tangent to
a circle is useless for defining the tangent to a general curve. For example, in the
case of the parabola y = x? graphed in Figure 7, there are two lines, namely the
x-axis and the y-axis, intersecting the curve in the origin O and in no other point.
But common sense rejects the idea of the y-axis being the tangent to the curve at O,
although the x-axis seems a perfectly plausible candidate for the tangent to the
curve at 0.

As this example suggests, the key property of the tangent is that it “hugs the
curve very closely at the point of tangency.” For example, this seems to be true of
the line T in Figure 7, which represents the tangent to the parabola at the point P
We now give a precise mathematical meaning to this qualitative idea. As you may
suspect, the notions of limit and derivative will play a prominent role here.

b. Thus let P, = (X, yo) be a fixed point and P = (x, y) a variable point of a
given curve y = f(x), and let S be the straight line going through the points Py and



60 Differential Calculus Chap. 2

O A B

Figure 7.

P. Such a line is called a secant (line) of the curve y = f(x). The slope of S is just

Yy~ Y
mg = ’
X—xo

or equivalently

_ 4y
T Ax’

1)

mg

in terms of the increments
Ax = x — x,, Ay =y — yo = flxo + Ax) — f(xo).

The geometrical meaning of these increments is shown in Figure 8, which is drawn
for the case where Ax and Ay are both positive. As an exercise, sketch similar figures
for the other three choices of the signs of Ax and Ay. All of these figures are equiv-

Figure 8.
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Figure 9.

alent from the standpoint of illustrating the construction of the tangent to the curve
y = f(x) at Po.

¢. We now vary the point P along the curve, making P move “closer and closer”
to the fixed point P,, and at the same time allowing P to move freely from one side
of P, to the other. Then Ax approaches zero, and at the same time the secant through
P, and P varies, taking first one position and then another. Suppose the limit

m= lim mg 2
Ax—0

exists. Then the straight line through P, with slope m is called the tangent (line) to
the curve y = f(x) at the point P,. In other words, the tangent at P, is the “limiting
position” of the secant through P, and P as the variable point P approaches the fixed
point P,, taking positions on both sides of P. This behavior isillustrated in Figure 9,
where the secants go through a sequence of positions Sy, Sy, S3, S4,- -, getting
“closer and closer” to the limiting tangent line T. This figure also shows that, unlike
the case of a circle, the tangent to a general curve C may well intersect C in points
other than the point of tangency P,,.
d. Finally, substituting (1) into (2), we find that

Ax-0 AX  ax-o0 Ax

where the limit on the right is, of course, just the derivative f'(x,) of the function f(x)
at the point xo. Thus we have proved the following key result of differential calculus:
The curve y = f(x) has a tangent T at the point Py = (xo, f(x0)) if the derivative f'(xo)
exists, and only in this case. The slope of T is then equal to f(xo). This slope is often
simply called the slope of the curve at Py,

According to Sec. 1.91a, the equation of the straight line with slope m going
through the point (x,, o) is just

y = m(x — Xo) + Yo
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Therefore the tangent to the curve y = f(x) at the point (%0, ¥o) = (X0, f(x0)) has
the equation

Y = f(xo)(x — Xo) + f(x). (3

2.53. Examples

a. Find the tangent T to the parabola y = x2 at the point Py = (x4,,).
SoLutioN. Here f(x) = x2, and hence

S(xo) = 2x,, 4)

as calculated in Example 2.43a. Substituting (4) into (3), we find that T has the
equation

Y = 2x0(x — Xo) + x3 = 2xox — X2, (5)

since yo = x3. Setting y = 0 and solving for x, we see at once that the line T has the
x-intercept x,/2. Thus, to construct the tangent to the parabola y = x? at a point
P, other than the origin, we need only drop the perpendicular PyB to the x-axis,
bisect the segment OB, and then draw the line T joining the midpoint 4 of OB to
the point P, as shown in Figure 7. If P, is the origin, then xo = 0 and (5) reduces
to the equation y = 0. Therefore in this case 7T is the line y = 0, namely the x-axis,
as conjectured in Sec. 2.52a.

b. Find the tangent T to the curve y = |x| at the point (x,, o).

SoLuTioN. Here we have f(x) = |x|. Ifx, > 0, then

f(xo) = 1, (6)

since f(x) = x for all x in a suitable neighborhood of x,. Substituting (6) into (3),
we find that T has the equation

y=1(x—x0) + %9 = x,

since yo = |xo| = xo. Therefore in this case T is just the line y = X, as is geometri-
cally apparent from Figure 10A. On the other hand, if x, < 0, we have

flxo) = -1, ™

AN
y=—x

A B
Figure 10.
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instead of (6), since now f(x) = —x for all x in a suitable neighborhood of x,, and
substitution of (7) into (3) gives

y=—1-(x —Xg) = Xo = —X,
since in this case yo = |xo| = —xo. Therefore T is now just the line y = —x, as

is geometrically apparent from Figure 10B.

If x, = 0, then f(x,) fails to exist, as shown in Example 2.45f. Therefore the
curve y = |x| has no tangent at the origin O. The reason for this is geometrically
evident from Figure 10C and is associated with the presence of the sharp “corner”
of the graph of y = |x| at the origin. The secant drawn through the origin O and
a variable point P of the curve y = |x| can hardly approach a “limiting position” as
P approaches O, since the secant coincides with the line y = x whenever P lies to
the right of O (in the first quadrant) and with the perpendicular line y = —x whenever
P lies to the left of O (in the second quadrant). In fact, suppose P approaches O
through a sequence of positions on both sides of O, in keeping with the definition
of the tangent at O. Then the secant changes its inclination by a full 90° (in either
the clockwise or the counterclockwise direction) every time P goes from one side
of O to the other, and this “wild” behavior is clearly inconsistent with the secant
approaching any tangent line at all as P approaches O.

2.54. Differentiation

a. The process leading from a function to its derivative is called differentiation,
with respect to the independent variable. Another way of saying that a function
y = f(x) has a derivative at a point x, is to say that f(x) is differentiable at x4. If
f(x) is differentiable at every point of an interval I, we say that f(x) is differentiable in
1. For example, the function f(x) = |x|is differentiable in both intervals — o0 < x <0
and 0 < x < oo, although it fails to be differentiable at the point x = 0. Whenever
we call a function differentiable, without further qualification, we always mean
differentiable at some point or in some interval, where the context makes it clear
just what is meant.

b. Suppose f(x) is differentiable in an interval I. Then the derivative

Flre) = tim L0+ 8 = fCx

®

exists for every xo in I. Hence there is a new function defined in I, whose value at
every point x, is just f'(xo). This new function, which we denote by (f(x)), or simply
by f'(x), is called the derivative of f(x), with no mention of a point x,. It will always
be clear from the context whether the term “derivative” refers to a function or to
a number, namely the value of the derivative function at some point. The results of
Examples 2.43a and 2.43b can now be written more concisely as

(x?) =2x, (mx+ b =m

The derivative of a function y = f(x) is sometimes denoted simply by y".

2.55. The differential
a. We will usually write (8) in the form

o = tim LAY~ )

Ax—0 Ax

©)
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dropping the subscript zero in three places. This is done with the understanding
that x is held fixed during the evaluation of the limit. The numerator of the difference
quotient in (9) is often denoted by Af(x) instead of by Ay. This has the advantage
of allowing us to make explicit the point x at which the increment Af(x) =
f(x + Ax) — f(x) is taken. We call Af(x) the increment of the function f at the point
x, where, as usual, Afis to be thought of as a single entity. In terms of this notation,
(9) takes the form
, . Af(x)
f'(x) = lim Ax (10)

Ax—0

Equation (10) can also be written as

lim [g@ - f’(x):l =0

Ax—0 Ax
(Sec. 2.4, Prob. 5), or equivalently as
lim a(Ax) = 0, (11)

Ax—0
where

aih) = U =S8

The numerator of a(Ax) is just the error made in replacing Af(x) by f'(x) Ax, and,
according to (11), this error is small in absolute value compared to [Ax| if |Ax] is
small. Thus itis often a good approximation to replace Af(x) by the quantity f'(x) Ax,
called the differential of the function f at the point x. For the differential we introduce
the special notation

df(x) = f'(x) Ax, (12)

which stresses the connection between df(x) and the increment Af(x). As in the case
of Af, the symbol df must be thought of as a single entity, pronounced “dee f,” and
not as the product of the separate symbols d and f. In the case of a function written
as y = f(x), we can write dy for df(x), just as we write Ay for Af(x). Then (12) takes
the form |

dy = f'(x) Ax. (1‘3)

We will often drop arguments for brevity, writing f for J'(x), df for df(x), and so on.
Thus formulas like df = f'(x) Ax or dy = f' Ax shouldn’t bother you a bit.
b. Example. Find the increment Ay and the differential dy of the function
y = x? for x = 20, Ax = 0.1. What is the error of the approximation Ay =~ dy?
(The symbol ~ means “is approximately equal to.”) '
SoLuTION.
Ay = (x + Ax)* — x? = 2x Ax + (Ax)?,
dy = (x¥) Ax = 2x Ax,

and hence 1

Ay = 2(20)(0.1) + (0.1)* = 4.01,
dy = 2(20)(0.1) = 4.00
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for x = 20, Ax = 0.1. Thus the error of the approximation Ay =~ dy is only 0.01,
about 0.25% of the actual value of Ay.

2.56. The d notation

a. For the function y = f(x) = x, we have dy = dx, f'(x) = 1, so that (13)
reduces to

dx = 1-Ax = Ax.

In other words, the increment and the differential of the independent variable are
equal. We can now write

df(x) = f'(x) dx, (14
instead of (12), and
dy = f'(x) dx, (15)

instead of (13). These formulas lead at once to an important new way of writing
derivatives, called the “d notation,” which we will use freely from now on. Solving
(14) for f'(x), we get

won _ df(x)
f (x) - dx >
or, without the arguments,
,_ Y
/= dx’

This formula is read as “f prime equals dee f by dee x.” Similarly, if y = f(x), it
follows from (15) and the last sentence of Sec. 2.54b that

L _dy
y = Ix f1(x).
The advantage of the new notation, in which f* becomes df/dx and y" becomes
dy/dx is that the independent variable is now indicated explicitly. Thus there isa
distinction between

daf df df

va9,.., 16)

which is not so easily made in the old notation; here x, ¢, u, ... indicate different
symbols for the independent variable. To distinguish between the different deriva-
tives (16) verbally, we call df/dx the derivative of f with respect to x, df/dt the derivative
of f with respect to t, and so on. Such distinctions are often crucial.

b. Having learned enough about differentials to appreciate how the “d notation”
arises, there is no further need to think of derivatives as ratios of differentials. Rather
you should regard d/dx as a single entity, pronounced “dee by dee x” and called the
differentiation operator, which has the effect of differentiating with respect to x any
function written after it; for simplicity, the function is often written after the first
letter d in d/dx rather than after the whole expression. Thus, for example,

d df

1 d _ r
o =E=f’ E;(f"‘g)—(f‘*'g),
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where the prime denotes differentiation with respect to x. Similar remarks apply to
differentiation operators like d/dt, d/du, and so on, where the independent variable
is indicated by another letter.

PROBLEMS

1. Find the increment Ax of the independent variable and the corresponding
increment Ay of the dependent variable for the function y = 1/x2 if x is changed
from 0.01 to 0.001.

2. Letu = u(x) and v = v(x) be two functions of x, where, for simplicity, we use
the same letters to denote both the functions and the dependent variables.
Show that A(u + v) = Au + Aw.

3. Verify that the tangent to the line y = mx + b at every point of the line is just
the line itself, as is to be expected.

4. Does the curve y = x? have two different tangents which are parallel? Does
the curve y = x3?

5. Does the curve y = x? have two different tangents which are perpendicular?
Does the curve y = x3?

6. Find the tangent to the curve y = x? going through the point (2, 0). Note that
(2,0) is not a point of the curve.

7. At what point of the curve y = x? is the tangent parallel to the secant drawn
through the points with abscissas 1 and 37

8. Find the value of x such that df(x) = 0.8 if f(x) = x? and Ax = —0.2.

9. Find theincrement Ay and the differential dy of the function y = x®ifx = 1and
(@ Ax=1; (b) Ax =0.1; (0 Ax = 0.01; (d) Ax = 0.001.

In each case, find the error E = Ay — dy made in replacing Ay by dy, both as
a number and as a percentage of Ay. What happens as Ax gets smaller?
10. When is Ay = dy a bad approximation?

*11. Let 4 = u(x) and v = v(x) be the same as in Problem 2. Write two different
expressions for A(uv) in terms of Au and Av.

*12. For what values of b and ¢ does the curve y = x? + bx + chavetheliney = x
as a tangent at the point with abscissa 2?

*13. Where is the function y = |x + 1] + |x — 1] differentiable? Where does the
graph of the function fail to have a tangent?

*14. How much would the earth’s surface area increase if its radius were increased
by 1 foot?

*15. What is the geometrical meaning of the differential dy?

2.6 MORE ABOUT LIMITS

2.61. Algebraic operations on limits. The following basic theorem on limits is
used time and again in calculus. It merely says that “the limit of a sum equals the
sum of the limits,” and similarly with the word “sum” replaced by “difference,”
“product” and “quotient.”

THEOREM. If

lim f(x) = A, lim g(x) = B, M

X+ X0 X Xo
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then
lim [f(x) + gx)] = 4 + B, ()
lim [f(x) — g(x)] = A ~ B, 3
lim f(x)g(x) = AB, 4
li @ = é ‘ (5)

g B
provided that B # 0 in the last formula.

Proof. As you might expect, “¢, & language” is the thing to use here. Since
f(x) > A as x - x, and g(x) = B as x = X, then, given any ¢ > 0, we can find
numbers §, > 0 and &, > 0 such that | f(x) — A| < &/2 whenever 0 < Ix — xo| < 8,
and |g(x) — B| < &2 whenever 0 < |x = xo| < 8,. (Yes, we really mean ¢/2 here,
not ¢) Let & be the smaller of the two numbers &, and J,. Then, using our old
standby, the triangle inequality (3), p. 14, we have

/) + g0} — (4 + B)| = |[fx) — 4] + [9(x) — B]|

e ¢

slf(x)—A‘+|g(x)—B|<§+§=e
whenever 0 < |x — Xo| < 6. But this is just “¢, & language” for the statement that
f(x) + g(x) » A + B as x - x,. Thus we have proved (2). To prove (3), we need
only note that

L) — g0] — (4 — B)| = |[f() — 4] + [B — 9(x)]|

S|f)— A+ B—g)| <5 +5=c¢

N ™
[\ AR

whenever 0 < |x — x,| < 6.

To prove (4) and (5) we argue in the same way. For example to prove (4) we
show that, given any ¢ > 0, there is a 8 > 0 such that | f(x)g(x) — AB| < & whenever
0 < |x — xo| < 8, and similarly for (5). However, the details are not very instructive,
and for that reason are left to Problem 15. You can work through this rather difficult
problem if you have a special interest in mathematical technique. Otherwise, per-
suade yourself of the validity of formulas (4) and (5) by thinking of their intuitive
meaning. [

2.62. Examples

a. Show that
lim (x? + 2x) = 15.
x—3

SoLUTION. We already know from Example 2.45a that
lim x = 3, (6)

x-3
a result which is almost obvious. Therefore, using (4) twice, we have
lim x2 = lim x-limx=3-3=9
x—3 x—3 x-+3

and
Iim2x=1lm2-limx=2-3=6

x=3 x~3 x—3
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(by Example 2.45b, “the limit of a constant equals the constant itself”). It then
follows from (2) that
lim (x* + 2x) = lim x? + lim 2x = 9 + 6 = 15.

x—=3 x-3 x—3

b. Evaluate

x2—5x+6
A=lm X —2XT°%
X —8x + 15

SoLuTION. We have

limxz_5x+6 lim(x-—fv’)(x-—2) i x -2
= _—_— —_———— = m ———

=3 X2 —8x 4+ 15 3 (x—=3)(x—15) se3x-—5

where in the last step we cancel the common factor x — 3 of the numerator and
denominator, relying on the fact that x approaches 3 without ever being equal to 3,
so that x — 3 is never zero. Using (3) and (6), we have the easy calculations

lim(x -2)=lmx—-lim2=3-2=1,

x—3 x=+3 x—=3
im(x —5)=limx —lim5=3~5= -2,
x—=3 x—3 x-3

It then follows from (5) that

PR D S W
T3 x—=5 lim(x-%5 -2 2
x—3

2.63. Continuous functions

a. Once again we stress that the limit of a function f(x) at a point x, is some-
thing quite different from the value of f{x) at x,, and in fact f(x) may not even be
defined at x,. There is a special name for a function “nice enough” to have a limit
at x, which equals its value at x,: Such a function is said to be continuous at x,.
In other words, we say that f(x) is continuous at x, if

lim f(x) = f(x,). 7
X-+Xxo
Of course, this presupposes that f(x) is defined in some nondeleted neighborhood
of x,, so that both sides of (7) make sense. If formula (7) does not hold, we say that
f(x) is discontinuous at x,.

b. If a function f(x) is continuous at every point of an interval I, we say that
S(x) is continuous in 1. When we call a function continuous, without further qualifica-
tion, we always mean continuous at some point or in some interval, where the context
makes it clear just what is meant. A function is said to be discontinuous, without
further qualification, if it is discontinuous at one or more points. The property of
being continuous is called continuity, and plays an important role in calculus.

c. Algebraic operations on continuous functions are governed by the following
rule: .
THEOREM. If the functions f(x) and g(x) are both continuous at x,, then so are
the sum f(x) + g(x), the difference f(x) — g(x), the product f(x)g(x) and the quotient
S(x)/g(x), provided that g(x,) # O in the case of the quotient.
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Proof. This is an immediate consequence of the corresponding theorem on
limits. Instead of (1), we now have
lim f(x) = flxo),  lim g(x) = g(xo).

x—Xx0 X=X

But then formulas (2) through (5) become
lim [f(x) + g(x)] = flxo) + g(xo),

X XxXq

lim [f(x) = g()] = flxo) — g(xo),
lim f(x)g(x) = f(x0)g(xo),

i 100 _ S50
x—-x0 9(X)  g(x0)’

provided that g(x,) # O in the last formula, and this is exactly what is meant by
saying that the functions f(x) + g(x), f(x} — g(x), f(x)g(x) and f(x)/g(x) are con-
tinuous at x,. [
d. COROLLARY. If the functions fi(x), fo(X), ..., f{x) are all continuous at x,
then so are the sum fi(x) + fo(x) + - + f{x) and the product fi(x)f5(x) " fi(x)
Proof. For example, if

h(x) = fi(x) + f2(x) + f3(x),

then h(x) = g(x) + f3(x), where g(x) = fi(x) + f5(x). One application of the theo-
rem just proved shows that g(x) is continuous at x,, being the sum of two functions
f1(x) and f,(x) which are continuous at x,, and then another application of the
theorem shows that h(x) is continuous at x,, being the sum of two functions
g(x) and f3(x) which are continuous at x,. The proof for products is virtually the
same. []

2.64. Examples

a. Any constant function is continuous everywhere, that is, at every point xq.
In fact, if f(x) = c, then
lim f(x) = lim ¢ = ¢ = f(x,).

X—X0 X Xg
Moreover, the function x is continuous everywhere, since, by Example 2.45a,

lim x = x,

X Xx0
b. By a polynomial we mean a function of the form
P(x) = ag + a;x + a,x* + -+ + a,x",

where aq, a4, a,, . . ., a, are arbitrary constants and » is a positive integer, called the
degree of the polynomial (if a, # 0). Each term in the sum is continuous, by the
corollary and the preceding example, and hence so is the sum itself, by the corollary
again. Thus P(x) is defined and continuous everywhere, that is, in the whole interval
(— o0, ).

c. By a rational function we mean a quotient of two polynomials

ag + a;x + a;x* + - + a,x"

Rx) = bo + byx + byx* + -+ + byx"’

®

where n and N are in general different. It follows from the preceding example and
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the theorem that R(x) exists and is continuous except at the points (if any) where
the denominator of (8) equals zero. For example, the rational function

pe
1+ x?

Jx) =

is continuous in the whole interval (— c0,00), while
x2

9x) =1

is continuous everywhere except at the two points x = +1.
d.  The function |x| is continuous everywhere. In fact,

lim |x] = 0 = |0],
x—~0
since x — 0 and |x| — 0 mean exactly the same thing, while

lim |x] = lim x = x5 = |x|

X—Xg x-*Xxp
if xo > 0, and
lim |x| = lim (—x) = —lim x = —x, = |x|
x> Xxg X X0 X Xg

if xo < 0. In the last two calculations, we use the fact that x has the same sign as
x if x is “sufficiently close” to x,.
e. The function

fx) = i (x # 0),
x
which can also be written
-1 if x<0,
ﬂ”={1 if x>0, ©)

is discontinuous at x = 0, since, as shown in Example 2.45¢, it has no limit at x = 0.
Moreover, there is no way of defining f(x) at x = 0 which will make f(x) continuous
at x = 0, since thé failure of f(x) to have a limit at x = 0 has nothing to do with its
value at x = 0 (Sec. 2.44c).

f. The situation is different for the function

gx) =x  (x #0). (10)
Here

lim g(x) = 0,

x—0
and the function fails to be continuous at x = 0 only because the point x = 0 has
been excluded, rather artificially, from the domain of g(x). However, we can make
g(x) continuous at x = 0 by the simple expedient of setting g(0) equal to 0, by
definition. In this way, we can “remove the discontinuity” at x = 0, replacing the
discontinuous function (10) by the function x which is continuous everywhere. On
the other hand, if we set g(0) equal to 1, say, instead of 0, we get a new function

x if x#£0,
h(x) = {1 if x=0, (11)
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y y y
y = f(x) y = g(x) ' Y = hix)
0 X j X ;C)Jr X
A B C
Figure 11.

which is still discontinuous at x = 0, since
lim h(x) = 0 # 1 = h(0).

x—0

g. To get a better idea of the behavior of discontinuous functions, we graph
the three functions (9), (10) and (11) in Figure 11, using hollow dots to indicate
“missing points.” The solid dot in Figure 11C indicates the “isolated point” (0, 1)
belonging to the graph of the function (11). There is something about all these
graphs that shows us at a glance that each is the graph of a discontinuous function,
namely each graph behaves “pathologically” at x = 0. Either the graph has no
point at all with abscissa 0, as in Figures 11A and 11B, or there is such a point, as in
Figure 11C, but it does not fall where it “ought to,” namely at the origin. Moreover,
the graph in Figure 11A has a “jump discontinuity” at x = 0, since a point moving
along the graph of f(x) from left to right has to make a “sudden jump” at x = 0 in
order to get from the line y = —1 to the line y = 1. The graph of a function which
i$ continuous in some interval cannot have “gaps” and “jumps” like these. Thus you
can think of the graph of a continuous function as one which can be drawn without
lifting pen from paper.

2.65. One-sided limits

a. Taking another look at Figure 11A, we are led at once to the idea of a
one-sided limit, for we can hardly help noticing that the function y = f(x) would
have a limit at x = 0, equal to either —1 or 1, if we were to insist that x approach
the origin O from one side or the other, either from the left of O, taking only negative
values, or from the right of O, taking only positive values. In fact, under these cir-
cumstances, we could forget about the behavior of the function y = f(x) on the other
side of O, regarding y = f(x) as either the constant function y = —1 on the left of
O or the constant function y = 1 on the right of 0. If x approaches a point x, from
the left, we write x — x,—, while if x approaches x, from the right, we write
x — xo+. Thus we have just observed that in the case of the function (9), f(x) > —1
as x —» 0— and f(x) » 1 as x - 0+, or equivalently

lim f(x) = ~1, lim f(x) =1, (12)
x-0- x=0+
where the first limit is called the left-hand limit of f(x) at x = 0 and the second is
called the right-hand limit of f(x) at x = 0.
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b. As you may have already guessed, there is also a kind of continuity in-
volving one-sided limits. In fact, if

lim  f(x} = f(xo),

X=*xg =

we say that f(x) is continuous from the left at x,, while if

lim f(x) = f(xo),
x—=xg+

we say that f(x) is continuous from the right at x,. For example, the function f(x)
defined by (9) has the one-sided limits (12) at the point x = 0, so that f(x) can be made
continuous from the left at x = 0 by setting f(0) = — 1 or continuous from the right
by setting f(0) = 1 (remember that f(0) was not defined originally). However, there
is clearly no way to make this function continuous both from the left and from the
right at x = 0, since the one-sided limits (12) are different.

¢. We now make a small improvement in our definition of a function which
is continuous in an interval I. In Sec. 2.63b we insisted that such a function be
continuous at every point of I. We now relax this requirement a bit, but only at the
end points of I. Suppose I contains its left end point, call it a. Then we require
only that f(x) be continuous from the right at a. This makes sense, since a point
which stays inside I can only approach a from the right. Similarly, if I contains its
right end point, call it b, we now require only that f(x) be continuous from the left
at b. Again this makes sense, since a point inside I can only approach b from the
left.

For example, the function

~1 if x<0,
f(")z{ 1 if x>0,

differing from (9) only by having x > 0 instead of x > 0, is regarded as continuous
in the closed interval 0 < x < 1, even though it is not continuous at x = 0, because
it is continuous at every point x > 0 and continuous from the right at x = 0.

2.66. We have already encountered a function |x| which fails to have a deriva-
tive at a point (namely x = 0) where it is continuous. On the other hand, a function
is automatically continuous at any point where it has a derivative. In fact, suppose
f(x) has a derivative f’(x,) at a point x,. Then

i LG+ 89 = flxo)
Ax—0 Ax

Alil—r»lo [flxo + Ax) — f(xo)] =

= lim S{xo + Ax) — f(xo) lim A

Ax—0 Ax Ax—0

X
= f'(xo) lim Ax,
Ax-0

with the help of Theorem 2.61 and the definition of the derivative f'(x,). But
lim Ax = 0,

Ax—-0
and therefore
lim [f{xo + Ax) — f(xo)] = O,

Ax—0
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or equivalently
lim f(xq + Ax) = f(xo),

Ax—0

since f(x,) is a constant. But this is just another way of writing the formula

lim f(x) = f(xo),

X=*Xxg

expressing the continuity of f(x) at x, (let x = x5 + Ax, Ax = x — Xg).

PROBLEMS

1. Deduce from (4) that if f(x) = 4 as x - x, then ¢f(x) = cA as x — x4, where
¢ is an arbitrary constant.

2. Show that if f,(x) = Ay, fo(X) = A,, ..., f(x) = A4, as x = X,, then fi(x) +
fox) + -+ ) > Ay + Ay + 0 + Ayand f1()f5(x) 0 folx) > A4y A, 88
X = Xo.

3. What goes wrong in Example 2.62b if we try to evaluate the limit A directly
by using Theorem 2.61, without making the preliminary factorization?

4. Evaluate

2 _
(@) limx 5x +6

. o x2—2x -3
xs2 X2 — 8x + 15° ®) lim

0 X2+ 2x 4+ 1°

3 —
<@‘%§x_ﬁi§; @)hmu+xm+2m1+k) 1
x— x=1 X

5. At what points does the function

J(x) =

x2 -1

x2 —3x 42

fail to be continuous?
6. What choice of f(0) makes the function

_ 5x? - 3x

£ = 2

(x # 0)
continuous at x = 0?
7. Find the one-sided limits at x = 2 of the function

00 = x2—1 if 1€<x<2,
Tl2x+1 if 2<x<3.

8. Graph the function f(x) = [x], where [x] is the integral part of x (Sec. 1.4,
Prob. 10). At what points is f(x) discontinuous?
9. Verify that the function f(x) = [x] is continuous from the right at every point
of the real line.
10. Is the function

2—-x if 1<x<?2
continuous in the interval 0 < x < 2?7 Intheinterval 0 < x < 1? In0 < x < 27
11. Show that the ordinary limit

2x if 0<x<1,
) =

lim f(x)

xX+X0
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exists if both one-sided limits

lim f(x), lim f(x)

x—*xp— x—+xo+

exist and are equal, and conversely. Show that if the ordinary limit exists, then

lim f(x) = lim f(x) = lim f(x)
X=X X*Xq = x—=xq+
12. Show that f(x) is continuous at x, if f(x) is continuous both from the left and
from the right at x4, and conversely.
13. Do the considerations of Sec. 2.65¢ apply to open intervals?
*14. Show that if f(x) is continuous at x,, then so is | f(x)|.
*15. Prove formulas (4) and (5) with the help of Sec. 2.4, Problems 14 and 15.

2.7 DIFFERENTIATION TECHNIQUE

So far we have only calculated the derivatives of a few functions, resorting each
time to the definition of the derivative as a limit. This is, of course, very inefficient,
and what we really want are ways to evaluate derivatives simply and methodically,
without the need to always go back to first principles. To this end, we now prove
a number of easy theorems, each establishing an important differentiation rule. As
in Sec. 2.55a, we will avoid the use of subscripts to keep the notation as simple as
possible. For the same reason, we will often leave out arguments of functions,
writing f instead of f(x), F instead of F(x), and so on.

2.71. a. THEOREM (Derivative of a sum or difference). If the functions f and g
are both differentiable at x, then so isthe sum F = f + g and the difference G = f — g.
The derivatives of F and G at x are given by

F(x) = f'(x) + g'(x), (1)

G'(x) = f'(x) — ¢'(x), )
or equivalently by

dF(x) _ df(x) + dg(x)

dx dx dx ’

d6(x) dftx)  dg(x)
dx  dx dx

in the “d notation.”
Proof. By the definition of a derivative, we have

n P+ Ax) = Fx) . SO+ Ax) + g(x + Ax) — f() — g()

F = Alj—»o Ax Ax—+0 Ax
- i [ ) g+ 09 - 0]
Ax—0 Ax Ax

But “the limit of a sum is the sum of the limits” (Theorem 2.61), and therefore

vy S+ Ax) ~ f(x) . glx + Ax) — g(x)
Fx) = AI:TO Ax + Al:r-?o Ax

= fx) + g'x),

which proves (1). The proof of (2) is virtually the same. [
b. By an algebraic sum we mean a sum whose terms can have either sign.
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COROLLARY. If the functions fy, f», . . ., f, are all differentiable at x, then so is
the algebraic sum F = fy + f, + -+ % f,. The derivative of F at x is given by

Fi(x) = f1(x) £ f5() £ -~ £ fu(x) A3

or equivalently by

dF(x) _dfi(x) | dfa(x) ., dfx)
B - dx Toax Tt T

Proof. Here we can choose any combination of pluses and minuses in F =
fi + fo + - £ f,, just as long as we pick the same combination in (3). To prove
(3), we merely apply Theorem 2.71a repeatedly. For example, if F = f; + f, — f3,
then F = g — f,, where g = fi + f,, and therefore

F(x) =g = f5x) g = fi(x) + f2x),
which together imply
Fi(x) = f1(x) + f3(x) — f3(x),

and similarly for other combinations. [

In other words, to calculate the derivative of the algebraic sum of two or more
differentiable functions, we differentiate the sum “term by term.” This fact can be
expressed even more simply by writing

(f1 ifzi"'ifn)l=f'1i‘f%i"'if‘x-

2.72. a. THEOREM (Derivative of a product). If the functions f and g are both
differentiable at x, then so is the product F = fg. The derivative of F at x is given by

F(x) = f'(x)g(x) + f(x)g'(x), (4)
or equivalently by
dF(x) df ( ) dg(X)
I = g(x) + flx )

Proof. Again, by definition,
F(x + Ax) — F(x) — lim flx + Ax)g(x + Ax) — f(x)g(x)

F) = Alir—{lo Ax Ax—0 Ax
- lim flx + Ax)g(x + Ax) — f(x)g(x + Ax) + f(x)g(x + Ax) — f(x)g(x)
Ax=0 Ax
. Ax) — _
_ Alil;no Sflx + A>;) f(x) glx + Ax) + Alj’j‘of(x) glx + AAJZZ g(x)
= lim S + ix) — /&) lim g(x + Ax) + lim f(x) lim glx + Ax) - g(x)’
Ax=0 x Ax~0 Ax—0 Ax—0 Ax

where we repeatedly use Theorem 2.61. It follows that
F(x) = f'(x) Alimo glx + Ax) + f(x)g'(x), )

where we use the definitions of the derivatives f*(x) and g'(x), as well as the fact that
f(x) is a constant in this calculation. But g is continuous at x, by Sec. 2.66, and
therefore

lim g(x + Ax) = g(x). 6)

Ax—0
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Substituting (6) into (5), we get the desired formula (4). O
b. COROLLARY. Ifthe functions f,, f», ..., f, are all differentiable at x, then so
is the product F = f, f, - f,. The derivative of F is given by
F(x) = f109f2(x)+* fux) + f10)f %)+~ fule) + -+ + f100f300) - f1(x),
or equivalently by
dF(x) _ df 1(x)
dx
Proof. This time we apply Theorem 2.72a repeatedly. For example, if F =

fifafs, then F = gf;, where g = f, f,. Therefore, by two applications of the
theorem,

dfz(x) df (X)

LX) S + f1(0) )+ [ix)f(x)

Fi(x) = g(x)f3(x) + g(x)f3(x)
= [f10)f2x) + fi()f20]f5() + [0S 5(x)
= [102(0f3(x) + fix)2X)f3(x) + f1(0f2(x)f5(x). O

In other words, to calculate the derivative of the product of two or more
differentiable functions, we add the result of differentiating the first factor and
leaving the other factors alone to the result of differentiating the second factor and
leaving the others alone, and then if necessary we add this sum to the result of
differentiating the third factor and leaving the others alone, and so on until all the
factors have been differentiated.

2.73. THEOREM (Derivative of a quotient). If the functions f and g are both
differentiable at x, then so is the quotient F = fg, provided that g(x) # 0. The de-
rivative of F at x is given by

S X)g(x) — f(x)g'(x)

F) = S ™
or equivalently by
df(x) dg(X)
w00~
dx g*(x)

Proof. This time we have

fix + A9 f(x)

F(x + Ax) — F(x) g(x + Ax)  g(x)

F(x) = lim = lim
Ax—0 Ax Ax—0Q Ax
_ f (x + Ax)g(x) — f(x)g(x) + f(x)g(x) — f(x)g(x + Ax)
Ax-o Axg(x)g(x + Ax)
Six + Ax) — f(x) L9 + Ax) — g(x)
L g0 — fy TS
" ax-0 g(x)g(x + Ax)
i JE A S0l AY) — g)
Ax—0 Ax Ax—0 Ax

- lim g(x)g(x + Ax) @
Ax—0
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where Theorem 2.61 has been used twice. Taking the limits called for in (8) and
using formula (6) again, we get the desired formula (7), where, of course, gi(x) is
shorthand for [g(x)]2. O

2.74. Examples
a. We have already shown in Examples 2.43a and 2.43b that

2
oo 2y & ©)
dx

dx dx
where ¢ is an arbitrary constant. Of course, each of these formulas is an almost
effortless application of the definition of the derivative as a limit.
b. If ¢ is an arbitrary constant, then

d 4
e x)=c T (10)
SoLutioN. By Theorem 2.72a,
d _dc af(x)
W) = [+ e
But this immediately implies (10), since dc/dx = 0, by the first of the formulas (9).
¢. Show that
d -1
—x" = nx" (n=12..) (11)

dx

where x° = 1, by definition.
SoLutioN. Formula (11) holds for n = 1 and n = 2. In fact, for these values
it reduces to the last two of the formulas (9). Suppose (11) holds for n = k, so that

%x" = kx¥~1
Then, by Theorem 2.72a,
d d dx* d
ax"“ = E;(x" x) = %x + ka; =kx*"1-x + x*-1

= kx* + x* = (k + 1)x*

Thus if formula (11) holds for n = k, it also holds for n = k + 1. But the formula
holds for n = 1 (or, for that matter, for n = 2), and therefore it holds for all
n = 1,2,..., by mathematical induction (Sec. 1.37).

d. Differentiate the polynomial

P(x) = ap + a;x + apx? + -+ + a,x".
SorutioN. Using the corollary to Theorem 2.71a, together with formulas
(10) and (11), we get
dP(x)
dx

This is, of course, another polynomial, whose degree is one less than that of the
original polynomial P(x).

n—1

= a; + 2a,x + --- + na,x
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e. Show that

d 1 n
- el (x # 0). (12)

SoruTioN.  Using Theorem 2.73, we have

v d 1—-1- d x"
a1 X dx dx= —_nx"_1 _ n
dx x" - x2n - x2n - xn+1’
with the help of (11). Suppose we set
o 1 _ ‘
= n=12..) (13)

in accordance with the usual definition of negative powers. Then (12) can be written
in the form

4
dxx

—n

= —nx"""!  (x # 0)

But, apart from the necessary stipulation that x # 0, this is just formula (11) with
—n instead of n. Thus we see that (11) remains valid for negative integers. Note
that (11) also holds for n = 0 (and x # 0), since it then reduces to the formula

which merely expresses the fact that the derivative of the constant 1 equals 0.

We have just shown that formula (11) is valid for any integer n, positive, negative
or zero. Remarkably enough, it can be shown that (11) remains valid even when n
is an arbitrary real number. This is worth writing down as a separate formula:

4ot (rreal) (14)

Here, of course, we assume that x" and x"~* are both defined. If r is irrational, we
must require that x > 0, but if r is rational, x" and x"~! may well be defined for all x
or for all x # 0 (see Probs. 5-7). We will use formula (14) freely from now on, and
it should be committed to memory. The proof of (14), and of formulas (15) and (16)
below, as well as the reason for the requirement x > 0 if r is irrational, will be given
in Sec. 4.45, where we will decide just what is meant by x” in the first place! Formula
(14) is used in conjunction with the natural extension of (13) to the case of an arbi-
trary real number r:

r

X" = xi (r real). ' (lé)

f. Differentiate \/x. ;
SoLuTioN. First we note that \/x = x'/2. To see this, we use the formula

(xr)s - xrs, (16)
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valid for arbitrary real numbers r and s. Choosing r = 4, s = 2 in (16), we find that
(x12)2 = x,
which implies x'/? = /x.
Applying formula (14), with r = 4, we get
d o d o e 11

1
4 o2 an_1t -2
dx\/; X T2 2 x1/?

where in the last step we use (15). Thus, finally,

d 1
&R

{x > 0).

2.75. Higher derivatives

a. Let f(x) be differentiable in an interval I, with derivative f'(x), and suppose
f(x) is itself differentiable in I. Then the function

df (X)

= (f'x))

is called the second derivative of f(x), written f@(x) or f”(x). Similarly, if f"(x) is
differentiable in I, the function

df"(x)
dx

is called the third derivative of f(x), written f©Xx) or f”(x). More generally, by the
derivative of order n of f(x), or briefly the nth derivative of f(x), denoted by f®(x),
we mean the function

= (S"(x)Y

df" x) - ,
= (f" 1)y,

assuming that the derivative f®~}(x) of order n — 1 exists and is itself differentiable
in I. We also write

fx) = fOx),

that is, f(x) is the result of not differentiating f(x) at all!
b. In terms of the “d notation,” f™(x) is written as

1o = 8 L,

Note that in the numerator the exponent n is attached to the symbol 4, while in the
dencminator it is attached to the independent variable x. The expression 4"/dx"
should be thought of as a single entity calling for n-fold differentiation of any func-
tion written after it. Similarly, d"f(x)/dx" should be regarded as just another way
of writing f™(x), without attempting to ascribe separate meaning to the different
symbols making up the expression. Higher derivatives of the dependent variable
are defined in the natural way. Thus, if y = f(x), we have
d d?y
Y= = 0 ¥V =T3= G
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c. Example. Ify = x*, then

dy d’y d d¥ d

ad AR Gy _ % 43 _ 19,2 ey _ @ 50

Ix x>, = 4x 12x%, = I 12x 24x,
d*y d d’y d
TR EmgpHo

It is clear that in this case all derivatives of order n > 5 also equal zero. Note that
the fourth derivative of x* equals 4-3-2-1 = 24. More generally,
dn dan- 1 ar- 2

—yr n—1 — _ n—2
I x T nx FREH n(n — 1)x

d .
— e — _ = - el = !
Ix nn—1---2x=nn-—-1--2-1=n,

where we use the symbol n!, pronounced “n factorial,” as shorthand for the product
of the first n positive integers.

PROBLEMS
1. Differentiate
(@ x*+3x2—-6; (b) 2ax®*—bx*+c; (0 x~— —1—;
x
1 2 3
(d) ')—c' + ? + ;CE

2. Differentiate

@ (x—-ax-b; O x(x-akx->b); (© @+ 41+ 2x%;
d (2x — 1)(x® — 6x + 3).

3. Differentiate

X —a 2x x? — 5x x>+ 1
(b) T (©) 13 (d)

()

x+a’ x2—x—-2

4. “The derivative of a rational function is also a rational function.” True or
false?

5. Given any positive integer n, by the nth root of x, denoted by {'/; or x!/" (with
the conventions 3/x = x, ¥/x = /x), we mean either the unique nonnegative
number whose nth power equals x if n is even, or the unique number (possibly
negative) whose nth power equals x if n is odd. Show that this definition is
in keeping with formula (16). Show that if n is odd, then (‘/)_c is defined for
all x and is an odd function, while if n is even, then {‘/} is defined only for
xz 0.

6. Given any positive integers m and n, where the fraction m/n is in lowest terms,
let

xmin = ofx™ = (xm)Mn,

by definition. Show that this is in keeping with formula (16). Show that if n
is odd, then x™" is defined for all x and is an even function if m is even and
an odd function if m is odd, while if n is even, then x™" is defined only for
x = 0.
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7. Let x™" be the same as in the preceding problem, and let
1

-min __
x xm/n >

by definition. Show that this is in keeping with formula (15). Show that if n
is odd, then x~™" is defined for all x # 0 and is an even function if m is even
and an odd function if m is odd, while if n is even, then x~™" is defined only
for x > 0.

8. Differentiate

@ % b = © JF @ I
I

9. “The nth derivative of a polynomial of degree n is a nonzero constant.” True
or false?
10. Find the first n derivatives of the function y = 1/x.
11. Given two functions f and g with third derivatives, evaluate (fg)".
12. Lety = x(2x — 1)*(x + 3). Find y'® and y7 with as little work as possible.
*13. Show that the segment of any tangent to the curve y = 1/x cut off by the coor-
dinate axes is bisected by the point of tangency.
*14. Why are the denominators in (8) all nonzero, as required?

2.8 FURTHER DIFFERENTIATION TECHNIQUE

2.81. a. The concept of an inverse function was introduced in Sec. 2.16. The
next rule shows how to express the derivative of an inverse function in terms of the
derivative of the original function.

THEOREM. Let f be a one-to-one function with inverse g = f~!. Suppose f is
differentiable at x, with derivative f'(x) # 0, and suppose g is continuous at y = f(x).
Then g is differentiable at y, with derivative

I S
gy = 7o )

Proof. If

y=f(x), y+Ay=f(x+ Ax),
then
x=g(y), x+ Ax=g(y+ Ay),

so that, in particular,
Ax = g(y + Ay) — g(3), Ay = f(x + Ax) — f(x)

9y + 4y) — g(y) _ Ax
Ay Sflx + Ax) — f(x)
Since g is continuous at y, Ay — 0 implies Ax — 0. But then
gy + Ay) —g(y) _ .. Ax
’ = lim = lim
g0) = Jim Ay aas0 J0x + A%) = 1)
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where the denominator f(x + Ax) — f(x) cannot vanish since f is one-to-one.
Therefore ;

g'(y) = lim ! = ! = 1.‘D
ax~0  f(x + Ax) — f(x) mnﬂX+A@—ﬂﬂ fx
Ax Ax—0 Ax

b. In the “d notation,” (1) becomes
dg(y) _df"'(y) _ 1

dy dy df(x) -
dx
More concisely, we have
dx 1
dy  dy’
dx
or equivalently
dy 1 dy dx
—_— = —— —e—— == 1
dx dx ’ dx dy ’
dy

in terms of the variables y = f(x) and x = g(y). All three formulas resemble alge-
braic identities, but they do not, of course, constitute a proof of our theorem. They
do show, however, that the “d notation” is so apt that it tends to suggest true theorems!

¢. In order to use Theorem 2.81a, we must somehow know that the inverse
function g = f~! is continuous at x, so that Ay — 0 will imply Ax — 0. In every
case of interest, this will follow from the following fact, a complete proof of which
is beyond the scope of this book (for the easy part of the proof, see Sec. 2.3, Probs. 15
and 16): If f is continuous and one-to-one in a closed interval [a, b], then there are
only two possibilities:

(1) f is increasing in [a, b] and its inverse function f~' is increasing and |
continuous in the closed interval [ f(a), f(b)]; !

(2) f is decreasing in [a, b] and its inverse function ! is decreasing and
continuous in the closed interval [ f(b), f(a)].

The meaning of this assertion is illustrated by Figure 12A for the case of i mcreasmg
f (and f~1) and by Figure 12B for the case of decreasing f (and f ™).
d. Example. The function

y = flx) = x?

is one-to-one and continuous in every closed interval a < x < b, where a = 0, by
Examples 2.16c and 2.64b, and we already know that f(x) is 1ncreasmg ina<x<b,
since 0 < x, < x, implies x? < x% (why?). It follows from the italicized assertlon
that the inverse function

=fﬂw=J§

is increasing and continuous in the interval a? < b2 In particular, {1
continuous at every point y > 0, since every such pomt belongs to an interval of
the type a®? < y < b?, where a > 0.



Sec. 2.8 Further Differentiation Technique 83

(b} f(a)

f(a) (b}

Figure 12,

Having proved the continuity of x = \/y, we can now use Theorem 2.81a to
differentiate \/}, without recourse to formula (14), p. 78. In fact,

4 a1
dy y_dy_ dy T 20y
dx

which is the same as the result of Example 2.74f, except that the roles of x and y
have been reversed (why is this?).

2.82.a. The concept of a composite function was introduced in Sec. 2.22. The
next rule, one of the most important in calculus, shows how to express the derivative
of a composite function in terms of the derivatives of its “constituent functions.”

THEOREM. Let f and g be two functions such that f is differentiable at x and g is
differentiable at f(x). Then the composite function F, defined by F(x) = g(f(x)), is
differentiable at x, with derivative

F(x) = g(f(x))f"(x). @

Proof. Lety = f(x) and z = g(y) = F(x). Since f is differentiable at x and g
is differentiable at y = f(x), both limits

fix + Ax) — f(x)

o = i LI
70 = A]yirflo gly + iy)z -9y
exist. But then
B[ o
jim [g(y + /Zyy) - 90 _ g,(y)] -0 -

or equivalently
lim a(Ax) = 0, lim B(Ay) = 0,

Ax—0 Ay—0
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where
(X(AX) - f(x + AAX) - f(x) . f((x),
X
(y + Ay) — g(y) ¥
_gly + Ay —g(y)
BAy) = Ay g ()

(recall Sec. 2.55a). Using (3) to write the increments of y and z in terms of the incre-
ments of x and y, we get

Ay = f(x + Ax) — f(x) = [['(x) + o(Ax)] Ax,
Az = g(y + Ay) — g(») = [g(y) + B(AY)] Ay.
The trick now is to substitute the expression for Ay into the formula for Az.
This gives
Az = [g'(y) + BAY]LS(x) + «(Ax)] Ax, 4)

which is beginning to look a little like (2). It follows from the expression for Ay
(or from the continuity of f at x) that Ax — 0 implies Ay — 0, so that Ax — 0 implies
both a{Ax) — 0 and B(Ay) — 0. Therefore, dividing (4) by Ax and taking the limit as
Ax — 0, we find that

lim 22 = 1im [g0) + BAN] lim [£() + a(av)]
Ax—0 AX  Ax=0 Ax~0

= g(Nf'(x) = g(f(x))f"(x). o))
At the same time,
Az = g(y + 8y) = 9(y) = 9(f(x) + flx + Ax) — f(x)) - g(f(x))
= g(f(x + Ax)) — g(f(x)) = F(x + Ax) — F(x),

which implies

. Az . F(x + Ax) — F(x)

lim — = lim =

Ax—0 AX Ax=0 Ax

F(x). ©)

Comparing (5) and (6), we immediately get (2). O

b. Thus, to differentiate the composite function g( f(x)), we multiply the result
of differentiating g with respect to its argument f(x) by the result of differentiating f
with respect to its argument x. Roughly speaking, we “peel off” the layers of paren-
theses one by one, differentiating each function encountered on the way. This
procedure applies equally well to more than two functions. For example, if F(x) =

h(g(f(x))), then
d
Fx) = H(g(f0))) 7 9(f()) = K(g(f(:)))g(f(x)f"(x) Q)

if f, g and h are differentiable at x, f(x) and g(f(x)), respectively.

Theorem 2.82a is called the chain rule, a term suggesting the process of differen-
tiation just described. The term is even more suggestive in the case of functions of
several variables (see Sec. 6.3).

¢. In the “d notation,” (2) becomes

d_didy
dx  dy dx’
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in terms of the variables y = f(x), z = g(y). Similarly, introducing variables y = f(x),
z = g(y), u = h(z), we can write (7) in the form

du dudz dy

dx ~ dz dy dx’
Do not make the mistake of regarding these formulas as trivial algebraic calculations,
involving nothing more than cancelling dy and dz from the numerators and de-
nominators. We have not done away with the need for proving the chain rule, but
have merely written it in a very suggestive way, which, in particular, makes it very
easy to remember.

d. In connection with composite functions, it should be noted that “a con-
tinuous function of a continuous function is continuous.” More exactly, if f and g
are two functions such that f is continuous at x, and g is continuous at f(x,), then the
composite function F, defined by F(x) = g(f(x)), is continuous at x,. This is easily
shown with the help of “¢, § language.” Since g is continuous at f{x,), given any
¢ > 0, we can find a number §; > 0 such that

[F(x) = F(xo)| = |g(f(x)) — g(f(x0))| < ¢ ®

whenever |f(x) — f(x,)| < é;. (Note that there is now no need to require that
f(x) # f(x) or x # x,, since g(f(xy)) and f(x,) are defined.) But since f is con-
tinuous at x,, we can also find a number & > 0 such that |f(x) — f(xo)| < 6,
whenever |x — x,| < &. Therefore (8) holds whenever |x — x| < &, that is, F(x) — F(x,)
as. x — xo. In other words, F is continuous at x,, as asserted.

Thus, to prove the continuity of the function

F(x) = 1 + x4,

we use the continuity of g(x) = \/;, established in Example 2.81d, and the continuity
of f(x) = 1 + x2, established in Example 2.64b, together with the observation that
F(x) = g(f(x)). In fact, F(x) is continuous in the whole interval (— oo, c0), since
1 + x2 > 1 for all x, while \/x is continuous for all x > 0.

2.83. Examples

a. Differentiate
1 100

SoLution. Here F(X) = g(f(x)), where g{x) = x'°°, f(x) = 1 + x~2. There-
fore

glx) = 100x*,  f(x) = —2x73,

by Examples 2.74c and 2.74e, or, if you prefer, by formula (14), p. 78. The chain
rule then gives

x2

Fi(x) = g(f())f () = 100(1 + x~2)°(—2x73) = —2)%0<1 + 1)99

It would be the height of folly to actually calculate the right side of (9) explicitly and
then differentiate!
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b. Differentiate \/x + /x.

SoLuTION. By the chain rule,

d

Em (x+\/_)

( 1 ) o 2Yx+1
"Rl T TR
where we use Example 2.74f twice.

¢. Given a function y = f(x), find the derivative of y".
SoLuTioON. By the chain rule,

2/ dx

dy fi_‘)_)_iv__ny" ldy

dx  dy dx dx’
or, more concisely,
(") = nyly. (10)
d If
x2 = xy+ =1, : (11)
find y'.

SoLuTioN. Rather than solve (11) for y as a function of x and then differen-
tiate y, we differentiate (11) with respect to x and then solve for y'. Thus

d 2 SN
;i—;(x —xy+y)—-al—0
or
2x —y —xy' + 3’y =0,
with the help of (10). Solving for y’, we find that
2x -y
T x = 3y*

;

(12

Since we make no attempt to express y explicitly as a function of x, this process is
called implicit differentiation. In the present case, direct calculation of y from the
cubic equation (11), followed by differentiation of the resulting expression for y, would
lead at once to a mass of tedious and completely unnecessary calculations.

2.84. Two remarks must be made in connection with implicit differentiation:

a. The method cannot be used blindly, since it gives a formal answer for y’ even
in cases where y (and hence y') fails to exist! For example, the solution set (Sec. 2.31a)
of the equation

x> +yt=a
is empty if a < 0, and yet implicit differentiation of this equation gives
2x + 2yy' =0,
and hence

y = z
y’

regardless of the sign of a.
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b. Extra work is required to evaluate the derivative y’ at a particular point
X = xo. For example, to evaluate (12) at x = 1, we need the value of y at x = 1.
Substituting x = 1 into (11), we get

l-y+y*=1

or
y =y,
which has three solutions y = 0 and y = 1. The corresponding values of y' are
, 2:-1-0
Y|e=1y=0 = 1-30-%
, 2-1 -1 1
e e
2-1+1 3

Yty =737~ 3

Here, of course, y'|;=x,,=,, stands for the value of y' corresponding to x = x,,
¥y = yo- We will often find this kind of “single vertical bar notation” useful.

PROBLEMS

1. Use Theorem 2.81a to differentiate \’/_)-c Why is this function continuous every-
where? Check the result by using formula (14), p. 78.

2. Which is larger, ﬁ + \/3 or ﬁ + \/-6_? Justify your answer.

3. Differentiate

(x + 4?2
x+3°

2-x0~-x)
1 -x?

4. Lety = (2x + 3)'°. Find y/|,-, with as little work as possible.

5. Show that “differentiation changes parity,” which means that the derivative of
an even function is odd, while the derivative of an odd function is even.

6. Use the chain rule and the rule for differentiating a product to deduce the rule
for differentiating a quotient.

7. Differentiate

@ V¥ +ah; (b ii—x; O

X a® — x

(@ (x+ D(x + 2)%x + 3)%; (b)

(©)

8. Differentiate
(1 = xy
(1 + x)®

where r and s are arbitrary real numbers.
9. Verify that

d 1 1

dx [T+ x2(x + JT+x3) (1 +xH)7
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10.

11.
12.

13.

14.

15.

16.

*17.
*18.
*19.

*20.

2.9
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AR St E Gl

dx" x(1 — x) [ x*1 T @ —xytif
Where is the function /x + \/x continuous? How about the function 3/ x — J/x?
If

Verify that

1, (13)

x2 4+ xy+y°

find y'. Evaluate y'|,,.
If

x2 —xy + y? =1, (14)

find y'. Evaluate y'|,_.

Use implicit differentiation to find y” if x™y" = 1, where m and n are nonzero
integers.

We have already assumed the validity of the formula

ad;x’ =rx'"1, (1‘5)
where r is an arbitrary real number (this will be proved in Sec. 4.45). Use the
chain rule to verify (15) for the case where r is an arbitrary rational number
myn, starting from the fact that y = x™" is equivalent to y = ™, where t = x!/".
Use implicit differentiation to verify (15) for rational r, this time starting from
the fact that y = x™" is equivalent to y" = x™.

If x2 + y? = 25, find the values of ¥, y” and y™ at the point (3, 4).

Solve Problem 13 by first finding an explicit formula for y as a function of x.
“If

x* + yt = x?y (16)

find y'.” Why is this an impossible assignment?
Heeding the warning in Sec. 2.84a, verify the existence of the derivatives in

Sec. 2.84b and Problem 12.

OTHER KINDS OF LIMITS
2.91. Limits involving infinity
a. The graph of the function

y=f=s &0 (1)

is shown in Figure 13A. Examining this graph, we see that f(x) has a number of
interesting “limiting properties” of a kind not yet encountered:

(a) As x takes “smaller and smaller” positive values, y takes “larger and
larger” positive values;

(b) As x takes “smaller and smaller” negative values, y takes “larger and
larger” negative values;

(c) As x takes “larger and larger” positive values, y takes “smaller and
smaller” positive values;
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Figure 13.

(d) As x takes “larger and larger” negative values, y takes “smaller and
smaller” negative values.

By a “small” or “large” negative number, we mean, of course, a negative number of
“small” or “large” absolute value.

These properties of f(x) all express a kind of limiting behavior in which “large-
ness” plays a role, as well as “smallness.” How do we modify the language of limits
to cover situations of this type? Very simply. If a variable, say x, takes “larger and
larger” positive values, we say that “x approaches (plus) infinity” and write x — oo,
while if x takes “larger and larger” negative values, we say that “x approaches minus
infinity” and write x — - c0. This is in keeping with the use of the symbols co and
— oo in writing infinite intervals (Sec. 1.64). Once again, we emphasize that co and
— o0 are not numbers, so that we can never have x = o or x = —o0.

We can now express the four listed properties of the function (1) much more
concisely:

(a Asx —>0+,y— oo,o0r

lim f(x) = oo;
x>0+

(b) Asx »0—,y - —o0,o0r

lim f(x) = —oo0;

x—0—
() Asx - oo,y — 0(more exactly, y » 0+), or
lim f(x) = 0;

(d) Asx > —o0,y - 0(more exactly, y — 0—), or
lim f(x) = 0.

x— — 00
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In (a) and (b) we have “infinite limits,” and in (c) and (d) we have “limits at infinity,”
as opposed to the “finite limits”

lim f(x) = 4, lim f(x) = 4, lim f(x) = 4,

X+ X0 x—xg+ X—*Xg—
considered previously, where 4 and x, are both numbers, rather than one of the
symbols o0, — 0, a fact often emphasized by calling A4 and x, “finite.” There are

also ordinary, “two-sided” infinite limits. For example, it is clear from Figure 13B
that

lim L

= =00,
x—+0 |x|

We can also have infinite limits at infinity. For example, x? takes “arbitrarily large”
positive values when x takes “arbitrarily large” values of either sign (see Figure 5,
p. 49), and therefore

lim x? = oo, lim x? = .
X~ o0 X= =
Similarly,
lim x® = oo, lim x3 = -0
X 00 X =

(see Figure 6, p. 50).

We will sometimes say that a variable “becomes infinite.” This simply means
that it approaches either (plus) infinity or minus infinity. A function f(x} is said to
become infinite at a point x, if y = f(x) becomes infinite as x approaches x,.

b. All this can be made mathematically exact by using a version of the “, d
language” in which letters other than ¢ and 6 are used for numbers that are typically
large, since ¢ and § have a built-in connotation of smallness. For example, f(x) —» o
as x — xo means that, given any M > 0, no matter how large, we can find a number
8 > 0 such that f(x) > M whenever 0 < |x — xo| < 4, f(x) » o as x — co means
that, given any M > 0, we can find a suitably large number L > Osuch that f(x) > M
whenever x > L, f(x) = A as x » — oo means that, given any number ¢ > 0, we can
find a number L > 0 such that |f(x) — 4| < ¢ whenever x < —L, and so on.

¢. Every problem involving infinite limits or limits at infinity can be reduced
to an analogous problem involving a finite limit at a finite point. To see this, we
observe that if

. )

or equivalently

H
il
o

then x — oo is equivalent to ¢t — 0+, while x - — oo is equivalent to t — 0—. In
fact, if x takes “larger and larger” positive values, then its reciprocal ¢ takes “smaller
and smaller” positive values, and conversely, while if x takes “larger and larger”
negative values, ¢ takes “smaller and smaller” negative values, and conversely. It
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follows that f(x) - A asx — ooisequivalentto f(1/t) » Aast - 0+, while f(x) —» 4
as x — — oo is equivalent to f(1/t) » A ast —» 0—. By virtually the same argument,
f(x) = c0 as x — x, is equivalent to 1/f(x) » 0+ as x — xq, while f(x) - — o0 as
x — X, is equivalent to 1/f(x) — 0— as x — x;.

2.92. Examples

a, If

x? + 2
x2+ 1

Jx) =
find
lim f{(x), lim f(x).

x—w XxX=* =00

SOLUTION. We make the substitution (2) and investigate the behavior of the
resulting function of t as t - 0+. Thus

@)
b ) ,
lim f0) = lim f(2) = lim 54— = tim A V20 g,
x—00 -0+ t =0+ <1> o+ 1 + ¢
-{ +1

2
lim f(x) = lim f<%> — tim LF2
t->0—

X =00 t—=0— 1 + t2

and similarly

This behavior as x — + oo is apparent from the graph of f{x), shown in Figure 14.
b. If

1
f(x) - X2 _ 1’
find
m f(x), Hm f(x).
x—1+ x—=1-
y
f(x)z_ﬁﬂ
x2 + 1
e e e —
X
0

Figure 14,
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SoLuTioN.  Noting that f(x) is undefined at x = 1, we go over to the function

1
g(x =N = x2 - 17
)= 7
which is perfectly well-behaved at x = 1. Clearly x> — 1 — 0asx — 1+, and more-
over x> — 1 > 0if x > 1 (why?). Therefore g(x) = x> — 1 - 0+ as x > 1+. It
follows from the last sentence of Sec. 2.91c that

lim f(x} = .
x—=1+

In virtually the same way, we see that g(x) - 0— as x — 1 —, and hence

m f(x) = —oo.

x=1-
This behavior as x — 1+ is apparent from the graph of f(x), shown in Figure 15.
From the graph we also deduce at a glance that

lim f(x) = lim f(x) =0, lim f(x) = —o0, lim f(x) = oo.

x> X =0 x=(—1)+ x—+{(—1)—

As this example illustrates, and as is quite generally true, a rational function
approaches infinity at precisely those points where its denominator equals zero,
provided, of course, that all common factors of the numerator and denominator have
been cancelled out.

2.93. Asymptotes

a. Suppose a function f(x) becomes infinite at certain points, or is defined in
an infinite interval, so that the argument x becomes infinite. The graph of f(x) then
consists of one or more parts, called “infinite branches,” which “extend out to infinity”
in one direction or another. For example, the function graphed in Figure 15 has
three such branches, namely the part of the graph to the left of the line x = —1, the

—

—_—_— e
x

Figure 15.
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y
_ — ———————— —
X
Yo T
X
0
—_ — — - —————————————
Figure 16.
part of the graph between the lines x = —1 and x = 1, and the part of the graph

to the right of the line x = 1.

Now suppose an infinite branch of f(x) approaches a straight line L (without
touching it) as x approaches infinity in one-or both directions, or as x approaches
certain “exceptional points” from one or both sides. Then L is called an asymptote of
Jf(x), and the function f(x), or its graph, is said to approach L asymptotically.

b. Horizontal asymptotes. If the horizontal line y = y, is an asymptote of f(x),
then the distance between the point (x, f(x))} and the line y = y, approaches 0 as
x — o0 or as x — —oo. But this distance is just | f(x) — yo|, and therefore at least
one and possibly both of the formulas

ji}; J(x) = Yo, lim f(x) = yo
must hold. Thus, to find the horizontal asymptotes (if any) of f(x), we need only
examine the limiting behavior of f(x) as x - 4+ 0. For example, the line y = 1 is
a horizontal asymptote of the function f(x) graphed in Figure 14, while the function

_ X
N

whose graph is the “S-shaped” curve shown in Figure 16, has two horizontal asymp-
totes, namely the lines y = +1. (How can this also be seen without drawing a graph ?)
It is clear that a function can have no more than two horizontal asymptotes.

c. Vertical asymptotes. If the vertical line x = x, is an asymptote of f(x),
then the distance between the points (x, f(x)) and the line x = x, approaches 0 as
X — Xg + or as x - xo—. This is automatically true for any function f(x), but
in the case of an asymptote, f(x) must at the same time become infinite, since an
asymptote is defined only for an infinite branch. Therefore, excluding the case (of
no practical interest) where f(x) does not stay of fixed sign as f(x) approaches its
asymptote, we see that at least one and possibly two of the formulas

y

lim f(x) = oo, lim f(x) = —o0, lim f(x) = oo, lim f(x) = —o0
x-+xp+ x-+xp+ X—xp— xX—+xg—
must hold. Thus, in looking for the vertical asymptotes of f(x), we can confine our
attention to the points (if any) at which f(x) becomes infinite. Note that f(x) is
necessarily undefined at any such point. For example, the lines x = 1 and x = —1
are vertical asymptotes of the function f(x) graphed in Figure 15.
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An example of a function with an asymptote which is neither horizontal nor
vertical is given in Problem 20.

2.94. The limit of a sequence

a. We say that a sequence {x,} approaches (or has) a limit A as n approaches
infinity if the general term x, gets “closer and closer” to 4 as n gets “larger and larger.”
This fact is expressed by writing

lim x, = A, (3)

n-*o .
orx, —» Aasn — co. Putsomewhat differently, (3) means that |x, — A|is “arbitrarily
small” for all “sufficiently large” n. Better still, in the natural analogue of the “g, §
language,” (3} means that, given any ¢ > 0, no matter how small, we can find an integer
no such that |x, — A| < e whenever n > ny, thatis, for all n starting from n,. Clearly,
this also means that every e-neighborhood of A, namely every open interval of the
form (A — ¢, A + ¢), contains all the terms of the sequence x, starting from some
value of n, where this value, of course, depends on the choice of &. Choosing ¢ = 1,
we find that all the terms of the sequence x, starting from some value of » fall in the
interval (4 — 1, 4 + 1). This fact will be used in a moment.

b. A sequence is said to be convergent if it has a finite limit as n — oo and
divergent otherwise. If a sequence is convergent, with limit 4, we also say that the
sequence converges to A. A sequence Xx,, is said to be bounded if there is some number
M > 0 such that |x,| < M for all n = 1,2,... and unbounded if no such number
exists. (For emphasis, we sometimes write “foralln = 1, 2,...” instead of the equiva-
lent phrase “for all n.”) For example, the sequence x, = 1/n is bounded, since
0 < x, < 1 for all n, while the sequence x, = n is unbounded, since there is clearly
no number M > 0 such that |x,| = n < M for all n.

c. A convergent sequence is necessarily bounded. In fact, if {x,} is a convergent
sequence, with limit A, then there is an integer n, such that all the terms X, , Xn,+1,
Xpo+25 - - - » that is, all the terms x, starting from ny, lie in the interval (4 — 1,4 + 1).
By choosing M > 0 large enough we can see to it that the interval (— M, M), with
its midpoint at the origin, contains the interval (4 — 1, A + 1), together with the re-

maining terms x;, X,,. .., X,, -, sSome or all of which may not lie in(4 — 1, 4 + 1).
But then |x,| < M for all n = 1,2,..., so that the sequence is indeed bounded,
as claimed.

Since a convergent sequence is necessarily bounded, an unbounded sequence is
necessarily divergent.

d. A sequence x, is said to be increasing if x, < x, ., for all n and decreasing
if x, > x,4 forall n. By a monotonic sequence we mean either an increasing sequence
or a decreasing sequence. An important tool in the study of sequences is the following
key proposition, whose proof lies beyond the scope of this book: A bounded monotonic
sequence is necessarily convergent.

e. Algebraic operations on convergent sequences obey the same rules as alge-,
braic operations on limits of functions (why?). For example, if x, - Aand y, - B
asn — oo, thenx, + y, - A + Band x,y, - ABasn - .

2.95. Examples

a. The sequence
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is convergent, with limit 0. In fact, given any ¢ > 0, let ny be any integer greater than
1/e. Then [x, — 0] = |x,| = 1/n < efor all n > ny, since 1/n < 1/ny < & for such n
(use Theorem 1.46 twice). Note that this sequence is bounded and decreasing, so
that its convergence follows from the proposition in Sec. 2.94d. However, the pro-
_position does not tell us how to find the limit.

b. The sequence

X,=nl=nn-1)--2-1
is unbounded and hence divergent. In fact, to make |x,| larger than any given positive

number M, we need only choose n > M, since then |x,| = n! > n > M.
¢. A bounded sequence need not be convergent. For example, the sequence

Xp = ("' l)na (4)
which looks like

is obviously bounded, since |x,| = 1 for all n. On the other hand, the sequence is
divergent. To see this, take any proposed limit 4, and make ¢ so small that the
interval I = (A — ¢ A + ¢) fails to contain at least one of the points 1 and —1.

Clearly this can always be done, even if A = 1 or A = —1. Then all the terms of
(4) with even n lie outside I if I fails to contain the point x = 1, while all the terms
of (4) with odd n lie outside I if I fails to contain the point x = —1. Thus, in any

event, the sequence (4) cannot be convergent.
d. The sequence '
X, = a" (%)
is convergent for —1 < a < 1. To see this, suppose first that 0 < a < 1. Then the
sequence is decreasing, since

Xn+1 = "= ax, < Xp

for all n. Moreover, the sequence is bounded, since
0<x,<x;=a

for all n. It follows from the proposition in Sec. 2.94d that the sequence is convergent.
Let the limit of the sequence as n — oo be A. To find A4, we note that

A = lim x,,; = lim ax, = a lim x, = aA.

But since a # 1, this is possible only if A = 0. Therefore

lima"=0 (O<ax<]l). 6)

h-* oo

Next, if —1 < a < 0, we have 0 < |a| < 1, and therefore |a|" approaches 0 as
n - oo, by formula (6) with |af instead of a. But then, since |a"| = |af", it follows
that a" also approaches 0 as n — oo (explain further), that is

lima" =0 (-1l<a<0).

n—raw
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Combining this with (6) and the obvious fact that the sequence a" converges to 0 if
a = 0, since all its terms then equal 0, we get

ima"=0 (~l<a<]) 7

n-= o

Finally, we note that the sequence a" converges to 1 if a = 1, since all its terms then
equal 1.

e. The sequence (5) is divergent for a = —1 and |a| > 1. For a = —1 the
sequence reduces to the sequence (4), which has already been shown to be divergent.
If |a| > 1, we first write

la] = 1 + (Ja| — 1).
Then
la* = [1+ (ja| = D" = 1 + n(la| = 1) > n(ja] — 1),
with the help of the inequality
1+x)=21+nx (x> -1),

proved in Problem 16. Since |a| — 1 is positive, the product n(|a| — 1) is greater
than any given number M > 0 for all » greater than

M
la] — 1

It follows that the sequence (5) is unbounded and hence divergent if |a| > 1, as
claimed.

2.96. The sum of an infinite series

a. Summation notation. First we introduce a concise way of writing sums,
involving the symbol )’ (capital Greek sigma). Let p and g be nonnegative integers
such that p < g, and let f(n) be a function defined for all integers n from p to q.
Then

q
Y, fn) ®
n=p
is shorthand for the sum

f)+ flp+ 1+ + f(g.

The symbol n is a “dummy index” (of summation), in the sense that it can be re-
placed by any other symbol without changing the meaning of (8). For example,

3 3 3
Yo=Y =Y 22=2042"+22+22=1+2+4+8=15
n=0 k=0 a=0

If p = g, the sum (8) reduces to the single term f(p).
b. Given a sequence {x,}, the expression

118

Xp =Xy + X3+ "+ X, 4+, 9)

n=1

involving the terms of the sequence, is called an infinite series, or simply a series,

with terms x,, x,, .. ., X, ... The symbol oo on top of the summation sign ) means
that the sum on the right “goes on forever.” This is also expressed by the second
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set of dots - - - on the right. Suppose the sequence
Sy = Xy, S; = Xy 4+ Xg,. .0, Sa =X, +F X+ 0+ X (10

of partial sums of the terms of the series (9) is convergent, with limit s. Then we say
that the series (9) is convergent, with sum s. By the same token, if the sequence of
partial sums (10) is divergent, we call the series (9) divergent and assign it no sum

at all.
c. Example. Investigate the convergence of the geometric series

Ya=14+a+a>+ - +a+- . (11)
n=0

SoLUTION. In other words, we are asked to find the values of a for which
the series (11) is convergent and the values for which it is divergent. Here the sum
of the first n terms of the series is just

S,=1+a+-+ad " (12)
Multiplying s, by a, we get
as,=a+a +-+d".
Subtracting as, from (12), we find that all but two terms cancel out, leaving
s, —as,=(1 —a)s,=1—a"
Therefore
1—-a"
1-a’

provided that a # 1. It follows from Examples 2.95d and 2.95e that s, is convergent
with limit

(13)

S, =

1-4 1 1 1
i - li — " = —0) =
,!{.n:ol—a l—a,,ljg(l @) 1—a(1 0 1 ~a
if ~1 < a < 1anddivergentifa = —1orif|a > 1. Ifa = 1, formula (13) breaks

down (why?), but in this case the series (11) reduces to simply
I1+14+--+1+--- ' (14)

so that s, = n. Being unbounded, the sequence s, is divergent, and hence so is the
series (14).
Thus, to summarize, the geometric series (11) is convergent, with sum

> @ =1
n=0

1—a
if —1 < a < 1 and divergent otherwise. For example,

e (1" 11 1 1 1
Z(§>_1+E+Z+ + ot =1————§-=§_2’

while
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10.
11.

12.

Difterential Calculus Chap. 2
PROBLEMS

Evaluate

.oxEP+1 . x> +1 2x% — 5x + 1

tim Y—— b 1 -~ im —. 7
@ lim ST ® Im 1 @ Mmoo
Evaluate

.X+3 x2 49 1

lim ———; m ———; im —
(a) x—ll;n— x2 -9’ (b) x—{?+ x2 -9’ © xl—{r(?+ X
If

1
Jx)

T xx = Dix =2

find all the one-sided limits of f(x) at 0, 1 and 2.
Verify that

=-Dx -2 -3 -Hx -5 _1

lim

xX— 0 (5X - 1)5 55'
Evaluate
. (2x — 3)*°(3x + 2)*°
A )P
If
x—1
10 =2,

verify that f(x)— 1 as x — co. Find all positive x such that | f(x) — 1| < 0.001.
If

2

b

X

169 = =

X

verify that f(x) »}as x » — co. Find all negative x such that | f(x) — 4| < 0.001.
If

verify that f(x) - o0 as x = 3+ and f(x) » — o0 as x - 3—. Find all x such
that f(x) > 1000 and all x such that f(x) < —1000.
Find all asymptotes of the function

x—4 ax + b x?
@ v=gerd O ry=5o ©@ry=m—3
Given any positive integer n, find a function f(x) with n vertical asymptotes.
Give an example of a function approaching a horizontal asymptote from one
direction only. ‘
Give an example of a function approaching a vertical asymptote from one
side only.
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13. Find the limit of the sequence

2 8 -1 ] 1 1+ (-1 i
(a) 0,5,5,..., TR (b) 0,1,0,2,..., " e
(c) 0.2,0.22,0.222 0222...2 ; (d) 0é —% ( 1)"+l
¢ 0.2,0.22,0.222,...,0. R AU by T L

n times
14. Which of the following sequences are convergent?
@ x,=(-1rn; (B x=n" (0 x,=n—(=1);
1 for even n,
@ x = %for odd n.

15. Starting from what value of n are the terms of the sequence (—#%)" within 1076
of its limit?
16. Use mathematical induction to verify that

1+x=1+nx

foralln =1,2,...ifx > —1.
17. Evaluate

n

lim (@a# —1)

n—co 1 + a"
18. Write the following expressions out in full, and then calculate their numerical
values:

5 1 5
@ Y= ® Yn; (© Zzn"“-

n=1 n n=1
19. Find the sum of the series

< 1 (1 1 d 1
S I (e CIE

20. Verify that the function
3

T 1

has neither horizontal nor vertical asymptotes. Convince yourself that f(x) has
the line y = x/2 as an asymptote.
*21. Give an example of a convergent sequence of rational numbers with an irra-
tional limit.
*22. Verify that the harmonic series
1 1

1 . —_ P
+5gH+

fx)

S| =

+-..

is divergent.
*23. Show that if the series (9) is convergent, then x, — 0 as n — oo. Is the con-
verse true? '



Chapter 3

DIFFERENTIATION
AS A TOOL

3.1 VELOCITY AND ACCELERATION

3.11. By a particle we mean an object whose actual size can be ignored in a
given problem, and which can therefore be idealized as a point. There are problems
in which the earth itself can be regarded as a particle, just as there are problems in
which a pinhead is a complicated structure made up of vast numbers of tiny particles.

Consider the motion of a particle along a straight line. Let s be the particle’s
distance at time ¢ from some fixed reference point, where s is positive if measured in
a given direction along the line and negative if measured in the opposite direction.
Then the particle’s motion is described by some distance function

s = s(t). ‘(1)

Here, for simplicity, we denote the dependent variable and the function by the same
letter, a common practice. In the language of physics, (1) is the equation of motion
of the particle.

We now ask a key question: How fast is the particle going? There are two
answers, depending on whether we ask about a given interval of time or about a
given instant of time. In the first case, we get the average velocity, which is a difference
quotient. In the second case, we get the instantaneous velocity, which is a derivative.

3.12. Average velocity

a. By the average velocity of the particle with equation of motion (1), over the
interval from t to t + At, we mean the function of two variables

s(t + Af) — s(b)

v,.(t, At) = At

It is meaningless to ask for the average velocity at a given instant t without specifying
the averaging time.

b. To be useful, an average velocity should not be too “crude,” that is, At
should not be too large. Consider, for example, a particte whose equation of motion
is described (in part) by the table

t (in seconds) 0 1 2 3 4

s (in feet) 10lo]12]2] 14

100
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The particle is actually moving back and forth rather dramatically, but you would
never know it calculating the “two-second averages”

12-10
-

which seems to suggest that the particle is moving slowly and steadily in the positive
direction with a velocity of 1 foot per second! Choosing a shorter averaging time
At = 1, we get

0,,(0,1) = —10, v(1,1) = 12, 0,2, 1) = —10, V3, 1) = 12

This gives a better picture of the particle’s motion. At least, it shows that the direc-
tion of the particle’s motion changes. But how do we know that it’s an accurate
picture? After all, everything depends on what the particle is doing between the
times of measurement.

14-12
e

Uav(()’ 2) = 1’ Uav(z’ 2) = 1’

3.13. Instantaneous velocity

a. By the instantaneous velocity (or “true velocity™) of the particle with equation
of motion (1), at the time t, we mean the function of one variable

. . S(t 4+ At) — s(t
o(f) = lim v,(t, At} = lim ——————————( ) (),
At—0 At—+0 At
obtained by taking the limit of the average velocity as the averaging time At “goes to
zero.” This is, of course, just the derivative
ds(t)
o) = 5(t) = ——
® =50 ==

of the distance function s(f) with respect to the time ¢. Since our averaging time is
now “infinitesimal,” we can rest assured that no details of the particle’s motion have
been overlooked in calculating v(t).

From now on, when we talk about “velocity” without further qualification, we
mean instantaneous velocity. The quantity called “speed” in common parlance is
just the absolute value of the velocity.

b. Suppose a stone is dropped from a high tower, and let distance be measured
vertically downward from the initial position of the stone. Then, as in Sec. 2.11, the
stone, regarded as a particle, has the equation of motion

s = s(t) = 16t2, 2
where s is measured in feet and ¢ in seconds, provided that the stone has not yet hit
the ground. The stone’s velocity at time ¢t is just

ds) d

b= oft) = —- = - 1667 = 32 3)

Note that v is an increasing function of time (Sec. 2.33), and is in fact directly pro-
portional to ¢.

3.14. Acceleration

a. Suppose we differentiate the velocity function v(t) itself. This gives a new
function

a=a(t) =v() = d—;ii),
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called the acceleration of the particle at the time ¢. Since v(t) = s/(¢) is the first deriva-
tive (that is, the ordinary derivative) of the distance function s(f), the acceleration is
just the second derivative of s(1):
d dd 2
dt dt dt dt

Both velocity and acceleration are, of course, rates of change (Sec. 2.42¢), the first
the rate of change of the distance with respect to time, the second the rate of change
of the velocity with respect to time. Negative acceleration is often called deceleration.

b. The acceleration corresponding to the velocity (3), and hence in turn to the
distance function (2), is just

do(t) d
a = a( o h 32t = 32

Thus the acceleration of the falling stone has the constant value of 32 feet per second
per second (more concisely, 32 ft/sec?), the so-called “acceleration due to gravity.”

3.15. Example. As will be shown in Sec. 5.32c, a stone thrown vertically up-
ward from ground level with an initial velocity of v, ft/sec (at the time ¢ = 0) has
the equation of motion

s = s(t) = vet — 162, C)]

where, as usual, ¢ is the time in seconds, and s is now the height of the stone above
the ground, in feet. Suppose v, = 96 ft/sec. At what time does the stone stop rising
and begin to fall? What is the maximum height reached by the stone?

SOLUTION. Substituting v, = 96 in (4), we get

s = s(t) = 96t — 16¢2. 5)
Differentiating with respect to t, we then find that

d
E(%t — 16t%) = 96 — 32t. (6)
The stone stops rising and begins to fall when its velocity changes from positive to
negative values. This change occurs at the precise instant when the velocity equals
zero. Setting v = 0 in (6) and solving for ¢, we find that this happens at the time

96

t=-—==13

32
Thus the stone rises for 3 seconds, comes to rest instantaneously, and then falls down
for 3 more seconds, finally hitting the ground 6 seconds after being thrown upward
(note that s(6) = 0).

To find the maximum height achieved by the stone, we make the substitution

t = 3 in equation (5). This gives

5§=96-3 —16-9 = 144.

Thus the stone rises to a height of 144 feet before beginning to fall back to the
ground. To get the stone’s acceleration, we differentiate (6) once again, obtaining

v =) =

d
a= 5(96 - 32t) = -32.

Thus the acceleration has the constant value of —32 fit/sec?.
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144+
1081
72+
36T
¢
0 1 2 3 4 5 6
A
v
961
48+
t t t
0 1 2
—484
_..96_..
B
Figure 1.

We graph the distance function (5) in Figure 1A and the velocity function (6)
in Figure 1B. There is no reason to make the horizontal and vertical units the same
in these graphs, and we have not done so. The curve in Figure 1A is an upside-down
version of the curve in Figure 5, p. 49, with a shift and a scale change, and is again
called a parabola. Do not make the mistake of confusing this curve with the stone’s
trajectory! In fact, the stone’s trajectory is just the vertical line segment 0 < s < 144,
traversed once in the upward direction and once in the downward direction. It is
clear from the figure that the function s(t) is increasing for the first 3 seconds of the
stone’s motion and decreasing for the next 3 seconds, while v(¢) is decreasing for the
whole 6 seconds. Note that the stone hits the ground at the same speed as its initial
speed.

" As we will see in Sec. 3.3, the fact that the derivative v(t) = s'(¢) equals zero for
the value of ¢t at which the function s(f) achieves its maximum is not just a special
feature of this problem, but rather reflects a general property of differentiable
functions.
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*8,
*9.

*10.

3.2
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PROBLEMS

Suppose a particle moving along a straight line has the equation of motion

s = 10t + 5t
where s is measured in feet and ¢ in seconds. Find the average velocity of the
particle over the interval from 20 to 20 + At for At = 1, 0.1 and 0.01. What

is the particle’s instantaneous velocity at the time t = 20?
Suppose a particle moving along a straight line has the equation of motion

s=£t3—2t2+3t
3

(units unspecified). Find the particle’s velocity v and acceleration a at the
time . When does the direction of motion of the particle change? When does
the particle return to its initial position (at t = 0)?
What can be said about the motion of a particle whose equation of motion
contains powers of ¢ greater than 2?
A stone is thrown vertically upward with an initial velocity of 32 ft/sec by a
man standing at the edge of a roof 48 feet above the ground. Find the time
when the stone hits the ground, assuming that it misses the roof on the way
down. How fast is the stone going when it hits the ground?
How high should the roof be in the preceding problem if the stone is to hit
the ground 4 seconds later? 5 seconds later?
The equation of motion of a car starting from rest is

s = %ktz, N

where s is measured in feet and ¢ in seconds. Interpret k. Find k if the car
reaches a speed of 60 mi/hr in 10 seconds flat. How long do you expect equa-
tion (7) to be valid?

A car is going v, mi/hr when its brakes are suddenly applied. Suppose its
subsequent motion is described by the equation

1
= pot — = kt>. 8
5= v, 2kt (8)

Interpret k. Find k if v, = 60 mi/hr and the car brakes to a complete stop in
22 seconds.

Show that the distance travelled by a car after its brakes are suddenly applied
is proportional to the square of its speed v,.

The graph of s(t) in Figure 1A is symmetric in the line ¢ = 3, that is, reflection
in this line does not change the graph. What does this mean physically?
After t seconds a braked flywheel rotates through an angle of

6 =0@)=a+ bt — ct?
degrees, where a, b and ¢ are positive constants. Suitably define and then

determine the flywheel’s angular velocity and angular acceleration. When does
the fiywheel stop rotating?

RELATED RATES AND BUSINESS APPLICATIONS

3.21. First we consider a class of problems involving related rates. In such

problems we are given the rate of change of one quantity (usually with respect to
time), and we are asked to find the rate of change of another related quantity.
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a. Example. A large spherical balloon is losing air at the rate of one tenth of
a cubic foot per second (more concisely, 0.1 ft/sec). How fast is the radius of the
balloon decreasing when its diameter is 6 feet?

SOLUTION. Let R be the radius and V the volume of the balloon. Then

V= ﬂ7rR3, (1)
3

by elementary geometry. Since the size of the balloon is changing, both ¥ and R
are functions of time. We could express this fact by writing V' = V(t), R = R(2),
but it is better to just bear in mind that ¥ and R depend on time. Differentiating (1)
with respect to time (identical functions have identical derivatives), we get

PPN S
with the help of Example 2.83c. We then solve this equation for dR/dt, obtaining
R _ 14V
dt ~ 4nR* dt’
or
Z—I: = — 42'11{2 ft3/sec, (2)
since dV/dt = —0.1 ft3/sec, according to the statement of the problem. Note that

dV/dt is negative because air is being lost. When the balloon’s diameter is 6 feet, its
radius is 3 feet. Substituting R = 3 into (2), we find that at that moment
dR 0.1

1
T

or equivalently
dR  12-60 2

= Tem = n ~ —0.64 in/min

(inches per minute). Thus R is decreasing at the rate of about 0.64 in/min, a rather
slow leak for a large balloon. Note that dR/dt is itself a function of the radius. In
fact, the smaller the balloon, the larger dR/dt, as shown by (2).

b. Example. A ladder 20 feet long is leaning against a wall. Suppose the
bottom of the ladder is pulled away from the wall at a constant rate of 6 ft/min.
How fast is the top of the ladder moving down the wall when

(a) The bottom of the ladder is 12 feet from the wall;
(b) The top of the ladder is 12 feet from the ground?

SoLutioN. Idealizing the ladder as a straight line segment, we introduce
rectangular coordinates as shown in Figure 2, where x is the distance between the
wall and the bottom of the ladder, and y is the height above ground of the top of
the ladder. By the Pythagorean theorem,

x2 + y* = 20% = 400. 3)

Since the position of the ladder is changing, both x and y are functions of the time ¢,
a fact that could be emphasized by writing x = x(t), y = y(?). To find dy/dt, we use
the technique of implicit differentiation. Thus we differentiate (3) with respect to ¢,
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V7,

4
Figure 2.
obtaining the equation
dx dy ‘
which we then solve for dy/dt. The result is
dy _ _xdx
dt~  yadt
or
dy 6x .
= ——f{t
i " ft/min,

since dx/dt = 6 ft/min, according to the statement of the problem. Note that dx/dt
is positive because the bottom of the ladder is moving away from the wall, and dy/dt
is negative because the top of the ladder is moving down the wall. Therefore the top
of the ladder moves down the wall at the rate

S8 s fymin
| Ja0 =122 16

when the bottom of the ladder is 12 feet from the wall, and at the rate of

—_— 2 .
% _ 6\/40(1)2 12 _ 61216 — 8§ ft/min

when the top of the ladder is 12 feet from the ground.

3.22. a. Theword “marginal” is encountered repeatedly in business and econo-
mics, in expressions like “marginal cost,” “marginal revenue,” “marginal profit,” etc.
The second word in each expression is always some function, and the word “marginal”
merely calls for taking the derivative of this function, with respect to the independent
variable. For example, the total cost to a firm of producing a quantity Q of some
commodity is some function of Q, called the cost function and denoted by C(Q).
The derivative of the cost function, namely ;

cl(Q) = f’%(QQ—’, @
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is called the marginal cost, denoted by MC(Q). Here we follow the convention,
standard in economic theory, of denoting certain functions by pairs of capital letters,
like MC for “marginal cost,” AR for “average revenue,” and so on. (Do not think
of these pairs as products!) In this notation, (4) takes the form

dc(@)
g -

b. In writing C(Q) and its derivative MC(Q), we tacitly assume that the units
of Q are such that C(Q) is defined for arbitrary Q > 0, and not just for the integers
Q =0,1,2,... This assumption is certainly appropriate for oil, measured in pints
or gallons, or for salt, measured in pounds or tons, but it is absurd for aircraft carriers.
For TV sets the assumption makes sense if the output is large and if we are not too '
literal-minded. Thus if the answer to a production problem is “Make 31.5 TV sets
a day,” we can either make 63 sets in 2 days or else settle for making 31 or 32 sets
a day. The same remark applies to the application of calculus methods to a host
of other problems involving objects that come one at a time, like members of an
animal population.

c. Example. The cost function C(Q) is typically the sum of a constant term,
representing certain fixed costs, called the overhead, which are independent of the
output Q, and a variable term which depends on the actual value of Q. Prove that the
marginal cost is independent of the overhead. Find the marginal cost MC(Q) cor-
responding to the commonly used model of a cubic cost function

C(Q) = aQ® + bQ* + ¢Q + d, (6)

where a, b, ¢ and d are constants. What can be said about the constant d?
SorutioN. If C(Q) = f(Q) + k, where k is the overhead and hence a con-
stant, then clearly

MC(Q) = )

d df(Q)  dk _ df(Q)
© = 5 U@ + K =307+ 45 ="
so that MC(Q) is independent of the overhead. For the cost function (6), the con-
stant d is the overhead and therefore must be positive. Differentiating (6), we get
the corresponding marginal cost

MC(Q) = 3aQ?* + 2bQ + c.
d. Example. The function

_c©
Q

is called the average cost. Express the marginal cost in terms of the average cost.
Show that the derivative of the average cost equals zero when the marginal cost
equals the average cost, and only then.

SoLuTION. Combining (5) and (7), we get the formula

AC(Q) (7

MC(Q) = 3‘-1@ 04C(Q),

expressing the marginal cost in terms of the average cost. The derivative of the
average cost equals

d d CQ) _Cg - CQ

— AC(Q) = — = ,
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by the rule for differentiating a quotient, and this equals zero when

Ce - CQ =0, ®)
and only then. But C'(Q) = MC(Q), so that (8) can be written as

MC(Q)Q — C(Q) =0,

or equivalently
C
MC(Q) = —éQ-) = AC(Q).

This proves the assertion made in the statement of the example.

PROBLEMS

1. Air is being pumped into a large spherical balloon at the rate of 10 ft3/min.
How fast is the radius of the balloon increasing when its diameter is 4 feet?

2. Two ships 4 and B sail away from a point P along perpendicular routes.
Ship A is going 15 mi/hr, while ship B is going 20 mi/hr. Suppose that at a
certain time A is 5 miles from P and B is 10 miles from P. How fast are the
ships moving apart 1 hour later?

3. The radius of a circle is increasing at a constant rate. Is the same true of its
area? Of its circumference?

4. A point moves away from the origin in the first quadrant along the curve
y = #gx>. Which coordinate, x or y, is increasing faster?

5. The length of one side of a rectangle increases at 2 in/sec, while the length of
the other side decreases at 3 in/sec. At a certain moment the first side is
20 inches long and the second side is 50 inches long. Is the area of the rectangle
increasing or decreasing at this moment? How fast?

6. A man 6 feet tall walks at a speed of 4 ft/sec toward a street light 18 feet above
the ground. How fast is the length of the man’s shadow decreasing? Does
the answer depend on his distance from the light?

7. Let R(Q) be the total revenue received by a firm from the sale of a quantity Q
of some commodity. Then the derivative R(Q) is called the marginal revenue,
denoted by MR(Q), and the function

RO
Q

is called the average revenue. Express the marginal revenue in terms of the
average revenue.
8. Suppose the curve of average cost is a straight line

AC(Q)=a -~ mQ (@a>0, m>0),

with negative slope (average cost typically decreases as output increases). Find
the curve of marginal cost.

9. Suppose the demand for a commodity produced by a monopolistic firm is
described by the function Q = Q(P), where Q is the quantity demanded at the
price P. What does the truism “The greater the price, the less the demand” tell
us about the function Q(P)?

AR(Q) =
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10. Let Q(P) be the same as in the preceding problem. Then the firm’s total revenue
is clearly R(Q) = PQ(P), so that its profit is just

I1(Q) = R(Q) - C(Q) = PQ(P) — C(Q),

where C(Q) is the firm’s total cost function. Show that Q = Q(P) has an in-
verse function P = P(Q), allowing us to also write the profit as

I(Q) = QP(Q) — C(Q).

*11. How fast is the surface area of the balloon in Problem 1 increasing when its
diameter is 8 feet?

*12. In the ladder problem of Example 3.21b, find the acceleration of the top of
the ladder when the bottom of the ladder is 16 feet from the wall.

3.3 PROPERTIES OF CONTINUOUS FUNCTIONS

So far, one of our chief concerns has been to acquire the technique of differentia-
tion, so that we can find the derivative f* of a given function f. But what do we do
with f’ once we have found it? As we will see later in this chapter, knowledge of f’
can tell us a great deal about the behavior of the original function f. Knowledge
of the second derivative f” also turns out to be a great asset in many cases, because
of the further light it sheds on the behavior of f.

Remarkably enough, there is also much that can be deduced from the mere
fact that a function is continuous in an interval, especially in a closed interval, as we
now show.

3.31. The continuous image of a closed interval

a. The properties of a function continuous in a closed interval (Sec. 2.65¢) all
stem from the following key proposition, whose proof is a bit too hard for a first
course in calculus:

THEOREM. If f is continuous in a closed interval I = [a,b] and if f is not a con-
stant function, then the range of f, namely the set of all values taken by f at the points
of 1, is itself a closed interval.

This fact is expressed by saying that “a continuous function maps a closed
interval into a closed interval,” or that “the continuous image of a closed interval
is a closed interval.”

b. We must insist that f be nonconstant, since the function f(x) = C maps I
into the single point C, hardly a closed interval! A function which is continuous in
an open interval can map the interval into any other kind of interval, open, closed
or half-open (see Prob. 10). Thus it is crucial to the validity of the theorem that the
interval I be closed. The set of values taken by f at the points of I will be denoted
by f(I). Do not think of f(I) as the value of f at I, which is meaningless. In fact,
f(I) is not a number, but rather the set {f(x): x € I}.

¢. What this means geometrically is shown in Figure 3, where the solid curve
is the graph of a function f continuous in a closed interval I = {a,b]. Suppose we
drop perpendiculars from all the points of the curve y = f(x) onto the y-axis. Then,
according to our theorem, the resulting points completely “fill up” some closed
interval [m, M] on the y-axis, as shown in the figure. Note that in general several
points of [a, b] correspond to the same point of [m, M]. For example, the points r
and s shown in the figure are both “mapped” by f into the same point [ € [m, M].
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3.32. Maxima and minima

a. Let f be a function defined in an interval I, and suppose there is a point
p € I such that f(x) < f(p) for all xe I. Then f(p) is called the maximum of f in I,
and we say that f has this maximum at the point p. Similarly, suppose there is a
point g € I such that f(x) > f(q) for all xe I. Then f(q) is called the minimum of
S inI, and we say that f has this minimum at the point q. We also say that “f takes
its maximum value at p and its minimum value at ¢.” Note that f may well take its
maximum (or minimum) value, provided there is one, at more than one point of I.

The word extremum refers to either a maximum or a minimum, and the phrase
extreme value refers to either a maximum value or a minimum value. The words
“maximum,” “minimum” and “extremum” have Latin plurals, namely “maxima,”
“minima” and “extrema.” Extrema of a different kind will be introduced in Sec. 3.51,
and will be known as local extrema, as opposed to the kind of extrema considered
here, which are often called global extrema.

b. For example, if I is the closed interval [ —1, 1], the function x2 has its maxi-
mum in /, equal to 1, at both points x = +1, and its minimum in I, equal to 0, at
the point x = 0. In the same interval, the function x* has its maximum, equal to 1,
at the point x = 1, and its minimum, equal to —1, at the point x = —1. A con-
stant function, say f(x) = k, has a maximum and a minimum, both equal to k, at
every point of any interval. On the other hand, the function x has neither a maxi-
mum nor a minimum in the open interval (0, 1), since there is no largest number less
than 1 and no smallest number greater than 0 (Sec. 1.4, Prob. 12), and the same
is true of the functions x* and x? in this interval. All three functions x, x? and x3 have
a minimum, equal to 0, in the half-open interval [0, 1), at the point x = 0, but again
none of them has a maximum in [0, 1). As we now see, this failure to have one or
both extrema cannot occur if the function is continuous in a closed interval.

c. THEOREM. If f is continuous in a closed interval I = [a, b], then I contains
points p and q such that

J@ < f(x) < f(p) 1
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for all x € I. In other words, f has both a maximum and a minimum in I, at the points p
and q, respectively.

Proof. We can immediately exclude the case of a constant function, for which
the theorem is trivially true. Thus, suppose f is not a constant function. Then, by
Theorem 3.31a, the range of f, namely the set f(I), is a closed interval. Let this
interval be [m, M]. Then, for all x € I, we have f(x) e [m, M1, or equivalently

m< f(x) < M, @

by the very meaning of f(I). Let p be any point of I such that f(p) = M and q any
point of I such that f(g) = m. Again, such points p and q exist by the very meaning
of f(I). We can then write (2) in the form (1). [J

d. Naturally, M is the maximum of f in 1, and m is the minimum of f in I.
Interpreted geometrically, the theorem means that the graph of a function f con-
tinuous in a closed interval I must have both a “highest point” P = (p, M) and a
“lowest point” Q = (g, m), as illustrated by Figure 3. It is important to note that f
may take one or both of its extreme values at end points of I (give examples), although
this is not the case for the function shown in Figure 3.

3.33. The intermediate value theorem

a. Let k be any number between f(a) and f(b). Then, since both f(a) and f(b)
belong to the interval f(I) = [m, M], so does k. Therefore k is a value of f taken at
some point c in the interval [a,b]. But ¢ cannot be one of the end points a and b,
since k lies between f(a) and f(b), and therefore cannot coincide with either f(a)
and f(b). The situation is illustrated in Figure 3.

b. This key property of continuous functions deserves a name of its own:

TrEOREM (Intermediate value theorem). If f is continuous in an interval I, which
need not be closed, and if f takes different values f(a) and f(f) at two points « and f
of 1, then f takes every value between f(«) and f(B) at some point between « and .

Proof. 1In view of the preceding remarks, we need only show that f is contin-
uous in [a, f] if « < B, or in [B,a] if B < a. But, by hypothesis, f is continuous
in an interval I containing o and . Therefore f is certainly continuous in the closed
interval with end points « and B, since this is the smallest interval containing both

aand . O

PROBLEMS

1. Find the extrema, if any, of the function f(x) = 1/x in the interval
@ ©01; ® 01 © [L2 @ ©Ow); @ (—wo -1]
2. Find the extrema, if any, of the function f(x) = [x], where [x] is the integral
part of x (Sec. 1.4, Prob. 10), in the interval
@ ©1; ® 01 © (=105 (@ ©,0); (¢ (—o0,00)
3. Verify that if a function f is increasing in a closed interval I = [a,b], then f
has global extrema in I, even if f is discontinuous. Where does f take its
extreme values? How about the case of decreasing f?
4. “If f is continuous in an interval I and if f takes values f(a) and f(p) with
opposite signs at two points « and § of I, then f equals zero at some point
between a and . True or false? Why?
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5. Is the function

f(x)={x+1 ?f 1<x<0, 3
x—1 i 0<g<x<1 !
continuous? Does it map the closed interval —1 < x < 1into a closed interval?
Does the function (3) map the closed interval —4 < x < 4into a closed interval?
Investigate the global extrema of the function (3) in the interval —1 < x < 1.
Give an example of a continuous function mapping a finite interval into an
infinite interval.
*9. Give an example of a continuous function mapping an infinite interval into a
finite interval.
*10. Give an example of a continuous function mapping an open interval into
(a) Anopeninterval; (b) A half-open interval; () A closed interval.

® N

3.4 PROPERTIES OF DIFFERENTIABLE FUNCTIONS

3.41. a. Having investigated the properties of continuous functions, we now
return to the study of differentiable functions. We begin by establishing the fol-
lowing interesting fact: If f is differentiable at a point p, with derivative f'(p), and if
S(p) is positive, then f is increasing in some neighborhood of p. To show this,iwe
observe that just as in Sec. 2.55a

fo+ 89— 1@ T
[ e (p)] -0,

by the_ definition of the derivative f*(p), or equivalently
Alimo [Q(Ax) ~ f(p)] = O,

lim
Ax—0

in terms of the difference quotient
flp + Ax) - f(p) _ Af(p)
A

X Ax

Q(Ax) =

In “e, 6 language” this means that, given any ¢ > 0, thereis a & > 0 such that
12%) — f'(p)] < &
whenever 0 < |Ax| < 6. Lete = f'(p) > 0. Then thereis a & > 0 such that
2% - f'() < f(p),
or equivalently
=f'(p) < @A) - f(p) < f'(p),

whenever 0 < [Ax] < 6. But then ;
0 < Q(Ax) < 2f(p) . 1)

whenever 0 < ]Axl < &. Therefore the difference quotient Q(Ax) = Af(p)/Ax. is
positive whenever 0 < Ax < § or —§ < Ax < 0, which means that the increments
Af(p) and Ax have the same sign under these conditions. In other words,

flp + Ax) — f(p) > 0 )
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if 0 < Ax < 4, while

flp+ Ax) - f(p) <O ©)
if =6 < Ax < 0. Changing the sign of Ax in (3), we find that
flp—Ax) - f(p) <0 4)

if 0 < Ax < 8. Combining (2) and (4), we finally get

flp — Ax) < f(p) < f(p + Ax)

if0 < Ax < &, which shows at once that f is increasing in some neighborhood of the
point p, namely in the neighborhood (p — 8, p'+ 6) or in any smaller neighborhood.

b. In virtually the same way, we can show that if f is differentiable at a point p,
with derivative f'(p), and if f'(p) is negative, then f is decreasing in some neighborhood
of p. This time we choose ¢ = —f*(p) > 0, obtaining first

f(p) < QAx) — f'(p) < —f'(p)
and then
2f'(p) < Q(Ax) < 0,

instead of (1), whenever 0 < |Ax| < 8. Therefore Q(Ax)is negative whenever 0 < Ax <6
or —& < Ax < 0, which means that the increments Af(p) and Ax have opposite signs
under these conditions. In other words,

flp+Ax) - f(p) <0 )
if 0 < Ax < 4, while

flp + Ax) — f(p) > 0 (6)
if —8 < Ax < 0. Changing the sign of Ax in (6), we find that

flp —Ax) = f(p) > 0 ™

if 0 < Ax < §. Combining (5) and (7), we finally get
flp = 8x) > f(p) > flp + Ax)

if 0 < Ax < 8, which shows at once that f is decreasing in some neighborhood of
the point p, namely in the neighborhood (p — &, p + 8) or in any smaller neigh-
borhood.

¢. By an interior point of an interval I (open, closed or half-open), we mean
any point of I other than its end points. A function f is said to vanish at a point ¢
if f(c) = 0. In other words, “to vanish” means the same thing as “to equal zero.”
If a function f vanishes at every point of an interval I, we say that f vanishes iden-
tically in I. This extra vocabulary will come in handy time and again.

3.42. Rolle’s theorem

a. Our next result is a stepping stone on the way to another, more important
result, called the “mean value theorem,” but it is of considerable interest in its own
right.

THEOREM (Rolle’s theorem). Let f be continuous in the closed interval [a, b] and
differentiable, with derivative f*, in the open interval (a, b). Suppose that f(a) = f(b) = k.
Then there is a point c € (a, b) such that f’(c) = 0.

Proof. Do not be put off by the formal language. A more informal way of
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stating the theorem is the following: Let f be continuous in a closed interval
I = [a,b] and differentiable at every interior point of I. Suppose f takes the same
value at both end points of I. Then the derivative f” vanishes at some interior point
of I

To prove the theorem, we first observe that f has both a maximum M and a
minimum m in I = [q, b], by Theorem 3.32c, where m < k < M, since f equals k
at the points a and b. If m = k = M, then f reduces to the constant function
Sf(x) = k, whose derivative vanishes at every interior point of I, and the theorem is
proved. Otherwise, we have either m < kor M > k. Suppose M > k, and let ¢ be
a point of I such that f(c) = M. Then c € (g, b), that is, c is an interior point of I,
so that the derivative f'(c) exists. If f'(c) # 0, then f'(c) is either positive or negative.
In the first case, f is increasing in some neighborhood of ¢, by Sec. 3.41a, while in
the second case, f is decreasing in some neighborhood of c, by Sec. 3.41b. In either
case, the neighborhood contains values of f larger than M, so that M cannot be the
maximum of f. It follows that f'(c) = 0. The proof for m < k is almost identical
(give the details). [

b. Rolle’s theorem has a simple geometrical interpretation. It merely says that
if the end points of the curve

y=fx) (@<x<b ®

have the same ordinate, so that f(a) = f(b), then the slope of the tangent to the
curve vanishes and hence is horizontal at some “intermediate point,” that is, at some
point of the curve other than its end points. This situation is illustrated by Figure 4,
which shows that the curve can actually have horizontal tangents at more than one
intermediate point, in particular, at points other than those with the maximum and
minimum ordinates M and m.

3.43. The mean value theorem

a. If f(a) # f(b), we can no longer assert that the curve (8) has a horizontal
tangent at some intermediate point. However, we can now assert that at some
intermediate point the curve has a tangent with the same slope as the chord joining
its end points 4 = (q, f(a)) and B = (b, f(b)), that is, a tangent with slope

J) — fla)
b—a ’
as illustrated by Figure 5.
y
0 X

Figure 4.
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THEOREM (Mean value theorem). Let f be continuous in the closed interval [a, b]
and differentiable, with derivative f', in the open interval (a, b). Then there is a point
¢ € (a, b) such that

JPRLLES (C] o
or.equivalently
fb) ~ fla) = f(©)b — a). (10)

Proof. We introduce a new function
g(x) = f(x) — kx,

choosing the constant k in such a way that g(x) has the same value at both end points
a and b. Then k must satisfy the equation

g(a) = f(a) — ka = f(b) — kb = g(b),
with solution
f) — fla)
“b-a

With this choice of k, g(x) satisfies all the conditions of Rolle’s theorem. But then
there is a point ¢ € (g, b) such that

g) = fc) - k=0,

k =

that is, such that

Jb) — f(a) (b) f (@

[l =k=——— 101

b. COROLLARY (Mean value theorem in increment form). If f is differentiable in
an interval 1 containing the points x and x + Ax, then the increment of f at x can be
written in the form

Af(x) = f(x + Ax) — f(x) = f'(x + aAx) Ax, (11)

where 0 < a < 1.
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Proof. Here it is not necessary to state explicitly that f is continuous in I,
since this follows automatically from the assumption that f is differentiable in I
(Sec. 2.66). Choosing a = x, b = x + Ax in (10), we obtain

Af(x) = f'(c) Ax, 12)
where c lies between x and x + Ax, regardless of the sign of Ax. Therefore the
number

c—x
T Ax

is always positive and lies in the interval (0, 1), or equivalently
¢ =X+ alAx O<a<). (13)
Comparing (12) and (13), we get (11). O

PROBLEMS

1. Check the validity of Rolle’s theorem for the function
fx) = (x = D(x — 2)(x — 3).

In other words, verify that the derivative f” vanishes at a point in the interval
(1, 2) and at a point in the interval (2, 3).
2. The function

)= (-a<x<a

takes the same value |q| at both points x = +a, but the derivative f* does not
vanish at any point ¢ € (—a, a). Why doesn'’t this contradict Rolie’s theorem?

3. Show that the mean value theorem (10) remains valid even if a > b.

4. At what points of the curve y = x> is the tangent parallel to the chord joining
the points A = (=3, —9) and B = (3,9)?

5. According to formula (10),

Q- =fl A<c<2)
Find c if f(x) = 1/x.
6. According to formula (11),
A+ A) - f(N) =1 +adx)Ax (O <a<]l)

Find o if f(x) = x3 Ax = —1.

7. Justify the following “kinematic interpretation” of the mean value theorem: If a
train traverses the distance between two stations at an average velocity v,,, then
there is a moment when the train’s instantaneous velocity equals v,,.

*8. Let

av?

B-x% if x<l,

flx) =

R ir N =

if xz= L

Find two points ¢ satisfying formula (10) for a = 0, b=2
*9, Show that the square roots of any two consecutive integers exceeding 24 differ
by less than 0.1.
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3.5 APPLICATIONS OF THE MEAN VALUE THEOREM

3.51. We already know that the derivative of a constant function vanishes
everywhere. More concisely, if f(x) = constant, then f’(x) = 0. But, conversely,
does f’(x) = 0 imply f(x) = constant? Yes, if the domain of f is an interval, as we
now show.

TuroreM. If f is differentiable in an interval 1, and if the derivative f' vanishes
identically in I, then f(x) = constant in I, that is, f has the same value at every point

of I
Proof. Let x, be a fixed point of I, and let x be any other point of 1. Then,
by the mean value theorem,
fx) = flxo) = f(e)x — xo)s

where ¢ lies between x, and x. But f'(c) = 0, since ¢ belongs to I, and therefore
f(x) — f(xo) = 0 or f(x) = f(xo). Since x is an arbitrary point of 1, it follows that
f(x) = f(x,) for every xe 1. [l

3.52. Antiderivatives

a. Given a function f(x) defined in an interval I, suppose F(x) is another func-
tion defined in I such that

N _ pry = fix)
dx

for every x € I. Then F(x) is said to be an antiderivative of f(x), in the interval I.
For example, §x3 is an antiderivative of x* in (— c0, 00), since

d1

a1 s 2
dx3x

= X

for every x € (— o0, o0). If F(x) is an antiderivative of f(x) in I, then so is
G(x) = F(x) + C, (1)
where C is an arbitrary constant, since

dG(x)
dx

dF(x) dC _ dF(x) _

dx dx dx &)

d .
= [F() + C] =

The next proposition shows that there are no other antiderivatives of f(x).
b. THEOREM. Let F(x) be any antiderivative of f(x) in an interval 1. Then every
other antiderivative of f(x) in I is of the form (1).

Proof. Let G(x) be any other antiderivative of f(x) in I, and let H(x) =
G(x) — F(x). Then ’

H'(x) = G'(x) = F(x) = f(x) = f(x) = 0

for every x € I, that is, the derivative H' vanishes identically in 1. It follows from
the preceding theorem that H has the same value, call it C, at every point of 1. In
other words,

H(x) = G(x) — F(x) = C,

which is equivalent to (1). O
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3.53. The indefinite integral

a. Let F(x) be an antiderivative of f(x) in I, so that F'(x) = f(x) for every
x € I. Then, as just shown, the “general antiderivative” of f(x) in I is of the form

F(x) + C,

where C is an arbitrary constant. This expression is also called the indefinite integral
of f(x), and is denoted by

[ £y ax @
Thus
f f(x)dx = F(x) + C, 3)

by definition, so that the indefinite integral is defined only to within an arbitrary
“additive constant.” The symbol | is called the integral sign. The operation leading
from the function f(x), called the integrand, to the expression (2) is called (indefinite)
integration, with respect to x, the argument x is called the variable of integration, and
the constant C is called the constant of integration. Note that the expression behind
the integral sign in (2) is the product of the integrand f(x) and the differential dx of
the variable of integration. Recalling Sec. 2.55a, we recognize this product as the
differential

dF(x) = F'(x)dx = f(x)dx
of the antiderivative F(x), so that (3) can also be written as
[ dFe) = Foo + C.

In writing (3), it is tacitly assumed that the formula is an identity for all x in
some underlying interval I in which f(x) and F(x) are both defined; however, I is
usually left unspecified. The convention is to give f and F the same argument, in
keeping with the formula F'(x) = f(x), but we could just as well write

f f®ydt = Ft) + C,
say, replacing x by some other symbol (here ¢t) in both sides of (3). Differentiating (3),
we get
d d dF(x ,
2 = L + €1 = T2 = pey

so that
;f; {19 8x = 19, @

b. Since a function f(x) is obviously an antiderivative of its own derivative
f'(x), we have

f () dx = f(x) + C.

This formula can be used to derive an integration formula from any differentiation
formula. For example, the formula

r+1 1x"
d x _(r+)x_x,

dxr+1 r+1
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(Sec. 2.74e), valid for arbitrary real r # —1, leads at once to the formula

r+1

fx'dx=x +C )
r+1

ifr # —1. Choosing r = —4 in (5), we get the formula
dx
— = 2Jx + C,
[ 7=

valid in the interval (0, 00), but in no larger interval, while the choice r = § gives the
formula
fx”3 dx = %xm + C,

valid in the whole interval (— oo, o).
¢. THEOREM. Suppose f(x) and g(x) have indefinite integrals in the same interval I.
Then

[ [afe) + bgx)] dx = a [ fix)dx + b [ g dx, ©)

where a and b are arbitrary constants.
Proof. Tt follows from (4), applied to the function af(x) + bg(x), that

2 [ L) + bg] dx = af() + bgl),

On the other hand, by the usual rules of differentiation,

Zd;[a f fO)dx + b f g(%) dx:| - “dfi f f(x) dx + bd—(i- f g(x) dx = af(x) + bg(x),

where we use (4) twice more. Thus the two sides of (6) have the same derivative in I,
and hence can differ only by an arbitrary constant, by the same argument as in the
proof of Theorem 3.52b. But then (6) holds, since the indefinite integral on the left
is defined only to within an arbitrary “additive constant.” []

By virtually the same argument, you can easily convince yourself of the validity
of the more general formula

I[lel(x) + cfo(x) + -+ e fi(x)] dx
= [fmdx+ o [ L)+ + o [ fmde )

where fi(x), f2(x), . . ., f,(x) are functions which have indefinite integrals in the same
interval, and ¢y, ¢,, . .., ¢, are arbitrary constants.

d. Example. Evaluate
4 2 2
f 5x* — 6x2 + o dx.

SoLuTiON. By (7), we have
2 dx 2
4 2 = = 4 _ 2 T — x5 3 __Z
f<5x 6x +xz>dx SIx dx 6fx dx+2j‘x2 x> - 2x x+C,

with the help of (5). Note that the constants of integration contributed by each of the
three integrals separately can be combined into a single constant of integration C.
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f(X)= (X—1)3 . /—"-\

X , g{x) =1—x4

Figure 6.

3.54. In Sec. 3.41c we showed that if f is differentiable at a point x,, with
derivative f'(xq), and if f'(x,) is positive, then f is increasing in some neighborhood
of x,. We now use the mean value theorem to establish the following closely related
result: If fis differentiable in an interval I, with derivative [, and if f” is positive at
every interior point of I, then f is increasing in I. To see this, let x, and x, be any
two points of I such that x, < x,. Then, by the mean value theorem,

fx) = f(x1) = f(e)lxz — x1) (®)

for some point ¢ between x; and x,. Therefore ¢ is an interior point of I, so that
f(¢) > 0. The right side of (8) is positive, being the product of two positive numbers,
and hence f(x,) — f(x,)is also positive. In other words, x; < x, implies f(x;) < f(x;),
which means that f is increasing in I, as claimed.

Virtually the same argument shows that if f is differentiable in an interval I,
with derivative f*, and if f* is negative at every interior point of I, then f is decreasing
in 1. Give the details.

For example, the function f(x) = (x — 1)® shown in Figure 6A is increasing in
both intervals (— oo, 1] and [1, o0), since f/(x) = 3(x — 1)* > 0if x < L or x > 1.
Therefore f(x) is increasing in the whole interval (— oo, o). Similarly, the function
g(x) = 1 — x*shown in Figure 6B is increasing in (— 00, 0], since g'(x) = —4x* > 0
if x < 0, and decreasing in [0, o), since g'(x) = —4x* < 0if x > 0.

PROBLEMS

1. The function
1 if x>0,
f(")“{q if x<0

is not a constant, but the derivative f’ vanishes at every point of the domain
of f. Why doesn’t this contradict Theorem 3.517
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2. Find all antiderivatives of the function

@ O o A0 © VX (20
3. Verify that
j‘dx=f1‘dx=x+C.
4. Show that if
[ fxyax = Fx) + €,
then

[ flax + bydx = - Flax + b + C

for arbitrary constants a # 0 and b.
5. Evaluate

(@) f(x“ —3x2 4+ x — 4)dx; (b) f(1 — X1 = 2%)(1 — 3x) dx;

© [IE Li: @ [x21 = 5 dx.
Jx ‘
6. “The indefinite integral of a polynomial of degree n is a polynomial of degree
n + 1.” True or false? '
7. Is the derivative of an increasing function necessarily increasing?
8. In which intervals are the following functions increasing? Decreasing?

2x
1+ x%
*9,  What can be said about the function f if f*)(x) = 07

(@ 2+x-—x% (b)) 3x—-x% (0

3.6 LOCAL EXTREMA

3.61. a. Figure 7 shows the graph of a function f continuous in a closed inter-
val [a, b]. Just as in Figure 3, p. 110, f takes its maximum in [4, b], equal to M, at the
“highest point” of the graph, namely P = (p, M), and its minimum in [q, b], equal to
m, at the “lowest point” of the graph, namely A = (@, m), which this time happens
to be an end point of the graph. But now there also seems to be something special
about the behavior of the graph at certain other points, namely Q, R and S. In fact,
Q is “higher” than all “nearby points” of the graph, although not as high as P, while
each of the points R and S is “lower” than all “nearby points” of the graph, although
not as low as A.

b. We now make these qualitative notions precise. Let f be a function defined
in an interval I, and suppose there is a point p € I such that f(x) < f(p) for all x
“sufficiently near” p, that is, for all x in some neighborhood of p. Then f is said
to have a local maximum, equal to f(p), at the point p. Similarly, suppose there is a
point g € I such that f(x) > f(q) for all x in some neighborhood of g. Then f is said
to have a local minimum, equal to f(q), at the point gq. The term local extremum
refers to a local maximum or a local minimum.
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Figure 7.

¢. Make sure you understand the crucial distinction between local extrema, as
just defined, and the kind of extrema defined in Sec. 3.32a. The latter, which will
henceforth be called global extrema whenever there is any possibility of confusion,
involve comparison of a proposed extremum f(p) with the value of f at every point
of the interval I in which f is defined, while the former only require comparison of
f(p) with the values of f at points “sufficiently near” p, or, for that matter, “arbitrarily
near” p. The adjective “global,” which suggests the “overall” behavior of f in the
whole interval I, and the adjective “local,” which suggests the behavior of f in the
“immediate vicinity” of the point p, are well-svited to emphasize this distinction.
In other books you will often encounter the terms absolute extremum and relative
extremum, as synonyms for global extremum and local extremum.

3.62. a. Unlike the case of a global maximum or minimum, a function can have
several distinct (that is, different) local maxima or minima. On the other hand, as
noted in Sec. 3.32a, a function can take its global extremum at more than one
point. For example, the function f shown in Figure 7 has distinct local maxima at
the points p and ¢, and distinct local minima at the points r and s. The global
minimum of f at the point a is not a local minimum, since f is not defined in a
neighborhood of a (it is not enough to be defined on only one side of a). For the
same reason, a function defined in an interval I can have local extrema only at
interior points of I, that is, at points of I other than the end points of I. The
function fin Figure 7 has neither a global extremum nor a local extremum at the
point b, but & is still special in the sense that it is an end point of the interval [a, b].
(In this regard, see Prob. 1.) Note that f has both a global maximum and a local
maximum at the point p. In fact, if a function fis defined in an interval I, then any
global extremum of f at an interior point of I is automatically a local extremum of
J. (Why is this so?)

b. A local maximum f(p) is said to be strict if f(x) < f(p), with < instead of
<, for all x “sufficiently near” p but not equal to p, that is, for all x in some deleted
neighborhood of p (Sec. 1.63a). Similarly, a local minimum f{(qg) is said to be strict
if f(x) > f(q), with > instead of >, for all'x in some deleted neighborhood of g.
For example, all four local extrema of the function in Figure 7 are strict. On the
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other hand, a constant function has both a local maximum and a local minimum
at every point, but none of these extrema is strict.

3.63. a. In practical problems involving local extrema, we will always be con-
cerned with a function f defined in some interval I, where f is differentiable at every
point of I with the possible exception of certain special points. We say that f fails
to have a derivative at a point p, or that the derivative f'(p) fails to exist, if the limit
defining f'(p) either does not exist or is infinite. .

THEOREM. If f has a local extremum at a point p, then either f fails to have a
derivative at p, or f'(p) exists and equals zero.

Proof. Either f'(p) exists or it does not. Suppose f'(p) exists and is nonzero.
Then f’(p) is either positive or negative. In the first case, f is increasing in some
neighborhood of p, by Sec. 3.41a, while in the second case, f is decreasing in some
neighborhood of p, by Sec. 3.41b. In either case, this neighborhood, or any smaller
neighborhood, contains values of f larger than f(p) and values of f smaller than
f(p), so that f(p) cannot be either a local maximum or a local minimum of f. It
foliows that f'(p) = 0. O

This argument, of course, closely resembles that used in the proof of Rolle’s
theorem.

b. Interpreted geometrically, the theorem says that if a function f has a local
extremum at a point p, then either the graph of f has no tangent at the point
P = (p, f(p)), if f'(p) fails to exist, or the graph of f has a horizontal tangent at P,
if f'(p) = 0. These two possibilities are illustrated in Figure 8A, where each of the
functions has a (strict) local maximum at p.

c. By a critical point of a function f we mean either a point where f has no
derivative or a point where the derivative of f vanishes, and by a stationary point
of f we mean a point where the derivative of f vanishes. Thus a critical point of f
is either a point where f has no derivative or a stationary point of f. According to
the theorem, if f has a local extremum at p, then p is a critical point of f. On the
other hand, if p is a critical point of f, there is no necessity for f to have a local
extremum at p. This is illustrated by Figure 8B, which shows two functions, each
with a critical point at p, but neither with a local extremum at p.

Thus what we really want are conditions on a function f which compel! f to
have a local extremum at a given critical point p. (We will always assume that f

; : ; zero derivative at p zero derivative at p
I
| |
/:\ no derivative at p ) : no derivative at p
| |
1 1
p
A

9] o X

[oe]

Figure 8.
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is continuous at p.) Such conditions will now be presented in the form of two tests

for a local extremum, one called the first derivative test, the other called the second
derivative test.

3.64. The first derivative test

a. Suppose f is differentiable in a deleted neighborhood of a point p, and
suppose the derivative f* has one sign to the left of p and the opposite sign to the
right of p. Then f” is said to change sign in going through p, from the sign on the left
of p to the sign on the right of p. Note that we do not require f to be differentiable
at the point p itself and in fact f'(p) may fail to exist.

THEOREM (First derivative test for a local extremum). Let p be a critical point of
[, und suppose f* changes sign in going through p. Then f has a strict local extremum
at p. The extremum is a maximum if { changes sign from plus to minus, and a mini-
mum if [’ changes sign from minus to plus.

Proof. Suppose f’ changes sign from plus to minus in going through p, in a
deleted §-neighborhood of p, that is, in the union of intervals (p — 6, p) U (p,p + 9)
(Sec. 1.63b). By the mean value theorem in increment form,

f(p + Ax) — f(p) = f'(p + aAx)Ax 0<a<l).

Therefore
flp + Ax) = f(p) <0 (1)
if —8 < Ax < 0, since then f'(p + ¢Ax) > 0, Ax < 0, and similarly
flp + Ax) = f(p) <O 2
if 0 < Ax < §, since then f'(p + aAx) < 0, Ax > 0. In other words,
flp + Ax) < f(p) 3)

if 0 < |[Ax| < 4, so that f has a strict local maximum at p. On the other hand, if
f' changes sign from minus to plus in going through p, then we get > instead of <
in (1), (2) and (3), so that f has a strict local minimum at p (check the details). O

b. Interpreted geometrically, the first derivative test says that if the slope of
the tangent to the graph of f at a variable point P, = (x, f(x)) changes from plus
to minus as P, goes through the point P = (p, f(p)), then f has a strict local maxi-
mum at p even if there is no tangent to the graph of f at P. (What is the analogous
statement for the case where the slope of the tangent changes sign from minus to
plus?) That this is actually so is apparent from Figure 8A. On the other hand, it is
easy to see that the slope of the tangent to the graph of both functions in Figure 8B
does not change sign in going through P, and is in fact positive on both sides of P.
This is because both functions are increasing in a neighborhood of p, and hence
cannot have a local extremum at p.

c. Example. Find the local extrema of the function

) = (x = Dx*2. (4)
SoLuTioN. Differentiating (4), we get
2 _ 5x — 2
filxy = x4 3 (x — Ix W= 5

with the help of formulas (14) and (15), p. 78, and the formula x"x* = x"*s, to be
proved in Sec. 4.45a. Therefore f has two critical points, the point x = 0 at which
the derivative f’ fails to exist (check this directly), and the point x = 2 at which f*
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vanishes. It follows from (5) that
S>>0 if x<0,

2
fi(x) <0 if 0<x<§,

fixy>0 if x>—25-

(the cube root of a negative number is negative). Thus f* changes sign from plus to
minus in going through x = 0 and from minus to plus in going through x = 3
Therefore, by the first derivative test, f has a strict relative maximum, equal to 0,
at x = 0, and a strict relative minimum, equal to

32\
ok

at x = %, as confirmed by Figure 9.

3.65. a. The next test is applicable only when the first derivative f'(p) and
second derivative f”(p) both exist, but this is the most common situation.

. THEOREM (Second derivative test for a local extremum). Let p be a stationary
point of f, and suppose f"(p) exists and is nonzero. Then f has a strict local extremum
at p. The extremum is a maximum if f"(p) < 0 and a minimum if f"(p) > 0.

Proof. Since the second derivative f”(p) exists, f is differentiable in a neigh-
borhood of p, that is, f' exists in a neighborhood of p. Moreover, f'(p) = 0, since p
is a stationary point of f. Applying the argument in Sec. 3.41 to the derivative f’
instead of to the function f itself, we see that f’ is decreasing in a neighborhood of
p if f"(p) < 0 and increasing in a neighborhood of p if f”(p) > 0. Since f'(p) = 0,
it follows that f' changes sign from plus to minus in going through p if f"(p) < 0
and from minus to plus if f”(p) > 0. The second derivative test is now an immediate
consequence of the first derivative test. [l

b. The function f may or may not have a local extremum at p if f"(p) = 0.
For example, f(0) = 0if f(x) = x3 or if f(x) = +x* but in the first case f has no
local extremum at x = 0, being increasing in (— o0, 00), by Sec. 3.54, while in the
second case f clearly has a strict local extremum at x = 0, in fact a minimum if
f(x) = x* and a maximum if f(x) = —x*.

Figure 9.
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¢. Example. Find the local extrema of the function
f(x) = 3x% — 5x3,

SoLution. Here f is differentiable for all x, and the only critical points of

S are stationary points. These are the roots of the equation
Si(x) = 15x* — 15x% = 15x%(x — 1)(x + 1) = 0,
namely the points x = —1, 0, 1. Calculating the second derivative, we get
f7(x) = 60x3 — 30x = 30x(2x* — 1),
so that
f(-1)=-30<0, f0)=0  f1)=30>0.

Therefore, by the second derivative test, f has a strict local maximum, equal to 2,
at x = —1, and a strict local minimum, equal to —2, at x = 1. Although the second
derivative test does not work at the point x = 0, it is easy to see that f has no ex-
tremum at x = 0. In fact,

fx) = 15x3(x* - 1) < 0
if —1 < x < 1. Therefore f is decreasing in [ —1, 1], by Sec. 3.54, and hence can
have no extremum at x = 0. You should confirm all this by sketching a graph

of f(x).

PROBLEMS

1. Verify the following rule for finding the global extrema of a function f con-
tinuous in a closed interval [a, b]: Let x,, x5, ..., x, be all the points of the
open interval (a, b) at which f has local extrema. Then the largest of the numbers

f(a)a f(xl)’ f(xz), LRI ) f(xn)’ f(b)

is the global maximum of f in [a, b], while the smallest of these numbers is the

global minimum of f in [a, b].
2. By investigating all critical points, find the local extrema, if any, of

@ y=1x; ® y=2+x-x* () y=x>-2x*+3x-1
3. Do the same for

1

@ y=27—x% (@) y=x+ (@ y=x"1-x"

4. Find the global extrema of
1.
@ y=x>-4x+6in[-3,10]; () y=x+ S [0.01, 100];

© y=J5-4xin[-1,1]; d y= |x2 - 3x + 2| in [ - 10, 10].

5. Show that |3x — x*| < 2if x| < 2.
6. Show that the function

ax + b

T ex +d

(c®+d*> #0)

has no strict local extrema, regardless of the values of g, b, ¢, d.
*7. Find the local extrema of the function

y = x"(1 = xy,
where m and n are positive integers.
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8. What value of ¢ minimizes the maximum of the function f(x) = |x* + ¢| in
the interval [ —1,1]?
*9,  Suppose the function
_ ax + b
YT e Dk =9
has a local extremum, equal to —1, at the point x = 2. Find a and b, and
show that the extremum is a maximum.
*10. Which term of the sequence
N

yn=m (n=1,2,...)

is the largest?

3.7 CONCAVITY AND INFLECTION POINTS

3.71. a. Let f be continuous in an interval I and differentiable at a point p € I,
and let y = T(x) be the equation of the tangent to the curve y = f(x) at the point
with abscissa p. (For brevity, we will henceforth say “at the point p” or simply
“at p,” instead of “at the point with abscissa p.”) Then, according to Sec. 2.52d,

y=Tx) = f'(p)x — p) + f(p).

Suppose that f{(x) > T(x) in some deleted neighborhood of p, so that the curve
y = f(x) lies above its tangent at p in this neighborhood, as shown in Figure 10A.
Then f is said to be concave upward at p. Similarly, suppose that f(x) < T(x) in
some deleted neighborhood of p, so that the curve y = f(x) lies below its tangent
at p in this neighborhood, as shown in Figure 10B. Then f is said to be concave
downward at p. If f is concave upward (or downward) at every point of the interval I,
we say that f is concave upward (or downward) in I.

b. A point p is said to be an inflection point of the function f if the curve
y = f(x) lies on one side of its tangent (at p) if x < p and on the other side of its
tangent if x > p. The two ways in which this can happen are illustrated in Figures
11A and 11B. If p is an inflection point of f, we also say that f/ has an inflection
point at p.

! =yf(=X)T(x) | y =T

y = f{x)

obhme—
ob———

Figure 10.
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y = f(x)

y=Tix) y=T

y = f(x)

b o | S
k= ] R,

Figure 11.

3.72. With the help of the mean value theorem, it is not hard to show (see
Prob. 11) that if f* exists and is increasing in some neighborhood of p, then f is
concave upward at p, while if f’ exists and is decreasing in some neighborhood of p,
then f is concave downward at p. It can aiso be shown (see Prob. 12) that if f”
exists in some neighborhood of p and has a strict local extremum at p, then p is an
inflection point of f. Using these facts, we can develop a complete parallelism
between the theory of increasing (or decreasing) functions and critical points, on the
one hand, and the theory of upward (or downward) concavity and inflection points,
on the other hand, with the first derivative f* now playing the role of the function f,
and the second derivative f” now playing the role of the first derivative f'. Thus
you can easily convince yourself of the validity of the following propositions. In
every case, the proof is the exact analogue of a proof that has already been given.

(1) If f"(p) exists and is positive, then ' is increasing in some neighborhood
of p, so that f is concave upward at p. This is the analogue of the result
in Sec. 3.41a.

(2) If f"(p) exists and is negative, then f' is decreasing in some neighbor-
hood of p, so that f is concave downward at p. This is the analogue of the
result in Sec. 3.41b.

(3) If f has an inflection point at p, then either f"(p) fails to exist or f(p)
exists and equals zero. This is the analogue of Theorem 3.63a.

(8) Given that f" exists in a deleted neighborhood of p, suppose f"(p) either
fails to exist or equals zero, and suppose [ changes sign in going through
p. Then f has an inflection point at p. This second derivative test for an
inflection point is the analogue of the first derivative test for a local
extremum (Theorem 3.64a).

(5) If f"(p) = O and if the third derivative f"(p) exists and is nonzero, then .
f has an inflection point at p. This third derivative test for an inflection
point is the analogue of the second derivative test for a local extremum
(Theorem 3.65a).

3.73. Examples
a. Find the inflection points and investigate the concavity of the function

fx) = x* —2x* + 3x — 4.
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SoLuTioN. Here f" exists for all x. Therefore, by Proposition (3), the only
candidates for inflection points of f are the roots of the equation

fr(x) = 12x* — 12x = 12x(x — 1) = 0,

namely the points x = 0 and x = 1. By Propositions (1) and (2), f is concave up-
ward in the interval (— oo, 0), since f"(x) > 0 if x < 0, concave downward in the
interval (0, 1), since f”(x) < 0 if 0 < x < 1, and concave upward in the interval
(1, ), since f"(x) > 0 if x > 1. Therefore x = 0 and x = 1 are both inflection
points of f, by Proposition (4). This also follows from Proposition (5), since f"(x) =
24x — 12, and hence f"(0) = —12 # 0, f"(1) = 12 # 0.

b. Graph the function

f(x) =:217‘x4 - x* + 6.

SoLuTION. Since f is even, the graph of f is symmetric in the y-axis (Example
2.32d), and we need only study the behavior of f in the interval [0, o). To find the
extrema of f, we solve the question

1 i
f'(x) = 8x3 - 2x = gx(x2 - 12) =0,
obtaining two nonnegative stationary points x = 0 and x = /12. Since

1
f1) = 5% =2,
we have '
fM0)=-2<0, [fJ1)=45>0.
It follows from Theorem 3.65a that f has a strict local maximum, equal to f(0) = 6,

at the point x = 0, and a strict local minimum, equal to f (\/'1—2) = (), at the point
x = ,/12. The only point in [0, o) which can be an inflection point of f is the

f(x) = o7 x4 —x2 + 6

Figure 12.
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nonnegative solution of the equation

1
f'x)=5x*=2=0,

namely the point x = 2. This point is actually an inflection point, by Proposition (4),
since f“(x) < 0in [0,2) and f"(x) > 0 in (2, ). At the same time, we note that fis
concave downward in the interval [0, 2) and concave upward in the interval (2, o).
Moreover f"/(x) = x, and hence f(2) = 2 # 0. Therefore the fact that x = 2 is
an inflection point of f also follows from Proposition (5).

The function f has no asymptotes (Sec. 2.93), since it does not become infinite
at any finite points and does not approach a finite limit as x — +o0. In fact,
f(x) = oo as x = Fo00. To draw an accurate graph of f, we need a few more values
of f besides f(0) = 6 and f(\/1_2) = 0. The following three will suffice:

121 , 8 2 169
SO =5r xS fQ=3 [f@=35 [O=F~T
Plotting the corresponding points and connecting them by a “smooth curve,” we get
the graph shown in Figure 12, after using the symmetry of the graph in the y-axis.

c. It is apparent from the previous example that we can form no clear idea of
the behavior of a function without first locating all its extrema and inflection points,
as well as examining it for possible asymptotes and testing it for parity (evenness or
oddness). Figure 13 shows what can go wrong if we try to graph a function without
doing this first. The solid curve is the “true graph” and the dashed curve is the
quite misleading result of connecting five points of the graph by a “smooth curve.”

y

Figure 13.

PROBLEMS

1. “The function f is concave upward at p if it has a strict local minimum at p
and concave downward at p if it has a strict local maximum at p.” True or

false?
2. What does the condition f"(p) = 0 by itself tell us about concavity at p or the

presence of an inflection point at p?

3. Must a function have a local extremum between two consecutive inflection
points?

4. Find the inflection points and investigate the concavity of the function y =
2x* — 3x% + 2x + 2.
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5. Do the same for the function

x3

Y= 3

6. For what value of ¢ does the function y = x* + ¢x? + 1 have an inflection
point at x = 1?

7. A point P = (p, f(p)) is said to be an inflection point of the curve y = f(x) if p
is an inflection point of the function f. For what values of a and b is the point
(1, 3) an inflection point of the curve y = ax® + bx??

8. Graph the function y = (x + 1)(x — 1)? after first investigating extrema, con-
cavity, inflection points, asymptotes, etc.

*9, Do the same for the function

x+ 1
y = 11 (1)

*10. Show that the three inflection points of the function (1) are collinear, that is,
lie on the same straight line.

*11. Show that if f” exists and is increasing in some neighborhood of p, then f is
concave upward at p, while if f” exists and is decreasing in some neighborhood
of p, then f is concave downward at p.

*12. Show that if f’ exists in some neighborhood of p and has a strict local ex-
tremum at p, then p is an inflection point of f.

*13. Suppose f and its first and second derivatives f' and f” are continuous in an
interval I. Justify the following statement: f vanishes at a point p if the sign
of f changes in passing through p, f has a local extremum at p if the sign of
S’ changes in passing through p, f has an inflection point at p if the sign of f”,
and hence the concavity of f, changes in passing through p.

3.8 OPTIMIZATION PROBLEMS

A host of practical problems involve the determination of largest size, least cost,
shortest time, greatest revenue, and so on. Problems of this type ask for the “best
value” of some variable, and hence are called optimization problems. Many of them
can be solved with the help of the powerful tools developed in the last few sections.
There is no universal rule that works in all cases, and as in all “word problems,”
there is no substitute for using a little common sense early in the game before trying
to turn some computational crank. The following examples will give you a good
idea of how to go about solving optimization problems.

3.81. Example. A square box with no top is made by cutting little squares out
of the four corners of a square sheet of metal ¢ inches on a side, and then folding
up the resulting flaps, as shown in Figure 14. What size squares should be cut out
to make the box of largest volume?

SoLuTION. Let x be the side length of each little square. Then the volume
of the box in cubic inches is just

V = V(x) = x(¢c — 2x)2 (1)
Moreover,

s}

0<x<<, 2)

()
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c—2x
| N |

Figure 14.

since it is impossible to cut away either overlapping squares or squares of negative
side length. Our problem is thus to determine the value of x at which the function (1)
takes its global maximum in the interval (2). Since ¥ is differentiable for all x, the
only critical points of V, and hence, by Sec. 3.63c, the only points at which V can
have a local extremum in the whole interval (— oo, 00) are the solutions of the equation

dv
= c? — 8cx + 12x% = (¢ — 6x)(c — 2x) = 0,

namely x = ¢/6 and x = ¢/2. Moreover, since V is positive in the open interval

0< <C
*=3

and vanishes at the end points x = 0 and x = ¢/2, the global maximum of V in the
closed interval (2), guaranteed by Theorem 3.32c and by the “physical meaning”
of the problem, must be at an interior point of (2), and hence must be a local maxi-
mum of ¥. But x = ¢/6 is the only interior point of (2) at which V can have a local
extremum, and therefore it is apparent without any further tests that V takes its
maximum in (2) at the point x = ¢/6. This can be confirmed by noting that

d*v

e = (=8¢ + 24x)|,=s = —4c <0,

x=cf[6

and then applying the second derivative test (Theorem 3.65a).
Thus, finally, the largest box is obtained by cutting squares of side length ¢/6
out of the corners of the original sheet of metal. The volume of the resulting box

equals
cf2c\ 2,
V|x=v/6—3<?) =3¢

3.82. Example. An island lies ! miles offshore from a straight beach. Down
the beach h miles from the point nearest the island, there is a group of vacationers
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who plan to get to the island by using a beach buggy going « mi/hr, trailing a motor-
boat which can do B mi/hr. At what point of the beach should the vacationers
transfer from the buggy to the boat in order to get to the island in the shortest time?

SoLuTioN. The geometry of the problem is shown in Figure 15, where the
vacationers start at A, the island is at C, and x is the distance between the point P
at which they launch the boat and the point B of the beach nearest the island. The
time it takes to get to the island is given by the formula

ror - TPl
=§m—n+%Jﬁ+V 0 < x<h 3)

(the time taken equals the distance travelied divided by the speed), where the boat
leaves from the starting point 4 if x = h and from the point B nearest the island
if x = 0. Differentiating (3) with respect to x, we get

ar _1 <ﬂx_ k)
dx  P\JX* + 2 ’
where k = B/a. If k = 1, that is, if 8 > «, then dT/dx is negative for all x € (0, h),
and hence T is decreasing in [0, h], by Sec. 3.54. In this case, T takes its global mini-
mum in [0, 4] at x = h, so that the vacationers should forget about the buggy and
go straight to the island by boat.
The same is true if k < 1, provided that

ki
SN
In fact, if k < 1, the equation

_x*
NESE
has the unique solution x = xg, where x, lies outside the interval (0, h) if (4) holds.
Therefore dT/dx is again negative at every point of (0, 4), since dT/dx cannot change
sign in (0, h) and dT/dx is clearly negative for small enough x. But then T is again

decreasing in [0, h]. Thus, in this case too, the vacationers should go straight to the
island by boat.

—k=0

Figure 15.
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However, if
= ki
TRk

then x, lies in the interval (0, k). Moreover, in this case, dT/dx is negative at every
point of (0, x,) and positive at every point of (x,, ). Therefore T must have a local
minimum at x,, by the first derivative test (Theorem 3.64a). But then T takes its
global minimum in [0, h] at xo (why?). This means that the vacationers should now
stop the buggy and launch the boat at the point with coordinate x,, as measured
from B.

< h,

3.83. Example. A monopolistic firm has a total revenue function
RQ) = —A40Q* + BQ
(Sec. 3.2, Prob. 7) and a total cost function
C(Q) =aQ®>+ b0 + ¢

(Sec. 3.22a), where the coefficients A, B, a, b, c are all positive constants and B > b.
The government wishes to levy an excise tax on the commodity produced by the
firm. What tax rate should the government impose on the firm’s output to maximize
the tax revenue T = rQ, knowing that the firm will add the tax to its costs and
adjust its output to maximize the profit after taxes?

SorLutioN. The cost and profit after taxes are

Cr( @ =C@Q) +rQ=0aQ®+(b+nQ+c
and
Q) = RQ) - Cr(Q) = ~(A+a)Q* +(B-b-1Q —c %)
(Sec. 3.2, Prob. 10). Differentiating (5) with respect to Q, with r regarded as a constant,

and setting the result equal to zero, we get the equation

Q) _ _ b=
Jg = A4+ a0+ (B-b-n=0

whose only solution is

B—-b-—r

Qo = JAta) (6)
Since
a1
_ﬁZ(Q)= "‘2(A+a)<0,

it follows from the second derivative test that the output level (6) actually maximizes
the firm’s profit after taxes, at the tax rate r.
Knowing that the firm will maximize its profit after taxes, the government
chooses its tax rate r to maximize the revenue
_B=b—=ryr

T =rQy = W’ M

calculated at the output level (6). To maximize T as a function of the tax rate r,
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which is now regarded as variable, we differentiate (7) with respect to r, obtaining

E_B—b—Zr
dr = 24+a)

The optimum tax rate r, is the solution of the equation dT/dr = 0, namely

_B-b

To=—5-

By the second derivative test, r, actually maximizes the government’s revenue, since

[l
.

10.

11.

12.

arT . 1 0
ar* A+a <
PROBLEMS

Among all rectangles of a given area A, find the one with the smallest perimeter.
Find the right triangle of largest area, given that the sum of one leg of the
triangle and the hypotenuse is a constant c.

What is the largest volume of a right circular cone of slant height 1?

What is the largest volume of a right circular cylinder inscribed in a sphere of
radius R?

Given two points A = (0,3) and B = (4, 5), find the point P on the x-axis for
which the distance |4P| + |PB| is the smallest.

Find the least amount of sheet metal needed to make a cylindrical cup of a
given volume V.

In Example 3.82, should the vacationers ever take the buggy all the way to the
point B nearest the island?

The results of n measurements of an unknown quantity x are x,, x;, ..., X,.
What value of x minimizes the expression (x — x,)? + (x — x,)% + ==+ 4+ (x — x,)*?
Two ships, originally at distances a and b from a point P, sail toward P with
speeds o and B along straight line routes making an angle of 90° with each
other. At what time ¢ is the distance between the two ships the smallest? What
is the distance d of closest approach?

Given a point P = (g, b) in the first quadrant, find the line through P which cuts
off the triangle of least area from the quadrant.

Let R(Q) be the total revenue received by a monopolistic firm from the sale of
a quantity Q of some commodity, and let C(Q) be the firm’s total cost function.
The firm wants to adjust its output to maximize its profit

(Q) = R(Q) — C(Q). ®

Show that the profit function (8) is maximized at any output level such that

(a) Marginal revenue (MR) equals marginal cost (MC),

(b) Marginal revenue is increasing more slowly than marginal cost.
Suppose a monopolistic firm has a total revenue function R(Q) = 1200Q — 10Q2
and a total cost function C(Q) = Q° — 60Q? + 1500Q + 1000. What output
level maximizes the firm’s profit?
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*13.

*14.
*15.

*16.

*17.
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“Normal cost conditions” are characterized by three properties:

(a) There are certain fixed costs (the overhead);

(b) Total cost increases with output;

(c) Marginal cost is always positive; as the output increases, the
marginal cost first decreases and then increases.

Suppose a firm has a cubic total cost function
C(Q) = aQ® + bQ? + cQ + d.
Show that
a>0 b<0 ¢c>0 d>0 5b?*<3ac

under normal cost conditions.

For which chord BC parallel to the tangent to a circle at a point A is the area
of the triangle ABC largest?

What is the largest surface area (including the top and bottom) of a rlght
circular cylinder inscribed in a sphere of radius R?

Given a point P inside an acute angle, let L be the line segment through P
cutting off the triangle of least area from the angle. Show that P bisects the
part of L inside the angle. Show that this property also characterizes the point
P in Problem 10.

According to Fermat’s principle, the path taken by a ray of light which leaves
a point 4 and passes through a point B after being reflected by a plane mirror
is such as to minimize the time taken to traverse the whole path from A4 to the
mirror to B. According to the law of reflection, the angle of incidence (between
the incident ray and the perpendicular to the mirror) equals the angle of reflec-
tion (between the reflected ray and the perpendicular to the mirror). Deduce
the law of reflection from Fermat’s principle.



Chapter 4

INTEGRAL
CALCULUS

4.1 THE DEFINITE INTEGRAL

The study of calculus is closely associated with the study of limits of various
kinds. So far we have encountered the limit of a function at a point, the limit of
a sequence, and the sum of an infinite series, as well as one-sided limits, infinite
limits, limits at infinity, and asymptotes. We now consider still another kind of limit,
leading to the concept of the definite integral. This kind of limit comes up time and
again in problems involving the “summation of a very large number of individually
small terms.” The prototype of all such problems is the problem of finding the “area
under a curve.”

4.11. The area under a curve

a. Let
y=fx) (@a<x<b

be a function which is continuous and nonnegative in a closed interval [ga, b]. Then,
by the area under the curve y = f(x), from x = a to x = b, we mean the area A of
the plane region bounded by the curve y = f(x), the x-axis, and the lines x = a and
x = b. This can also be described as the area between the curve y = f(x) and the
x-axis, from x = atox = b.

We can think of the region as a kind of trapezoid with three straight sides and
one curved side, unless f(a) = 0 or f{b) = 0, in which case one or both of the vertical
sides may shrink to a point. Such regions are not considered in elementary geometry.
Thus, in the process of calculating 4, we must decide what is meant by A in the first
place!

b. With this in mind, we divide the interval [a, b] into a large number n of small
subintervals [x;_,, x;], by introducing points of subdivision x,, x,, ..., x,_; such
that

=X <Xy <Xy <" <Xpoq <X,=Db,
where, in the interest of a uniform notation, the end points a and b of the original

interval [a, b] are assigned alternative symbols x, and x,, as if they were points of
subdivision too. Let

Axi=xi—x,-_1 (i=1,2,...,n)

be the length of the ith subinterval, and let 4 be the maximum length of all the sub-
intervals, that is, the largest of the numbers Ax,, Ax,, ..., Ax,. We denote this by

137
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y

Of a=xg & x5 & X, Xn_q En Xa =b X
Figure 1.
writing
A= max {X; — Xo, X3 = Xy,...,%, — Xp—y} = max {Ax;,Ax,, ..., Ax,}
(see Prob. 1). The lines x = xg, x = X;, X = X3,..., X = X,_y, X = X, divide the

region into n narrow strips, as shown in Figure 1. Being continuous, f(x) does not
change “much” in the interval { x; _ ,, x;], and hence it seems like a good approximation
to regard f(x) as having the constant value f(&,) in {x;_ ,, x;], where &, is an arbitrary
point of [x;_, x;]. This is equivalent to replacing the strips, with curved tops, by the
shaded rectangles shown in the figure. The sum of the areas of these rectangles is
given by :

S EN — xi) = 3 S(E) Bxi, M)
i=1 i=1

where we use the summation notation introduced in Sec. 2.96a. It seems reasonable
to regard (1) as a good approximation to the area A of the region, where the ap-
proximation gets “better and better” as the bases of the rectangles all get “smaller
and smaller,” that is, as the number /A, the largest of these bases, gets “smaller and
smaller.” This suggests that we define A as the limit

A = lim Z FE)x; = x;-4) = lim Z &) Ax;, ()
A=0 =1 A=0i=1
and this is exactly what we will do.
4.12. a. These considerations lead naturally to the following definition: Given

a function f(x) defined in a closed interval [a, b}, let x;, x,, ..., x,—; be points of
subdivision of [a, b] such that

A=Xe< X <Xy <'""<Xpoy<X,=Db,

and let £, be an arbitrary point of the subinterval [x,—,, x;], of length Ax; = x; — x;_;.
Suppose the sum

o= fE)x ~ xi-y) = 2"31 £(&) bx, @)

i=1
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approaches a finite limit as
A= max {X; ~ Xo, X3 — Xy,..., X, = Xp-q1} = max {Ax, Ax,, ..., Ax,}

approaches zero. Then the limit is called the definite integral of f(x) from a to b,
denoted by

[ 160y, @

and the function f(x) is said to be integrable in [a, b], or over [a, b].

It should be noted that here we do not require the function f(x) to be continuous
in [a, b], and in fact, the integral (4) exists even in cases where f(x) is discontinuous.
This matter will be discussed further in Sec. 4.14.

b. The quantities o and A depend, of course, on the choice of the points of
subdivision

Xy XgseeesXno1e %)

To emphasize this, we can write ¢ = ¢(X) and A = A(X), where X is the set of points
(5). Loosely speaking, X is a “partition” of the interval [, b], and the quantity
A = A(X) is a measure of the “fineness” of the partition. What does it mean to say
that ¢ approaches the limit (4) as A — 0? Just this: The quantity

ox) - [ 16 dx

is “arbitrarily near” zero for all X such that A(X) is “sufficiently small,” regardless of
the choice of the points

éie[Xi_l,xi] (i = 1,2,...,11).

Or in “g, 6 language,” which is particularly appropriate here, given any ¢ > 0, we
can find a number 6 > 0 such that

‘a(X) - f ® (%) dxl <e

whenever 0 < A(X) < 6.

¢. This is a different kind of limit than those considered so far, but it is handled
in the same way. For example, let ¢ be the sum (3) and let ¢ be an arbitrary constant.
Then

n

ca =3 of(&)dx,

i=1
by elementary algebra, and

lim co = ¢ lim g,
A=0 A0

by the usual rule for the limit of a product, provided that the limit on the right exists.
Therefore

L P of () dx = ¢ f ® [(x) dx, ©6)

provided that f(x) is integrable in [a, b].
Similarly, let

M=

T =

i

gl&)x; — xi—y) = i g(&:) Ax;,,
1 i=1
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where g(x) is another function defined in [, b]. Then

o= 3 [0 + )] Ax,

by elementary algebra, and

lim (6 + 1) = lim ¢ + lim 7,

A0 A0 A=+0
by the usual rule for the limit of a sum, provided that both limits on the right exist.
Therefore

JI0r6 + g ax = [P s dx + {7 g(x) d, (7)

provided that both functions f(x) and g(x) are integrable in [q, b].
By repeated application of (6) and (7), we arrive at the more general formula

[ Tenfit) + cafsl) + -+ + cafi)] dx
=af fmdx + e [ dx + v [0y, @)

where fi(x), fo(x),..., f(x) are functions which are all integrable in [a,b], and
¢y, Ca, . - -, C, are arbitrary constants. For example,

f: [ei filx) + c2.f5(%) + ¢35 f3(x)] dx = Lb [ey fi(x) + ¢ f5(x)] dx + Lb ¢3 f3(x) dx
= Lb c filx)dx + Lb ¢ fox)dx + Lb 3 f3(x) dx
=c, [ imdx+c, [7 famydx +c; [ falx)dx,

and similarly for more than three terms. Formula (8) is, of course, the exact analogue
for definite integrals of formula (7), p. 119, for indefinite integrals.

d. Note the distinction between the definite integral (4), which is a number,
and the indefinite integral

[ 1 dx,

which is a function. A definite integral always has two numbers attached to the
integral sign, like the numbers a and b in (4), called the lower limit of integration and
the upper limit of integration, respectively, where in these expressions, the word “limit”
is used in the loose, colloquial sense, meaning “boundary” or “extent,” and not in the
precise technical sense in which it is used elsewhere in this book. The numbers a
and b are, of course, the end points of the interval [a, b], called the interval of integra-
tion. Otherwise, the terminology is the same for both definite and indefinite integrals.
Thus the function f(x) in (4) is again called the integrand, as in Sec. 3.53a, the opera-
tion leading from f(x) to the number (4) is called (definite) integration, with respect
to x, and the argument x is called the variable of integration. Since definite integra-
tion is an operation producing a number from a given function f(x), the symbol x
is a “dummy variable,” in the sense that it can be replaced by any other symbol
without changing the meaning of (4). For example,

Lbf(x) dx = Lbf(t) dt = Lbf(w) do.

The situation is exactly the same as for a dummy index of summation (Sec. 2.96a).



Sec. 4.1 The Definite Integral 141

Things are different for indefinite integration, since our convention is to give the
indefinite integral, which is an antiderivative, the same argument as the integrand.
Thus

fmu=1ﬂ+c, f:m:%ﬁ+c

2
fxdx;é ftdt.

a. Comparing Secs. 4.11b and 4.12a, we find that the area under the curve
y = f(x) from a to b is given by the formula

A=ﬂﬂmh. ©)

More generally, let f(x) and g(x) be two functions defined and continuous in the same
interval [a, b], and suppose f(x) > g(x) for every x € [a, b], as shown in Figure 2.
Then how do we define the area A of the plane region DCEF bounded by the lines
X = a, x = b and the curves y = f(x), y = g(x)? Clearly, if the precise definition
of area is to be compatible with the everyday meaning of area, we must insist that
area be “additive” in the following sense: The area of a figure ® made up of two
other figures ®, and ®,, which have no points in common except possibly parts of
their boundaries, must equal the sum of the separate areas of ®, and ®,. As applied
to Figure 2, this means that

(Area of abCD) + (Area of DCEF) = Area of abEF,

and in this sense

4,13. Examples

and therefore
A = Area of DCEF = (Area of abEF) — (Area of abCD).
Since

Area of abEF = fa i f(x) dx, Area of abCD = Lb g(x) dx,

y
y = f(x) E
F
D: .
: y = g{x) I
|
|
|
i
! H
0 a b > X

Figure 2.
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it follows that

A= Lb f(x)dx — f: g(x)dx = Lb [f(x) = g(x)] dx. (10)

Note that if g(x) = 0, then the “lower curve” is just the x-axis, and (10) reduces to
formula (9) for the area under the curve y = f(x).
b. Evaluate
J;b dx.

SoLuTION. Here we are integrating the constant function f(x) = 1. Thus

[ax=["1-dx = tim % f@x - x-0) = lm 3 (6 — xi-),
é A-0 =1

A=0 i=1
since f(&;) = 1 for each ¢,. But
Y (6= Xim 1) =(x1 — Xo) + (X3 — Xg) + (X3 — X3) + " + (o g — Xpo2) + (g = Xy 1)
i=1
= =Xo+(xg = X) + (x2 = X))+ + (Xpoy — Xy 1) + Xy,

where all the terms in the sum on the right vanish except the first and the last, leaving
n
Z(xi"xi—l)=xn"xo=b—a~
i=1

Therefore

[Pax = tim ¥ (6 x-y) = lim (b - a),
a A=0

A0 =1

so that, finally,
[Pax=b-a (11)

J;bxdx.

SoLutioN. Here the integrand is f(x) = x. Therefore

¢. Evaluate

[P xdx = tim 3 fE)x — xim) = lim ¥ &Gy — xi-p)
é A0 i=1 A0 [=1
Suppose we choose &; to be the midpoint of the interval [x;_ , x;], so that
= l(x + X;-1)
éi - 2 i i—1
(Sec. 1.5, Prob. 9). Then

Lbde = lim‘l‘ > e+ X )0 — xi-y)
1

220 2 (=
=llimi(x-2——x-2 )=—1-lim(x2—x2)=llim(b2-az)
200 =4 EUT 20" o772 50 ’
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since the sum again “telescopes,” reducing to simply x2 — x2. Thus, finally,
1
L *xdx = 56 — @) (12)

In Sec. 4.24 we will establish a general technique for evaluating definite integrals,
which will allow us to completely bypass “brute force calculations” like those just
made in deriving formulas (11) and (12).

4.14. We now come to a crucial question: Which functions defined in a closed
interval [a, b] are integrable in [a,b]? In other words, if we take a function f(x)
defined in [4, b] and form the sum (3), when does the sum approach a finite limit as
A —0? The answer is well beyond the scope of this book, and cannot even be ex-
pressed in the language of elementary calculus. However, the fact that we can’t
describe the largest set of integrable functions shouldn’t bother us very much, since
the following key proposition presents us with a huge set of integrable functions:
If f(x) is continuous in [a, b], then f(x) is integrable in [a, b]. The proof of this propo-
sition is not particularly difficult, but it does require a deeper study of continuous
functions than it would be profitable to pursue here.

The importance of continuity in calculus again stands revealed. Recall some of
the other nice properties of continuous functions, presented in Sec. 3.3. It should
be noted that there are integrable functions which are not continuous. An example
of such a function is given in Problem 10. With a little ingenuity, we can also con-
struct a function which fails to be integrable (see Prob. 11).

PROBLEMS

1. Given a set A, all of whose elements are numbers, suppose A contains a largest
element, that is, an element M such that x < M for all x € 4. Then M is called
the maximum of A, déenoted by max A. Find max A4 if
(@ 4=1{0,1,2%4G2%; b A={x:x*~2*+x=0};

() A={x:0<x<1}.

2. Let f be continuous in [a, b]. What is the number max {f(x):a < x < b}?

3. AsinSec. 4.12a, let 1 = max {Ax,,Ax,,...,Ax,}. Doesn — oo imply A — 0?
Does A - 0imply n - o0?

4. What is the smallest value of A = max {Ax,, Ax,, ..., Ax,} for all choices of the
points of subdivision x,, x,,..., x,_;? Does A have a largest value?

5. Show that formula (9) leads to the correct expressions for the area of a rectangle
and for the area of a right triangle.

6. Test formula (10) by using it to calculate the area of the trapezoid bounded by
thelinesx =2, x=4,y=1and y = x.

7. Can negative area be defined in a meaningful way?

8. How can we tell at once that the function f(x) = 1/x is integrable in every
closed interval that does not contain the point x = 0?

*9. Findmax 4if A = {q,a% a% ...} and 0 < a < 1. What happens ifa > 1? If
a is negative?
*10. The function

1 if x=0,
f(")‘{o if x#0,

is discontinuous at x = 0. Verify that f(x) is integrable in [—1,1].
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*11. Let

1 if xis rational,
—1 if xis irrational.

f) ={

Show that
(a) f(x) is discontinuous at every point c;
(b) f(x) fails to be integrable in every interval [a, b].

4.2 PROPERTIES OF DEFINITE INTEGRALS

4.21. First we consider what happens when the interval of integration is “split

»

up.
a. THEOREM. If f is continuous in [a,b] and if c is an interior point of [a, b),
then

Lbf(x)dx=J::f(x)dx+J;bf(x)dx @<c<b) 1)

Proof. As before, we divide the interval [a, b] into a large number of small
subintervals, by introducing points of subdivision, but this time we insist that one
of the points of subdivision be the fixed point ¢. In other words, we now choose
points of subdivision x; (i = 1,...,n — 1) such that

A= Xg <Xy < K Xppooy KX =C < Xy <" < Xy <X, =b,
where the subscript m depends, of course, on the number of points x; which are less
than c. Every such “partition” of [a, b] automatically gives rise to a partition of the
interval [a, c], made up of the points x, ..., X,., and a partition of the interval
[¢, b], made up of the points x,,, q, ..., X,_;. Correspondingly, the sum

0 = 3 S b,

used to define the integral of f from a to b, can be written as
=0 + 0,
in terms of the sums
m n
o = Z f&) Ax;, o' = z f&) Ax;,
i=1 i=m+1

needed to define the integral of f from a to ¢ and the integral of f from ¢ to b. (Here
Ax; and &; have the same meaning as in Sec. 4.12a.)
Now let

A = max {Ax,, ..., Ax,},
A = max {Ax,, ..., Ax,},
A= max {AXp4q,. .., AX,).

Then clearly 2 — 0 implies '’ — 0 and 1" — 0, so that

{? f9dx = lim o = Iim (¢’ + o) = lim ¢’ + lim o"
a 20 2-0 A0 i-0

lim o' + lim 0" = [*f()dx + [ () dx,
A0 @ ¢

A'—0
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where the existence of all three integrals follows from the assumption that f is con-
tinuous in [, b], and hence in [a, c] and [c, b] as well. O
b. So far, in writing the integral

[ 169 ax,

it has been assumed that a < b. We now allow the case a > b, setting
b a
2 s ax = = [ feaax, @
by definition. Suppose b = ain(2). Then

[Zr09ax = =7 sy a,

which implies
L “ f(x)dx = 0. 3)

The merit of the definition (2) is shown by the following extension of the pre-
ceding result:
¢. THEOREM. Iffis continuous in an interval containing the points a, b and c, then

P feoax = [7roax + f "f()dx  (a,b,c arbitrary). @)

Proof. Formula (4) is an immediate consequence of (2) and (3) if two or three
of the points g, b and ¢ coincide. Moreover, (4) reduces to (1) if a < ¢ < b. The
other cases can be dealt with by using (2) together with (1). For example, ifc < b < a,
then, by (1),

[ reax = [0y ax + [} fix) dx,
and hence, by (2),

~ [ rax = [7 oy ax — [ fxy ax,

which implies
fabf(x) dx = Lc f(x)dx + J;bf(x) dx.

The remaining casesa < b< ¢,b <a <c¢, b < ¢ <aand ¢ < a < b are treated
similarly (give the details). [

4.22. The mean value theorem for integrals

The mean value theorem of Sec. 3.43a expresses the difference between the
values of a differentiable function at two points g and b in terms of the derivative
of the function at some point of [, b], in fact, at an interior point of [a, b]. There is
a similar proposition expressing the definite integral from a to b of a continuous
function in terms of the value of the function at some point of [4, b]:

a. THEOREM (Mean value theorem for integrals). If f is continuous in[a, b], then
there is a point c € [a, b] such that

J. 1) dx = fiexo - a). )
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Proof. Asin Sec. 3.32, let M be the maximum and m the minimum of f in [a,b],
taken at points p and g, respectively, and let

g = Z J(&) Ax;
i=1
be the sum involved in the definition of the integral in (5). Clearly

m Ax,- < f(é,) Axi s M Axi,

and therefore

Z":mAxi<a<iMAx
i=1 i=1
or
mb —a) <o < Mb - a), ©)

since
Z Ax; = (% = Xo) + (xz = X))+ + (X = Xoy) = X, — X = b — a.

Taking the limit of (6) as 1 — 0, we get
mb — @) < [7 fx) dx < M(b — a), %)
with the help of Problem 13, or equivalently

1 b
m gmfa fx)dx < M

Thus the quantity
1 b
b= fix) dx ®)

is a number belonging to the interval [m, M]. It follows from the intermediate value
theorem (Sec. 3.33b) that there is a point c, either equaltopor qifh = Morh = m,
or lying between p and g if m < h < M, but in any event certainly in the interval
[a, b], such that

fle)=h ]

Comparing (8) and (9), we immediately obtain (5). [
Note that formula (5) remains true for b < a, provided that f is continuous in
[b, a}. In fact, we then have

[P rmax = - [ 5 dx = —f(e)a - b) = fie)b ~ a).

b. The mean value theorem for integrals has a simple geometrical interpreta-
tion. Suppose f(x) = 0, as in Figure 3. Then, by Example 4.13a, the area of the
region abCD bounded by the curve y = f(x), the x-axis and the lines x = ¢ and
x = b is given by the mtegral

L ® f(x) dx.
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y = f{x)

Figure 3.

According to (5), there is a point ¢ € [, b] such that the rectangle with base b — a
and altitude h = f(c) has the same area as abCD. How this comes about is shown
in the figure, where the dark parts of abCD are “compensated” by the shaded parts
of the rectangie abEF. The number h, equal to

1 b
[ fax,
is called the mean value or average of the function f(x) over the interval [a, b].

4.23. According to Sec. 4.14, every continuous function has a definite integral.
We now use the mean value theorem for integrals to prove that every continuous
function has an antiderivative and hence an indefinite integral.

a. THEOREM. Let f be continuous in an interval I, and let

o) = [ fat (10

where x, is a fixed point of I and x is a variable point of I. Then ® is an antiderivative

offinl.
Proof. There is a slight technicality here, namely, if I has end points a and b,
then ®'(a) is defined by the right-hand limit

@) = lim P(a + Ax) — O(a)

Ax—0+ Ax

if a € I, while ®'(b) is defined by the left-hand limit
() = lim Db + Ax) — O(b)

Ax—0— Ax

if b e I. This is simply because x must belong to I, and hence can approach a only
from the right and b only from the left.

To get on with the proof, we first note that the existence of the integral (10)
follows from the continuity of f, by Sec. 4.14. Suppose x and x + Ax both belong
to I. Then

O(x + Ax) = f"*“"f(:) dr = [7 foyde + [T sy,

X0
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by Theorem 4.21c, and hence
O(x + Ax) - O(x) = [ f0) a (1)
Applying the mean value theorem for integrals to the right side of (11), which is
independent of the fixed point x,, we get
O(x + Ax) — D(x) = flo)(x + Ax — x) = f(c) Ax, (12)

where x < ¢ < x + Ax or x + Ax < ¢ < x, depending on whether Ax is positive
or negative. But then ¢ — x as Ax — 0, and therefore f(c) - f(x) as Ax — 0, by the
continuity of f. It follows that

() = tim 2EEON 2Oy SO

Ax—0 Ax Ax—=0

= lim f(¢) = f(x),
Ax—>0

that is, @ is an antiderivative of f in 1. [
b. The content of this key theorem can be written concisely as

2 1w = 1o

Notice how the presence of the letter x in the upper limit of integration forces us to
use another letter for the variable of integration. Here we use ¢, but any letter other
than x would do just as well. The theorem has a simple geometrical interpretation:
Suppose I = [a, b] and f{t) = 0, as in Figure 4, and let x, = a. Then ®(x) is the
shaded area under the curve y = f(¢) fromt = atot = x, which varies from

J;af(t) dt =0
to

[} roa

as x varies from a to b, and the rate of change of this area with respect to x at a given
point of [a, b] equals the “height” of the curve at the given point.
¢. CorROLLARY. If f is continuous in an interval I, then F has an indefinite

integral in 1.
Proof. Since the function (10) is an antiderivative of f in I, we have

[ e dx = 7 rae + c,
where C is an arbitrary constant, [

y

EP{)

Figure 4.
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4.24. The fundamental theorem of calculus

The following key theorem reveals the connection between differential and inte-
gral calculus. At the same time, it gives us a powerful tool for evaluating definite
integrals.

a. TaeoreM (Fundamental theorem of calculus). If f is continuous in [a, b] and
" if F is any antiderivative of f in [a, b], then

[? fo dx = Fb) - Fa) (13)
Proof. By the preceding theorem, the function
®(x) = f * £0) dt

is an antiderivative of f in [a,b]. Let F be any other antiderivative of f in [a, b].
Then, by Theorem 3.52b,

®d(x) = F(x) + C,

where C is a constant. To determine C, we note that

Fla) + C = ®(a) = [ fi5ydt = 0,
which implies

C = —Fl(a).

Therefore

d(x) = F(x) + C = F(x) — F(a).
Changing the dummy variable of integration from ¢ to x, we then get

L > fx)dx = ©(b) = F(b) — Fla). O

Note that formula (13) remains true for b < q, provided that f is continuous
in [b, a]. In fact, we then have

[} reax = = [} 109 dx = ~[F@) ~ F®)] = F) — Fa

b. A little extra notation comes in handy here. Given any function ¢(x) de-

fined for x = a and x = b, let
b
o(x)|" or [rp(x)]

denote the difference ¢(b) — @(a). With this notation, we can write (13) compactly as

[2 fxyax = Fo)|" (14)

b

a

Moreover, since

b b b
F(x) | = I:F(x) + c} = [ f 1) dx:| ,

we can also write (14) as

L ® f(x) dx = [ f 1) dx]

b
a
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This formula shows the connection between the definite and indefinite integrals of
f(x) very explicitly.

4.25. Examples

a. Evaluate

J;b x" dx.
SoLutioN. It follows from (14) and formula (5), p. 119, that
b, xr+l b br+1 _ar+1
J;Xd)c—r+lan r+1 (13)

if r # —1. Choosing r = 0 and r = 1 in (15), we immediately get the results of

Examples 4.13b and 4.13c. The interval [a, b] (or [b, a] if b < a) must not contain

the point x = 0 if r is negative, since otherwise x” will fail to be continuous in [a, b].
b. Suppose

MC(Q) = 30% — 100Q + 1200

is the marginal cost of producing a commodity at output level Q. Find the total cost
function C(Q) if the overhead is 1000 money units. Express the cost (exclusive of
overhead) of producing the second 10 units of the commodity as an integral, and
evaluate it. Find the average cost (inclusive of overhead) of producing 20 units of
the commodity.

SoLuTION.  According to Sec. 3.22a,

Mc() = 49,

dQ
Therefore
@ = | MC(Q) o = [ (30> — 1000 + 1200)dQ = Q° — 50Q* + 12000 + k,
where k is a constant of integration. But k = C(0) = 1000, and hence
C(Q) = 0% — 5002 + 1200Q + 1000.

The cost of producing the second 10 units is

120" MC(Q) dQ = C(Q) fz = C(20) — C(10) = 4000,

while the average cost of producing 20 units is

C(20) _ 13000 _

ACRO) = =5~ = =55

PROBLEMS

1. Verify that

f_ll x3dx = ffx x3dx + fol x® dx

by direct calculation.
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2.

Pl

Evaluate
(a) f: Jxdx;  (b) flﬂ x" 2 dx; (o) flz (xz + Lz) dx;

2
@ [P - xax
Verify that

n+1f1 o dx = 1 if niseven,
2 1 ~ 10 if nisodd.

Find the definite integral from 0 to 2 of the function

x3 if 0<x<1,
ﬂﬂ:{Z-xifl<x<2

Find the area 4 between the curves y = /x and y = x? (see Figure 5). Why is
the part of the curve y = x? lying in the first quadrant the reflection of the
curve y = +/x in the line y = x?

Find the area between the line x + y = 2 and the curve y = x>.

According to formula (5),

[/ e ax = 6fcc)

where c e [1,7]. Find cif f(x) = x.

Verify that the average of the function f(x) = x over the interval [a, b] is just
the midpoint of the interval.

Consider a particle with equation of motion s = s(t). We now have two defini-
tions of the average velocity of the particle over the interval [a, b], namely
_ s(b) — s(a)

av b—a

mal—————

[0)

Figure 5.
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10.

11.
12,
13.
14.

15.

16.

17.

*18.

*19,

*20.

*21.
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(Sec. 3.12a) and

1 b
Vyy = b——_af” U(t) dt

(Sec. 4.22b), wheré v = o(¢) is the particle’s instantaneous velocity. Show that
the two definitions are equivalent.
Is it true that

d x
L B

x 11
Why is the function ®(x) defined by (10) continuous in the interval I?
Show that if 0(2) > 0 and ¢(4) - 65 as 1 - 0, then g, > 0.

Show thatif 4 < ¢(4) < Band 6(4) = 0,as 1 — 0, then 4 < 0, < B.
Evaluate

@ e ® [ was © 4w

Show that if f is continuous in {a, b] and if A < f(x) < B for every x € [a, b],
then

A — o) < [ fx) dx < B(b ~ a).

Show that if f is continuous and nonnegative in [q, b], that is, nonnegative at
every point x € [a, b], then

[l rax>o.

Show that if f; and f, are continuous in {a, b] and if f(x) < f5(x) for every
x € [a,b], then

[ reaax < 7 a0 ax

Show that if f is continuous and nonnegative in {g, b], and if f is nonzero at
some point ¢ € [a, b], then

ﬁﬂna>a
Let f be continuous and nonnegative in [a, b], and suppose that

{2 fedax =o.
Show that f has the constant value 0 in [q, b].
Let f, and f, be the same as in Problem 17, and suppose that in addition f; # f,
in [a, b], that is, suppose that f;(c) # f5(c) for at least one point c € [a, b].
Show that

[ fax < [} i ax.

Verify that

1 J~2 dx <1
6 “b10rx"%
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#22. Show that if f is continuous in [a, b], then

U;b fx) dxl < f: | f(x)| dx.

%23, Show that we can always choose the point ¢ in formula (5) to be an interior
point of [a, b], that is, a point of (a, b).

4.3 THE LOGARITHM

4.31. One of the most important functions in mathematics is the natural
logarithm, or simply the logarithm, denoted by In x and defined for all positive x
by the formula

x dt

e (1)

Inx =

The expression on the right is just the definite integral from the fixed point t = 1 to
the variable point ¢ = x of the function 1/¢. In geometrical terms, if x > 1, then In x
is the area under the curve y = 1/tfromt = 1 tot = x, as in Figure 6A. If0 < x < 1,
then, since

X dt 1 dt

1

In x is the negative of the area under the curve y = 1/t fromt = x to ¢t = 1, as in
Figure 6B. ThusInx > 0ifx > 1, whileln x < 0if0 < x < 1. Moreover,

Inl=0, ¥

since

Figure 6.
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4.32. It follows from Theorem 4.23a that the function In x is differentiable in
the interval (0, oc), with derivative
d Inx = ! 3
dx T x 3)
In particular, this shows that In x is continuous in (0, 00), for the reason given in
Sec. 2.66. Moreover, the function In x is increasing in (0, o). In fact, suppose that
0 < x; <x; < oo0. Then '

1 _ xzdt__ X dt J‘xz dt_l X2 dt
nx, = t —t—— L —t-'+ xl‘t—— nx1+fxl7.

Applying the mean value theorem for integrals to the last integral on the right, we get

X3 — Xy
Inx, =Inx, + pa

where x; < ¢ < x,, so that

X, — X
2 s

Inx, —Inx, =
In other words, x; < x, implies In x; < In x,, so that In x is increasing, as claimed.

4.33. The next property of In x is so important that it deserves a theorem of

its own:
a. THEOREM. Let a and b be arbitrary positive numbers. Then

In(ab) = Ina + Inb. 4

Proof. Using the chain rule to differentiate the composite function In (ax), we
find that
d 1d a
Eln(ax) = E)—ca(ax) =
Therefore both functions In (ax) and In x have the same derivative 1/x. In other
words, In (ax) and In x are both antiderivatives of 1/x. It follows from Theorem 3.52b
that

Il
R =

In(ax) =Inx + C, 5
where C is a constant. To determine C, we set x = 1 in (5), obtaining
Ina=Iht+C=C,
with the help of (2). Therefore (5) becomes
In(ax) =Inx + Ina.

Setting x = b in this formula, we immediately get (4). O
b. In particular, (4) implies

In@)=mlma+lna=2lna,
In(@)=In@)+na=2lna+Ina=3Inag,
and, more generally,
In(@)=nlna, 6)
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where, as always,

a"'=a'aa
—_—

n factors

It also follows from (2) and (4) that
Ina + ln1 = ln<a-1) =Inl=0,
a a
so that

ln1 = —Ina @)
a

a 1 1
ln<b—>=1n<a~5)=lna+lng=lna—lnb.

Note that (6) holds for every integer, positive, negative or zero, if we make the usual
definitions

Therefore

=1 a"= i"
a
In fact,
_ 1
In(a™") = lny = —-In@)= —nlna,
by (6) and (7), while
Inag®=In1=0=0"Ing,

by (2).

¢. Choosing a = 2, say, in formula (6), we get
In@2") =nln2,

where In 2 > 0. Given any positive number M, no matter how large, let n be any
integer greater than M/In 2. Then

Inx>InR"Y=nrln2>M

whenever x > 2", since In x is increasing. This means that

limlnx =00 (8)
(Sec. 2.91b). Moreover,
lim Inx = ~o0, ©)
x=0+
since, by Sec. 2.91c,
lim Inx = lim ln1 = —limIlnt = — o0,
x—0+ t—> oo t—c0

where we use (7) and (8).
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According to (8) and (9), In x takes “arbitrarily large” values of both signs. Since
In x is continuous, it follows from the intermediate value theorem (Sec. 3.33b) that
In x takes every value. In other words, the range of the function In x is the whole
interval (— oo, c0).

4.34. Let e be the number such that
ne = 1, (10)
or equivalently
e dt —1
1t

so that the area under the curve y = 1/t from ¢t = 1 to t = e is precisely 1. The
number e, called the base of the natural logarithms, is a constant of great importance
in calculus and its applications. It turns out that e is irrational and equals

e = 27182818284 . ..
As we will see in Sec. 4.51a,
e = lim (1 + 1), an
n—w n

that is, e is the limit of the sequence

O (e (22

4.35. Figure 7 shows the graph of the function y = In x. It is apparent from
the figure that In x is increasing in (0, c0), has the range (— 0, ), and satisfies
formulas(2)and (10). Notealso that In x is a one-to-one function, like every increasing
function (Sec. 2.3, Prob. 15), and has the y-axis as its only asymptote. Moreover,
In x is concave downward in the whole interval (0, oo), by Sec. 3.72, Proposition (2),

14

Figure 7.
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since
42 d 1 1

— = ———-—= —r e 0
dlenx dx x x2<

for every x € (0, 00).

4.36. The function log, x

a. We now introduce the function log, x, where x is any positive number and
a is positive but different from 1. This function, called the logarithm to the base a,
is defined by the formula

In x
1 =— 2
08, X = 1 — (12
and has properties very similar to those of the function In x, to which it reduces for
a = e. For example, it follows at once from (12) that

In1 Ina
loga1=m—0, logaa—l—n—(;:l,
| 1_ 1 lnl-— lnx_ 1
%L “hha x Ina 084 %,

In(xy) Inx+Iny
Ina  Ina

log, (xy) = log, x + log, y,

with the help of (2), (4) and (7). For a = 10, we get the common logarithm log,o x
of elementary mathematics, usually denoted by log x without the subscript 10.
b. If a and b are two positive numbers different from 1, then

log, x = E‘—f = l—glﬂ—{,
Ing Inalnbd
so that
log, x = log, b - log, x. (13)
Setting x = a in (13), we find that
1 = log, b log, a,

or equivalently

log, b = . (14)

In particular, choosing b = e in (14), we get
1 1

log, e (15)

T log,a Ina
¢. The derivative of the function log, x is easily calculated. In fact,

d dl_n_)g 1

EIOg"x=Z§1na=xlna

-—llo e
_x ga’

with the help of (15).
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PROBLEMS

Why can’t the integral defining In x be evaluated by using formula (15), p. 1507
Are the functions In (x2)-and 2 In x identical?

Find the domain of

(@ In(Jx -4+ .6 — x); (b) In(ln x); (¢} In(n(n x))).
Differentiate

@ In(x*-2x+5; (b)) xlnx; () (nx® () In (In x).
Differentiate

1+ x 1+ x* 1+ x
(@) lnl—x’ (b) lnl—xz’ ) In T

(d) In(x 4+ /1 + x?)).

According to the mean value theorem (Sec. 3.43a),

f@) - ) = fe),

where | < ¢ < 2. Find cif f(x) = In x.

Show that the tangent to the curve y = In x at the point e goes through the
origin.

What is the fourth derivative of the function y = x2 In x?

Verify that

flnxdx=xlnx—x+C.

Find the area of the region bounded by the x-axis, the line x = e and the curve
y=lnx

In which intervals is the function x* — In (x?) increasing? Decreasing?
Where does the function x — In x have its global minimum in (0, 0)? Does it
have a maximum in (0, c0)?

Find the inflection points and investigate the concavity of the function
In(1 + x?).

Find the domain of

(@) log,x;  (b) logyo (1 — logyo (x* — 5x + 16)).

Show that
lim log, x = oo, lim log,x = —
X 00 x—=0+

ifa > 1, while
lim log, x = — o0, lim log,x = «
x— x>0+

if0<a<l.
Verify that the function In (x + /1 + x?)is odd.
Use the mean value theorem to verify that

b—a b b-a
<h-<
b a

if0 <a<b
Show that

Ina

log,, a = —m.

dx
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4.4 THE EXPONENTIAL

4.41. a. The logarithm function
x dt
y = Inx = fl "E',

defined in the preceding section, has domain (0, co) and range (— o, c0). Moreover,
it is increasing, one-to-one and continuous in the whole interval (0, o), and hence
in every closed subinterval [a,b] < (0, ). Therefore, by the proposition cited in
Sec. 2.81c, the inverse function

x=In"1y (1)

is increasing and continuous in the interval [Ing,Inb]. But « = Ina - —oo as
a - 0+, while 8 = Inb — o as b - o, by Sec. 4.33c. Therefore the function (1) is
increasing and continuous in every closed subinterval [«, f] = (— o0, 00), and hence
in the whole interval (— oo, c0).

b. In studying the function (1), it is natural to preserve the custom of denoting
the independent variable by x and the dependent variable by y. Thus we now write

y=mh"1x,

instead of (1). This function, which is one of the most important in mathematics,
deserves a name and notation of its own. It is called the exponential to the base e,
or simply the exponential, and is denoted by

y = exp X.

Another, even more common notation for the exponential will be introduced in a
moment. The function exp x is defined and positive for all x. This follows from the
fact that the range of exp x is just the domain of In x, namely the interval (0,00).

¢. Being the inverse of the function In x, the exponential satisfies the formulas

exp (in x) = x, In (exp x) = x. (2)

To see this, we use the formulas (3), p. 43, changing y to x in the second formula,
and writing In for f and exp for f~!. It follows from the formulas

Inl1=0, -lne=1

that
exp0 =1 3)

and .
expl = e, )
where e is the number introduced in Sec. 4.34.
4.42. The following theorem expresses one of the key properties of the ex-

ponential: .
a, THEOREM. Let x and y be arbitrary real numbers. Then

exp (x + y) = (exp x)(exp ). %
Proof. Leta = expx,b =expy,sothatx =1Ina, y = Inb. Then
x+y=Ina+ Inb=In(ab),
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by Theorem 4.33a, and hence
exp(x + y) = ab = (exp x)(exp y). [J
b. In particular, (4) and (5) together imply
exp(2) =(expl)(expl) =e-e = &2,
exp(3) =(exp2)expl) =e-e-e = €3,
and, more generally,

exp(n)=e-e - -e=e" ©)

1 factors

Since exp x coincides for x = n with ¢”, the nth power of the number e, it is natural
to write

& = exp x, )]

even when x is a real number rather than a positive integer. Thus (7) is to be regarded
as the definition of the function ¢*, but one which is particularly appropriate, because
of (6). In terms of this notation, formulas (3) and (4) become

=1 e = ®)

while (5) takes the form
et = e, )
Choosing y = —x in (9), we get
ee™*
so that
1
eT* = p (10)
This is in keeping with the usual definition of negative powers for the case where
X is a positive integer.
4.43. a. Given any positive number M, no matter how large, we have
& >eM =M

whenever x > In M, since ¢” is increasing. It follows that

lim & = co. (11
X—= o0
Moreover,
. N . —x .1
lim & = lim e = lim =,
X~ x~0 x>0 €

with the help of (10). Therefore, by (11),
lim ¢ =0, (12)

X—+ -0

for the reason given in Sec. 2.91c.
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b. To differentiate the function e*, we use Theorem 2.81a, noting that all the
conditions of the theorem are satisfied (check this). Thus, writing y = &, x=hy,
we have

d,_dy_ L _ 1 1 _
&x® TaxT dx  dmy 1 =)
dy dy y
so that
d X s 4
Ee—e. (13)

As this formula shows, the function e* has the remarkable property of being equal
to its own derivative, and therefore of being unaffected by any number of differentia-
tions. Thus, for example,
dl 00 .
W e* = ¢~
c. Figure 8 shows the graph of the function €. It is apparent from the figure
that ¢* is increasing in (— 0o, o0), has the range (0, o), and satisfies the formulas (8).
Note also that e* has the x-axis as its only asymptote, and is concave upward in the
whole interval (— 00, 00), by Sec. 3.72, Proposition (1), since

dz
e eE=e">0
for every x € (— 00, ).
4.44. The function a*

a. We now introduce the function a*, where a is positive and x is arbitrary.
This function, called the exponential to the base a, is defined by the formula

a* = exlna, (14)

Figure 8.
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and has properties very similar to those of the function ¢*, to which it reduces for
a = e. For example, it follows at once from (14) that

O=e’=1 a'=é""=gq

1

1
= e = = —
exlna ax’

a

-X

a

XIlna_ylna

ax+y — e(x+y)lna — exlna+ylna =g e — axay’

with the help of (8), (9) and (10). In particular, if n is a positive integer,

a" = enlna - elnaelna, ,.elna =qa-a --a,
—————
n factors n factors

so that a* coincides for x = n with the nth power of the number a, as we would
expect from the notation.
Taking the logarithm of both sides of (14), we find that

In (@) = In (e*'9).
Therefore ‘
In(@)=xlna, (15)

which generalizes formula (6), p. 154, from the case x = n, where n is an integer, to
the case of arbitrary real x.

b. The following proposition gives another key property of a*:

THEOREM.  Let a be positive, and let x and y be arbitrary real numbers. Then

(@ = a®. (16)
Proof. By (14),
(&Y = e@ne” = % = v
so that (16) holds for a = e. Therefore
@y = ("9 = elha — go [
¢. The derivative of the function a* is easily calculated. In fact,
;id;a" = %e“"" = e"“;“%(x Inag) = a*lng,
with the help of (13) and the chain rule.

4.45.. The function x”

a. Let x be positive, and let r be an arbitrary real number. Then, changing
a to x and x to r in (14), we get the formula

x' = erlnx, (17)

defining the rth power of x. The function x" has the domain (0, 00) and is continuous,
being a continuous function of a continuous function (Sec. 2.82d). It follows from
(17) that

i

= (18)
X
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with the help of (10). Similarly, if r and s are arbitrary real numbers, then
(¢ = (") = &%,
because of (16), with a = e, so that
(=) = x", (19)

while

r+s _ (r+s)lnx __ _rlnx+sinx _ ,rinx sinx
X't =¢ =e = 'M¥eS ",

because of (9), so that
xr+s = x'x" (20)
b. Suppose r is a rational number m/n, possibly an integer. Then the function
(17), which is defined only for x > 0, coincides in (0, co) with the function x™" intro-
duced in Sec. 2.7, Problems 5-7, which may well be defined for all x > 0 or even for all
x. This follows at once from formulas (18) and (19), and the way the function x™" was
previously defined. The merit of (17) is, of course, that we are now able to define
x" for irrational r. Another virtue of (17) is that we can now construct the nth root
{'/E, a number whose existence has so far been tacitly assumed. In fact, if x > 0,
then J/x is simply the perfectly well-defined number.

xl/n — e(l/n) In x

If n is odd, we then set {/—x = —/x, and the definition of J/x is completed by
noting that 0" = 0 for every positive integer n, whether odd or even, so that Jo = 0.
There is nothing to prevent us from defining 0" = 0 for a positive irrational
number r. In fact, this is the only sensible definition, since if » > 0,thenrInx —» —o0
as x — 0+, by formula (9), p. 155, so that x” = ¢"™"* — Oas x — 0+, by formula (12).
¢. We are now ready to prove the key formula (14), p. 78.
THEOREM. Let r be an arbitrary real number. Then

ix’ =rx"! (x>0

dx
Proof. By (13) and the chain rule,
d r_d rinx __ rlnxd — rr__ r—1
dxx_dxe =e dx(rlnx)—xx—rx ,

with the help of (18) and (20). [
Thus we have at last proved all the formulas given in Sec. 2.74e.

PROBLEMS

1. Verify that the graph of the function ke™ (k > 0) can be obtained by shifting
the graph of ¢* along the x-axis.

2. Differentiate
@ e**5; (b)) e (© x5 @ (- x?).

3. Differentiate

e —1

I © e (d) J1+ €

@ €5 (b
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According to the mean value theorem (Sec. 3.43b),
S+ Ax) — f(1) = f'(1 4+ «Ax) Ax,

where 0 < a < 1. Find a if f(x) = ¢*, Ax = 1.
Verify that

ax

fe‘”‘dx=-ea—+C.

Find the area between the curves y = e*and y = e *fromx = In 2to x = In 3,
Find the local extrema of the function y = (x + 1)!%~*.

Find the inflection points and investigate the concavity of the function y=e ¥
Graph this function. ‘
How is the function a* defined in Sec. 4.44a related to the function log, x
defined in Sec. 4.36a?

Solve the equation 2* — 2x = 0, ‘
An advisor to a certain king was asked what he would like as a reward for
interpreting one of the king’s dreams. He asked for a chessboard with one
grain of rice on the first square, twice as much rice on the second square as on
the first, twice as much on the third square as on the second, and so on. Why
did the king have his advisor executed for insolence?

Differentiate
X x2, X0, 1 - IOX

(@ x10% (b)) o (© &x% () T+ 10

Show that
lim a* = o, lim a* =0

ifa > 1, while
lim a* = 0, lim & = o

f0<a<l.

Show that
lim x" = o0, lim x" =0 ‘
X+ 0 x=0+ .

ifr > 0, while :
lim x" = 0, lim x" = o

X= 00 x—+0+

ifr < 0.
Find the inverse of the function

y =log, (x + /1 + xi).

For what values of ¢ does the function e* + cx? have an inflection point?
Use differentiation to confirm that the fourteenth term of the sequence

10
on

Vo = (n=12.)

is the largest.
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4.5 MORE ABOUT THE LOGARITHM AND EXPONENTIAL

4.51. The number ¢

a. To derive formula (11), p. 156, we start from the fact that

din x
dx

1

x=1 X

= 1.

x=1

Expressing this derivative as a limit, with h instead of Ax for brevity, we have

dinx limln(1+h)_ln1=limln(1+h),
dx 'x=1 4.9 h h—0 h
so that
limlln(l + h) = 1.
h—0 h
Therefore

limIn(l + W) = 1,
h—0 .

with the help of formula (15), p. 162. Thus the function

_fln(@ + mY i R #0,
Sy = {1  heo 8)

is continuous at A = 0. But then, by Sec. 2.82d, the composite function ¢/® is also
continuous at h = 0, since e is continuous at x = 1. It follows that

lim e/® = /@ = ¢! = ¢,
h=0

or equivalently
lim (1 + W) = e. ()]

h—0

Suppose h = 1/n, where n is a positive integer. Then h — 0 implies n - oo, and
(2) takes the form

. 1y
im0

in agreement with formula (11), p. 156.
b. There is a more general formula

lim (1 ¥ 1) =, @)
oo n

valid for an arbitrary real number r. (Note that (4) reduces to (3) for r = 1.) The
formula holds for r = 0, since it then reduces to the trivial equality

lim 1" =¢% = 1.

n—+oo
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Leth = r/n,wherer # 0. Thenh — 0+ asn — oo ifr > 0, whileh - 0— asn — o©
ifr < 0. Therefore

. ry . .
lim (1 + —> = lim (1+ W"* = lim [¢/®7,
n- oo n h-0% k=01t

where f(h) is the function (1). As already noted, the function ¢/® is continuous at
h = 0, where it has the value e. Therefore the composite function [e/™]" is also
continuous at h = 0, since x" is continuous at x = e. It follows that

lim [e/®] = [/O = ¢,
h-0t

which is equivalent to (4).
4.52. Compound interest

The following three examples explore this very practical topic, and show how
the exponential function gets into the act:

a. Example. Suppose money invested at an annual interest rate r, or equiva-
lently at 100r percent, is compounded N times a year. Show that a principal of P
dollars will grow to

r Nt
A=P (1 + N“) &)
dollars at the end of ¢ years. Show that
r —-Nt
P=4 (1 + N) (6)

dollars must be invested now to become worth A dollars in t years.
SoLuTiON. Let A,, be the amount in the bank at the end of the mth interest
period, assuming that no money is withdrawn after the initial deposit. Then

Apes = Ay + Ay = Am<1 + %)

since the interest is computed on the accrued amount at a rate equal to r, the nominal
annual interest rate, divided by N, the number of compoundings per annum. The
initial amount A, is, of course, just the principal P. Therefore the amount 4 in the
bank after ¢ years, that is, after Nt interest periods, is equal to

r r\?
A=Ay, = Ay 1+-1\7 = Ay, 1+N =

r Ne-2 r Ne—1 r Nt
man(ag) =) 1)

which proves (5), since 4, = P. To get (6), we solve (5) for P, obtaining

A

r ~Nt
(+5)

P =
N

b. Example. Suppose interest is “compounded continuously,” that is, suppose
the number of compoundings N per annum becomes “‘arbitrarily large.” Show that
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formula (5) for the “compound amount” A becomes

A = Pe", N
while formula (6) for the “present value” P becomes
P = Ae™™. 8)

SoLuTtioN. Here we have

. er

Let n = Nt, so that N — oo implies n - co. Then

A=Plim(l+%t) =¢",

with the help of (4). This proves (7). To get (8), we solve (7) for P, obtaining

A
P = prriias Ae'".
e

c. Example. Let P = $1,000, r = 6%, t = 1 year. Test the accuracy of for-
mula (7), as compared with the exact formula (5).

SoLutioN. The results are given in the following table for annual, semi-
annual, quarterly, monthly, daily, and continuous compounding (the last indicated
by c0):

N 1 2 4 12 365 o

A | $1,060.00 | $1,06090 | $1,061.36 | $1,061.68 | $1,061.83 | $1,061.83

4.53. Logarithmic differentiation

In calculating derivatives, it is often helpful to first take logarithms and then
differentiate the result. The following two examples show the power of this technique,
called logarithmic differentiation.

a. Example. Differentiate

(x — 12/2x + 1

(x* + 3)*e”

SoLuTioN. Taking logarithms, we get

1
1ny=21n(x—1)+§ln(2x+1)-—4ln(x2+3)—x. )]

Differentiation of (9) then gives
y 2 + 2 _4-2x
y x-—1 22x+1) x*+3

where the prime denotes differentiation with respect to x and we repeatedly use the
chain rule. Multiplying by y, we get the desired derivative

y = (x — 1)%/2x + 1( 2 1 8x 1)
" .

o2 + 3 L e B

1




168 Integral Calculus Chap. 4

The quantity

d y
—1ny=—=
y

|&

dx

is called the logarithmic derivative of y.
. b. Example. Differentiate

Q.

1
ydx

y = u’,

where u and v are both differentiable functions of x.
SoLuTiON. By logarithmic differentiation, we have

Iny=vlnuy,

L=,v'1nu+v£—.
y u

Therefore
u u B
y = y(v'lnu + v;) = u”(v’lnu + v:) =uwvinu +w . (10)

For example, if y = x* so that u = v = x, then (10) reduces to
y =xx"Inx + xx*"x' = x(Inx + 1),

since x' = (d/dx)x = 1.

4.54. Elasticity

a. Next we introduce a concept of considerable interest in business and
economics. Given a function y = f(x), by the derivative of y with respect to x we
mean, of course, the limit as Ax — 0 of the difference quotient

Ay - Jf(x + Ax) — f(x) Changeiny

Ax Ax " Change in x°
Let the proportional change in y be defined by
éX_ (11)
y
Then the logarithmic derivative of y with respect to x is the limit as Ax — 0 of the ratio
Ay
y _ Proportional change in y
Ax Change in x ’
since
Ay

y Lo By _1dy _d

m = - —_— T e e— T —

ax~0 Ax Vax-0 Ax  ydx dx

Similarly, defining the proportional change in x by

Ax
)
X

(12)
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we can go a step further and introduce the limit as Ax — 0 of the ratio

Ay
y _ Proportional change in y
Ax  Proportional change in x’
x
We then get a quantity
Ay
. y x Ay xdy
gy = li =-im = =--, 13
7 e Ax y axvo BAx ~ ydx (13
X

called the elasticity of the function y = f(x), at the point x. As a measure of the ‘
“change in y due to a change in x,” the elasticity has the merit of being independent
of the units of x and y, which are divided out in forming the ratios (11) and (12).
This is a great convenience in certain business problems, where, for example, y might
be the quantity of a commodity demanded at the price x. Changing the units of x
from dollars to pesos, say, or the units of y from bushels to carloads, would then
have no effect on the elasticity of the demand curve.
Note that we can also regard the elasticity ¢,, as the limit

Percentage change in y
ax—o0 Percentage change in x’

& =

yx i

This follows at once from the fact that

0l Y
Percentage changeiny y _ y _ Proportional changein y
Percentage change in x 100 Ax ~ Ax  Proportional change in x’
X X

b. There is another way of writing (13) as a kind of “double logarithmic deriva-
tive” of the form

e — d(ln y)
_ ¥ 7 d(ln x)’
where the expression on the right is the ratio of the differential of In y to the differential

ofIn x. To verify (14), we recall from Sec. 2.55a that ify = f(x), then dy, the differential
of f(x), is given by the formula

(14)

dy = f'(x) dx.
Therefore
d(ln x) = (In x)’ _dx = %dx,
while
—nwydxe Lax=1¥
diny) = (ny)dx = " dx = 5 dx dx,
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by the chain rule, so that

Lay
diny)  ydx _xdy .
— _ — e— = yx’
d(In x) %dx y dx

as claimed.

¢. Example. Suppose the demand for a commodity produced by a monopolistic
firm is described by the function Q = Q(P), where Q is the quantity demanded at
the price P. Then

d(In Q)
= = iin P) (13)

is called the elasticity of demand, at the price P. Do not be disconcerted by the extra
minus sign in (15). Its sole purpose is to make the elasticity come out positive, in
keeping with economic convention and in anticipation of the fact that a demand
curve typically has negative slope (Sec. 3.2, Prob. 9). The demand is said to be elastic
ifep > 1 and inelastic if g, < 1.

Suppose the demand function is

Q = Q(P) = 60 — 3P,

Find ep. When is the demand elastic? Inelastic? Express the firm’s marginal revenue
(Sec. 3.2, Prob. 7) in terms of the price and the elasticity of demand. Why should the
firm adjust its price to keep the demand elastic?

SoLutioN. Here

_ Pdg_ -3p P
= T0aPT T0-3P 0P

so that the demand is elastic (e, > 1) if 10 < P < 20 and inelastic (g, < 1) if
0 < P < 10. The firm’s total revenue is

R(Q) = PQ(P) = QP(Q),

asin Sec. 3.2, Problem 10, where P(Q) is the inverse function of Q(P). Correspondingly,
the firm’s marginal revenue is

MR(Q)=;1%QP(Q)=P+Q% =P<1 +%Z—g> = P<1 —;;1;), (16)

where we use the fact that

P 1
a ~ ag’
dP

by the rule for differentiating an inverse function (Sec. 2.81b). The firm certainly
wants to operate at an output level where marginal revenue is positive, so that more
revenue would be received if the output were increased slightly. It should therefore
make &, > 1 in (16). In other words, other things being equal, it should keep the
demand elastic, by choosing a price in the range 10 < P < 20.
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10.

11.

12.
13.

PROBLEMS

Evaluate

im (Y o) sm (14 @ im(1-2Y
(a) ,.’fl n+ 1)’ (),,1_{?0 n ’ — nl’

Evaluate

@ im(1+1) ® imas29 @ (Y

x—+w x—0 x—+aw \ X — 1

It was shown in Sec. 4.51a that

lim B0 _
=0 X
Use this to show that
fim 8L X) o0, (17)
x—0Q X
Use (17) to show that
*_ 1
lim & =ha (18)
x—=0 X
Use (18) to show that
im X =2 = . (19)
x—>1 X - 1
Use (17)—(19) to evaluate
@ mE o) me (9 lim Bt
x=1Yx —1 =01 4+ x—1 xs0 105 —1

How much is a principal of $1,000 worth in 5 years if it is compounded quarterly
at an annual interest rate of 8%? ‘

A principal which is being compounded continuously doubles in 10 years.
What is the annual interest rate?

How long does it take $10,000 compounded continuously at an annual interest
rate of 7%, to grow to $25,000?

What amount of money must be invested now to be worth $10,000 in 5 years
if compounded continuously at an annual interest rate of 67,7

Justify calling
N
rg = (1 + 1%) ~1

the effective annual interest rate, as opposed to the nominal annual rate r.
Interpret the number e in the language of finance. .
Use logarithmic differentiation to find the derivative of

-3

(X + 1)2 ex2+2x

@ aroeryr  © ¥nx
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14.

15.
16.

17.
18.
19.
*20.

*21.

*22.

4.6
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Differentiate

@ x¥; () x'; (0 (nxy; (d) e
Show that the function y = x* has no inflection points.
Verify the following “chain rule for elasticities”:

Eix = Eyfy.

What is the elasticity of the function ¢™*?

Given an example of a function with constant nonzero elasticity.
Show that if f(x) has elasticity e,,, then xf(x) has elasticity 1 + ¢,,.
If C = C(Q) is a firm’s total cost function (Sec. 3.22), then

_d(n C)
= AmQ)

(without a minus sign) is called the elasticity of cost, at the output Q. Verify that
(a) Ifec < 1ata given output, then average cost (4C) is greater than marginal
cost (MC), and average cost decreases as output increases;

(b) Ifec > 1 at a given output, then average cost is less than marginal cost,
and average cost increases as output increases.

Consider the functions

(e +e™)

NI

cosh x =
and

) 1 _

sinh x = E(e" —e™¥),

called the hyperbolic cosine of x and the hyperbolic sine of x, respectively. Graph
the functions 4, 3¢, cosh x and sinh x in the same system of rectangular
coordinates. Show that

(a) coshx = 1forall x,cosh0 =1;

(b) sinhx > 0ifx > 0,sinh x < 0if x < 0,sinh 0 = 0;

(¢) lim coshx = o0, lim sinh x = o0, lim sinhx = —o0;

x=>t oo X0 X— =00

(d) 4 cosh x = sinh x, 4 sinh x = cosh x.

dx dx
It can be shown that the number e is the sum of the “rapidly convergent” series
&1 1 1 1 i
n;o;'_!_1+1+§+—6—+ﬂ+ +ot

By referring to the value of e given in Sec. 4.34, show that the sum of just 8
terms of this series gives a value of e which is accurate to 4 decimal places.

INTEGRATION TECHNIQUE

The technique of integration is inherently more difficult than that of differentia-

tion. Thus, while it is no trick at all to become a minor expert on differentiation,
it is the easiest thing in the world to write down integrals that would stump even a
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professional mathematician. However, two powerful methods of integration are
available at the level of this course. We now discuss these methods and use them to
evaluate a number of integrals which may appear quite intractable at first glance.

4.61. Integration by substitution
a. We begin by observing that if

f g dt = G(t) + C,
then

[ 9e)r ) dx = Gle(x)) + € M

for every differentiable function ¢ = t(x). Here the common practice of denoting
the dependent variable and the function by the same letter, ¢ in this case, is particularly
appropriate. To verify (1), we merely note (as in Sec. 3.53¢) that both sides of (1) have
the same derivative. In fact,

L[ gueontar = gueor@,

by the very definition of the indefinite integral as an antiderivative of its integrand,
while

% G(t(x)) = G'(t(x))r'(x) = g(t(x))r'(x),

by the chain rule and the fact that G(t) is an antiderivative of g(t).
Now suppose we want to evaluate an integral

[ £y, @

which does not look like anything familiar, but which can be recognized as being
of the form

[ gttxe) dx, 3

in terms of some function g(t) of a new variable t = t(x), where g(¢) is a function
which is more easily integrated than f(x) itself. Then it follows from (1) that

[ f69ax = 6aea) + . @

Integration by substitution is also known as integration by change of variables, for
a self-evident reason.
b. Recalling from Sec. 2.55a that the differential of t is given by

dt = t(x)dx, (5)

we can write (3) simply as

[ 9@ ar,

where it is understood that the substitution ¢ = t(x) will eventually be made. The
fact that (2) and (3) are equivalent then takes the concise form

f f(x) dx = f g(t) dt.
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The advantage of writing the expression behind an integral sign as a product of a
function (the integrand) and a differential is now apparent for the first time. In fact,
if we change variables, then formula (5), or its analogue

dx = x'(t) dt (6)

for the case of a substitution x = x(¢), automatically multiplies the old integrand by
the appropriate “correction factor,” without any need for a separate calculation in-
volving the chain rule.

¢. For example, to evaluate

x dx

14+ x¥ @

lett = 1 4+ x?, s0 that dt = 2x dx, or equivalently x dx = 1dr. Then

x dx _1J‘£
1+x2 2 ’

where the integral on the rlght can be recognized at once as being equal to In ¢.
Therefore, by (4), |

x dx 1 1
= — =—-1 2 =1 2
T < 2lnt 2n(1+x) n./1 + x*+ C,

after going back to the original variable x and introducing a constant of integra-
tion C.

Once you have got the idea of how the technique of integration by substitution
works, you can omit some of the intermediate steps, even leaving out explicit in-
troduction of the auxiliary variable t. Thus a more concise way of evaluating (7) is

x dx d(1+x 2
— _1
T 2f 1(1+x) n/1+ x*+C,

where the whole expression 1 + x? is treated as a variable of integration.

d. To evaluate a definite integral by substitution, we first evaluate the corre-
sponding indefinite integral, and then use the fundamental theorem of calculus
(Sec. 4.24a). Thus, for example,

[ TH 2] =TT - InyT50=Ina

14+ x

There is also a more direct method of evaluating a definite integral by substitution
(see Examples 4.62c and 4.62d).

e. Instead of recognizing (2) as being of the form (3), involving a differentiable
substitution ¢ = z(x), we can also try making a differentiable substitution x = x(t)
directly in the integral (2), thereby “transforming” it into

{ fxtox o) a, ®)

with the aid of (6). Again, this will help only if the new integral (8) is easier to evaluate
than the original integral (2), which means that the substitution x = x(t) must be
chosen intelligently. .
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4.62. Examples

a. Evaluate

f dx
NETERE)
SoLutioN. The substitution x = 2 seems a good choice, since it gets rid
of the radical. With this substitution, \/x = t,
1 1
d(Jx) = ((x) dx = —=dx = —dx = dt,
W) = ey de=omde = o

so that dx = 2t dt. Therefore
tdt dt

dx
f\/;(l+\/§)=2ft(1+t)=2 1+t

=2In(l + ¢,

or

=2In(l +x) + C,

dx
[ Jx(1 + /%)

after going back to the original variable x and introducing a constant of integra-
tion C. The expression 2 In (1 + /x) can be replaced by In (1 + Jx)%, if you prefer.
Alternatively, you might recognize that

l f dx
29 Jx(t + 0
is of the form

dt
141t
ift = ﬁ, but this requires a good eye. The fact that each of the functions x = ¢?

and t = ﬁ is the inverse of the other is, of course, no accident (see Prob. 18).
b. Evaluate ;

J-l—n—)idx.

X

SoLutioN. Ift? = In x, then df = dx/x and
Inx 1, 1 5
xdx—ftdt—§t+C-—2(1nx)+C. o

On the other hand, if we choose the “inverse substitution” x = ¢, then dx = &' dt
and

flnTxdx =f%€édt=ftdt,

and we get the same answer again.
¢. Evaluate

f lix’f dx. (10)
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SorutioN. Using (9), we have

el

L%}a——mn ._4mW——a1V—1
On the other hand, suppose that instead of first evaluating the indefinite integral (9),
we try to calculate (10) from scratch. Then, just as before, we observe that the sub-
stitution ¢t = In x reduces the expression behind the integral sign in (10) to ¢ dt. This
suggests writing

fe Inx, f” t dt. (‘11)

But what are the appropriate limits of integration « and #? The answer is simple
enough: As the variable x varies from 1 to e in the left side of (11), the variable
t = In x varies fromIn 1 = 0 to Ine = 1 in the right side, and hence o = 0, # = 1.
This is not only plausible, but perfectly correct, as shown in Problem 19. Therefore

we can write
e In X 2 '
f ftm_-x =? (12

without bothering to calculate the indefinite integral (9). Note that there is now no
need to return from ¢ to the original variable x. In fact, once the second integral
in (12) has been evaluated, the first integral is automatically known, since both are
definite integrals and therefore numbers.

d. Starting from the definition

lnx=J‘:‘gz

give another proof of the formula
In(@gb)=Ina+Inb (a, b positive),

already established in Theorem 4.33a.
SoLuTiON. We have

_ (edt  rvdat)  radu
Inb= 17‘.[1 at “L u’

where in the last step we go over to a new variable u = at and make the corre-
sponding change in the limits of integration. Therefore

ab dt
mb= T,
after returning to the original dummy variable ¢. It follows that

=Ina+ Inb,

a

ab dt a dt ab dt
In (ab) = f T = l-t—+f
with the help of Theorem 4.21c.
4.63. Integration by parts

a. We now consider another important integration technique. Let u(x) and
v(x) be two differentiable functions such that u'(x)v(x) and u(x)v'(x) both have anti-
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derivatives. Differentiating the product u(x)v(x) with respect to x, and omitting
arguments for simplicity, we have

() = v'v + uv',
so that

uv’ = (uvy — vu'. (13)
Multiplying (13) by dx and integrating with respect to x, we get

fuv’ dx = f(uv)’ dx — f vu' dx.
But ’
f(uv)’ dx = u + C,
and hence
fuv’ dx = uv — fvu’ dx,

where C is absorbed into the other constants of integration. In terms of the
differentials

du = u' dx, dv = v’ dx,

(13) takes the even simpler form

J‘udv=uv—fvdu. (14)

Equation (14), called the formula for integration by parts, is well worth memorizing,
It is one of the most valuable tricks of the trade, often allowing us to express difficult
integrals in terms of easy ones.

b. To find a corresponding formula for definite integrals, we merely observe

[Puan = [fudv:[= [uv— jvdu] =l —‘[fvdu]

(justify the last step). Therefore
Lbudv=uvlz—ﬂbvdu. (15)

b b

a a

4.64. Examples

a. Evaluate
f In x dx.

SoLutioN. This integral is of the form ju dv if we choose u=In x, dv=dx.
We then have du = dx/x, v = x, and hence, by (14),

flnxdx=xlnx—fdx=xlnx—x+C,

where a constant of integration is supplied in the last step. It would be pointless to
include a constant of integration C in going from dv to v, since C would be cancelled
out automatically in the expression uv — [v du.
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b. Evaluate
J‘ x In x dx.

SoLuTION. There are various possibilities here. We can choose u = x, dv =
Inxdx, or u=1Inx, do = xdx, or even u = xlnx, dv = dx. The only good
choice is u = In x, dv = x dx, since only this choice makes f v du simpler than ju dv,
which is the whole point of integration by parts. We then have du = dx/x, v = $x?,
and hence, by (14),

1, 1 1, 1,
fxlnxdx—zx In x 2fxdx—zx lnx—zx + C. (16)

¢. Evaluate
f: x In x dx.

SOLUTION. We can start from (16), writing

e L., 1, 1, 1, 1 1
flxlnxdx—[zx In x 4x]1—2e Ine 4e —21n1+z
1

1 1 1
=gl _ 2t T2
—ze 7°¢ +4 4(e + 1).

Alternatively, we can start from (15), writing

e 1, e 1 pe 1, 1 1 e
= — —— = - —_— —
flxlnxdx 53X lnx’1 2flxdx 2e Ine 2lnl 4x )
1
=—e2—le2+l=l(e2+1).

2 4 4 4
d. Evaluate
f x2 & dx.
SoLuTioN. Letu = x2, dv = ¢* dx. Then du = 2x dx, v = ¢*, and therefore
fxz e dx = x¥e" — 2f xe* dx. 17

To evaluate the integral on the right, we integrate by parts again, this time choosing
u=x,dv=e"dx, du = dx,v = &*:

fxe" dx = xe* — fe" dx = xe™ — e~ (18)
Substituting (18) into (17) and supplying a constant of integration, we find that
f x2e* dx = x2e* — 2xe* + 2¢* + C. (19)

You should get into the habit of checking formulas like this by differentiating the
expression on the right. In this case,

d
E(xze" — 2x€* + 2¢* + C) = 2xe® + x%e* — 2¢* — 2xe* + 2¢* = x*¢%,

which confirms (19).
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10.

11,

PROBLEMS

Let f(x) be continuous and even in [ —a, a]. Show that

[° foax = 2= [* e ax
Let f(x) be continuous and odd in [ —a, a]. Show that
[Lreax == [;fax,  [° fydx=o,
Verify that
[xma = xydx = [ 20 - ax, (20)

where m and n are positive integers.
Use integration by substitution to evaluate

f—————\/sc%dx; (b) fex’xdx; © fxln ;
o (R

Show that
ILx) = C 21
o dx = In|f(x)] + C. (1)
Use (21) to evaluate
2x ) x+1 ] )
(a) f1+x2dx’ ®) fx + 2x ~ de’ © fx]nx

e2x
@ [

Find the average of the function y = In x over the interval [1, e].
Use integration by parts to evaluate

@) fxa"dx; ) [xerdr; () _fxa mxds; (@ [Jxnxds
Use integration by parts to verify that '

[+ JTHx)de=xln(x+ T+ = JT+ 2 +C,
Evaluate
@ [ xedx;  (b) [me+nds  © []xlogaxdx;
@ [*m?xdx.

Evaluate
f @ + 32 dx, -

after first showing that a*b* = (ab)*.
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12. Verify that

x + bl
x + a

dx 1
J‘("'*'a)(x+b)=a—bln +C (a#b) (22)

13. Use (22) to evaluate

dx
® f 5 o © f4x2+4x—3'

14. Find the area between the curves y = In x and y = In? x.
*15. Show that

fcoshxdx =sinhx + C, fsinhxdx = cosh x + C.
*16. Use the substitution /1 + x2 = ¢t — x to show that

dx
~fﬁ~2=ln(x+\/1+x2)+c

*17. Evaluate

3x 1 1
@ [Sgas O [

*18. Given two functions f(x) and g(¢), with antiderivatives F(x) and G(t),let t = t(x)
be a differentiable one-to-one function, with a differentiable inverse x = x(z),
such that one of the formulas

f f(x)dx = f g(t(9))r'(x) dx, f Fx())%(@) dt = f gde (23

holds. Show that the other formula also holds.
*19. Let

{fax = [ gy ar

be shorthand for both of the formulas (23), depending on whether we replace
dt by t'(x) dx or dx by x'(t) dt. Show that

x=(gtt
[P re9ax = [V g4

*20. Evaluate the integral (20).
*21. Let P(x) be a polynomial of degree n. Verify that

x(B)

S fedx = [ g

[ P dx = [P() — P(x) + P'(9) — - + (= 1yPUx)]e* + C.

*22. Let the quantity of a commodity demanded by the market at price P be
Q = Q(P), where Q(P) is a decreasing function, and let P, be the actual market
price. Then the total revenue received from the sale of the commodity is

PIQ(PI) = Q1P(Q1), (24)

where Q; = Q(P,) and P = P(Q) is the inverse of the function @ = Q(P). Since
some consumers are willing to pay more than P, for the commodity, the total
revenue from the sale of a quantity Q; of the commodity would be greater than
(24) by some amount S, known as the consumer’s surplus, if the price of the
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commodity were gradually lowered from P, the price at which demand just
begins, to the actual market price P,. Show that

s = fQ‘ @4dg - P,Q,, 29)
or equivalently
;° O(P) dP. L (26)

*23. Use both (25) and (26) to calculate the consumer’s surplus S for the demand
function Q = 100 In (P,/P) and market price P, = P/e.

4.7 IMPROPER INTEGRALS
4.71. a. In introducing the concept of the definite integral

J7 100 ax,

it was assumed from the outset that f(x) is defined at every point of the closed interval
[a, b], where, of course, a and b are finite numbers (Sec. 1.64a). Thus, at this stage
of the game, neither of the integrals

rs 0
and
fl dx | @

N

makes sense, the first because the upper limit of integration is infinite, the second
because the integrand is not defined at x = 0 and in fact approaches infinity as
x — 04+. However, there is a simple way of ascribing meaning to both of these
integrals, which are called “improper” to distinguish them from the ordinary or
“proper” integrals considered up to now. As we will see in a moment, the device is
essentially the same in both cases: First we calculate the integral over a finite interval
in which the integrand is well-defined, and then we take the limit of the resulting
proper integral as the interval of integration is suitably enlarged For simplicity, we
will consider only continuous integrands.

b. Suppose f(x) is continuous, and hence integrable (Sec. 4.14) in every interval
[a, X, where a is fixed and X > a is variable, and suppose the limit

lim f (x) dx 3

X-o0

exists and is finite. Then the improper mtegral

{7 rexy ax | @

is said to be convergent and is assigned the value (3). On the other hand, if the limit
(3) is infinite or fails to exist, we call the integral (4) divergent and assign it no value
at all.
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Similarly, suppose f(x) is continuous in every interval [ X, a], where a is fixed and
X < ais variable, and suppose the limit

Jim [ 700 dx 5)
exists and is finite. Then the improper integral
[, readx ©)

is said to be convergent and is assigned the value (5). Again we call the integral (6)
divergent if the limit (5) is infinite or fails to exist. We can also consider the case
where both limits of integration are infinite. Thus, suppose f(x) is continuous in
every finite interval, and suppose both improper integrals

[ reax, [ fax ™
are convergent for an arbitrary finite point ¢. Then the improper integral
J2, s ax t)
is said to be convergent, and is assigned the value
(4 o0 9
f.w flx) dx + f £(x) dx. ©)

Of course, this definition depends on the fact that both the sum (9), and the con-
vergence or divergence of the integrals (7), are independent of the choice of the point ¢
(see Prob. 5). On the other hand, the integral (8) is said to be divergent if either of
the integrals (7) is divergent.

c¢. We now turn to improper integrals of the type (2), where the integrand
becomes infinite at one or more points of the interval of integration. Suppose f(x)
approaches infinity as x — a+, at the same time that f(x) is continuous, and hence
integrable, in every interval [a + ¢, b], where a and b > a are fixed and ¢ > 0 is
variable (but less than b — a). Suppose further that the limit

lim [ f(x)dx (10)

e=0+ ate

exists and is finite. Then the improper integral

[? 1o ax (11)
is said to be convergent and is assigned the value (10). As before, we call the integral

(11) divergent if the limit (10) is infinite or fails to exist. Similarly, if f(x) becomes
infinite at the other end point b, we set

[} foyax = tim [ fx)ax,
a g0+ V4

by definition, while if f(x) becomes infinite at an interior point ¢ € (a,b), we write

[Proyax = [ feaax + {7 s ax, (12)

provided that both integrals on the right are convergent.
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4,72. Examples

a. The integral (1) is convergent. In fact

® dx x dx 1 1
@ _ oy ox L —=)=1
J'l x? xlg?;ﬁ x? xl—voo[ x]l XLI?o (1 X) ’

and hence !

flwi—f =1

This number can also be regarded as the area of the “infinite region” under the curve

y = 1/x? from 1 to oo, by a natural extension of the definition of the area under a

curve for the finite case (Sec. 4.11).
b. The integral

s

is divergent, since

lim fl——llmlnxl lim lnX—oo

X0 X X-w

f:o e~ dx

is convergent. In fact, |

¢. The integral

J:o e M dx = J:o e *dx = lim Ox e *dx

X-w

= lim (-e ") =lim (1 -e¥=1,
X-c0 X—-o
since e™* - 0 as X — oo, and similarly

fi)we""'dx=f e“dx = lim ;e"dx |

X——-w

lim e*
X- -

= lim (1 -¢€9)=1

X—~-w }

Therefore, as in (9),

f:o e ldx = f?w e Mdx + fo"’ e dx =2 :

d. The integral (2) is convergent. In fact,

1 dx 1 dx
=l — = i = i -
f 5—31(’)n+ J; \/; o [2\/—] eE?—F (2 2\/5),

=0+

and hence

IN =, | (13)

N
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e. The integral

1dx
[ (14)

X

is divergent, since

d 1
lim | 55 = fim [—1] = lim (1 - 1> = o.
>0+ Y& X e=+0+ X e =0+ \E

f. The integral

fz dx
o 1]

is convergent. In fact, using (12) with ¢ = 1, we get

e
J-o dt J‘l du J‘l dt Ju du

(lett = 1 — x,u = x — 1). But both integrals on the right equal 2, by formula (13),
and hence

J*: dx _
o T 1]
g. Since the integral (14) is divergent, so is the integral
1 dx
f -1 x2

(why?). Suppose we make the mistake of calculating this integral formally, ignoring
the fact that the integrand becomes infinite at the origin. Then we get the absurd

result
1
J’l d_’; = [_l] = =2,
-lx X |-

seemingly an example of a positive function with a negative integral!

PROBLEMS

1. Investigate the improper integral

mel—f (@a>0)

X

for arbitrary r.
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2.

N

*8.

Evaluate
© 2 . o dx . o dx i
(2) fo xe™* dx;  (b) L xInx’ © L xIn? x"
Investigate the improper integral
a dx
o (a>0)

for arbitrary r.
Evaluate

8 dx 5 dx
@ [y © f © fsﬁ-
Let f(x) be continuous in every finite interval. Show that the two integrals
[P feax,  [Treax %)

are either both convergent or both divergent, and similarly for

fiw Sx) dx, f fw f)ydx (¢ #¢).
Show that

for@ax+ [T a7 seadx+ [ 1) ax.

Show that the sum (12) is also independent of c.

How does the theory of improper integrals resemble the theory of infinite series?
First define and then find the area A between the curves y = x 2 and y = x~1/3
fromx =0tox=1.

First define and then find the area A between the curves y = cosh x and y = sinh x
in the first quadrant. ‘



Chapter 5

INTEGRATION
AS A TOOL

5.1 ELEMENTARY DIFFERENTIAL EQUATIONS

S.11. The equations |

xy' - 2y = 0, y" + x2 = 0, y(4) = y2 j (1)

are all called differential equations, because each contains at least one derivative
’ dy 1 i dzy ", |
= = X), =—_—- = X)yooo ;
of an “unknown” function y = f(x). Note that the second equation does not con-
tain the function y itself, while the third equation does not contain the independent
variable x, although x is, of course, present implicitly as the argument of the func-
tion y = f(x) and its fourth derivative y* = f*(x). A differential equation is said
to be of order n if it contains the nth derivative y™ = f®(x), but no derivatives of

higher order. Thus the equations (1) are of orders 1, 2 and 4, respectively.

In this book we have no intention of doing more than scratch the surface of the
vast subject of differential equations and their applications. In fact, we will consider
only the most elementary differential equations, of either the first or the second order

5.12. a. Consider the first-order differential equation

dy 3
= = F(x, y), 2
I = Fo) @
where F(x, y) is a function of two variables, which may reduce to a function of x
alone, to a function of y alone, or even to a constant. By a solution of (2) we mean
any function y = ¢(x) such that ‘

do(x) _
dx
holds for all values of x in some interval. We write ¢(x) instead of f(x) here, because

the solution is regarded asa “known” function.
For example, y = ¢* is a solution of the differential equation

Flx, 9(x))

186
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since

in every interval. Moreover, if C is an arbitrary constant, then y = Ce*’ is also a
solution of (3), since
d(Ce*)
dx

= 2Cxe™ = 2xy.

We call
y = Ce* . o)

the general solution of (3), because every solution of (4) can be obtained from (4) by
making a suitable choice of C (see Example 5.13d).
More generally, let

y = o(x,C) ' )

be a solution of the differential equation (2), involving an “arbitrary constant” C
(which is temporarily variable!), and suppose every solution of (2) can be obtained
from (5) by making a suitable choice of C. Then (5) is called the general solution
of (2), and each solution of (2), corresponding to a particular choice of C in (5), is
called a particular solution of (2). For example, giving C the values 0 and \/3 in (5),
we get two particular solutions |

y=0, y=43

of equation (3).

b. In Sec. 1.12 we posed two key problems of calculus. The meaning of the
first problem was clarified in Sec. 2.42d. The second problem was originally stated
in the following unsophisticated language:

(2) Given the rate of change of one quantity with respect to another, what
1s the relationship between the two quantities?

We are now in a position to restate this problem elegantly in more precise language:

(2') Solve the differential equation dy/dx = F(x, y). ,

Here, of course, dy/dx is the rate of change, and to give this rate of change we wiil
in general have to know the values of both variables x and y

5.13. Examples

a. The simplest first-order differential equation is

dy '
==/, . (©)
and its general solution is just

y={ foxax.
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This follows at once from the meaning of the indefinite integral as the “general anti-
derivative” of f(x). Here it is better to write the general solution of (6) in the form

y={fxdx +c ™

which makes the arbitrary constant of integration explicit. We then think of {f(x) dx
as any fixed antiderivative of f(x). We will follow this convention in any problem
involving differential equations.

b. Find the particular solution of the differential equation

Q:x

dx ®)
satisfying the condition
Y |x=1 =1 (9)
SoruTion. First we use (7) to find the general solution of (8), obtaining
1

y=fxa+C=§ﬁ+c. (10)

Then we use the condition (9) to determine the constant C in (10). Thus

1, 1
= (b 0)|, ~heenn

so that C = 1. Substituting this value of C into (10), we get the desired particular
solution

y = %(x2 + 1) (11)

The fact that (11) satisfies both (8) and (9) is easily verified by direct calculation.
More generally, by an initial condition for the differential equation (2), we mean
a condition of the form

Yx=xo = Yor (12)

where x, and y, are given numbers (the word “initial” stems, by analogy, from the
common situation where the independent variable is the time). If (2) has the general
solution ¢(x, C), the particular solution of (2) satisfying (12) has the value of C ob-
tained by solving

@(x0,C) = yp-
c. Solve the differential equation
dy  f(x)
= =1 13
&~ 90) (13

subject to the initial condition (12).
SoLutioN. This equation, or the equivalent equation

Y g0
X

with

w) = b
g (y) = 20
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is said to have separated variables. Multiplying (13) by g(y) dx, we get
g(y)dy = f(x) dx, (14

where the left side involves only the variable y and the right side involves only the
variable x; it is in this sense that the variables are “separated.” To solve (14), we
merely integrate both sides, obtaining :

[edy = [ fe9ax+c
(one constant of integration is enough), or
G(y) = Fx) + C, (15)

where G(y) is any antiderivative of g(y) and F(x) is any antiderivative of f(x). To
determine C, we impose the initial condition (12), which says that y = y, when
x = Xo. Thus

G(yo) = F(xo) + C,
so that
C = G(yo) — Flx,).
Substituting this expression for C into (15), we get
G(y) = F(x) + G(yo) — F(xo). (16)

The unique solution of the differential equation (13) satisfying the initial condition
(12) is then obtained by solving (16) for y as a function of x, call it y = ¢(x). In the
cases to be considered here, we will always be able to do this without difficulty.

The function y = ¢(x) determined by (16) clearly satisfies the initial condition
(12), which is “built into” equation (16). To verify that y = @(x) actually satisfies
the differential equation (13), we need only use the chain rule to differentiate (16)
with respect to x. This gives

i

d6(y) dy _ dF(x)
dy dx  dx ’ ‘

so that

dy
g(y)a = f(x),

which is equivalent to (13).
d. Find the general solution of the differential equation (3).
SoLuTION. To separate variables, we divide (3) by y, obtaining

ldy -
yax = ! (17)

Multiplying (17) by dx and integrating, we then get
d o
f—y = f 2x dx + k,
y .

or

In|yl = x* + k&, (18)
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where we denote the arbitrary constant of integration by k, saving the symbol C for
later. In writing In ||, we use the fact that if y is negative, then In |y| = In (—y) has
the same derivative 1/y as In y (check this). Taking the exponential of both sides of
(18), we find that

ly| = etk = e = Ce”,

where C = ¢* is now an arbitrary positive constant (why?). But |y| can never vanish,
since Ce*® > 0. Therefore y is either positive or negative for all x. Thus we can
take the vertical bars off |y|, obtaining formula (4), by simply allowing C to take
arbitrary negative values, as well as arbitrary positive values. In dividing (3) by y,
we have tacitly assumed that y is nonvanishing. Thus the solution y = 0 may have
been lost in solving (17) instead of (3), and indeed it has, as we see at once by sub-
stituting y = 0 into (3). Therefore the general solution of (3) is obtained by allowing
C to take any value in (4), including zero.
e. The simplest second-order differential equation is

d2y
yr i J(x). (19)
Integrating (19), we get
dy dy , 3
Z - fggdx - ff(x) dx + C, = F(x) + Cy, (20)

where C, is an arbitrary constant of integration and F(x) = [f(x) dx is any fixed
antiderivative of f(x). Observe that (20) is now a first-order differential equation,
and is in fact of the form (6). Integrating (20) in turn, we get

y=fZ—idx=fF(x)dx+fC,dx+C2=fF(x)dx+C1x+C2,

where C, is another arbitrary constant of integration. Thus the general solution of
the differential equation (19) involves two arbitrary constants, and this is a char-
acteristic feature of the general solution of a second-order differential equation. There-
fore, to single out a particular solution of (19), we must impose two initial conditions,
since this will give us two algebraic equations which we can solve for the two con-
stants C, and C,.

f. Find the particular solution of the differential equation

d?y
x

(21)

satisfying the initial conditions
1

1 !
ylx=1 = —2', ylx=1 = _5' (22)

SoLutioN. Note that one initial condition involves the function y, while the
other involves its derivative y'. Integrating (21) twice with respect to x, we get first
1

y’—Q=J‘xdx+C1=§X2+C1, (23)

T dx
and then

1 1
y=f§X2dx+fC1dx+C2=gx3+C1X+C2' (24)
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Substituting the second of the conditions (22) into (23) and the first into (24), we
find that

i 1
——=Z4+C

2 2+ 1

1 1
—2'=6+C1+C2

Thus the particular solution of the differential equation (21) satisfying the conditions
(22) 1s just
Lo xy 1
Y=% 3
Instead of imposing one condition on y and the other on y' at the same point,
we can impose two conditions on y at two different points. In this case, the conditions
are called boundary conditions rather than initial conditions. For example, to find the
particular solution of (21) satisfying the boundary conditions

y1x=0 = 15 y|x=1 =25
we solve the equations

for C, and C,. This gives !
C1 ==
and leads to the particular solution

y=éx3+gx+1.

PROBLEMS

1. Show that equation (2) is a special case of the even more general first-order dif-
ferential equation ®(x, y, ') = 0, where ®(x, y, z) is a function of three variables.

2. Find the particular solution of the differential equation y — y/x satisfying
the initial condition y|,-, = 1.

3. Find the particular solution of the differential equation y' + 2xy = 0 satisfying
the initial condition y|,_, = 1.

4. Find the particular solution of the differential equations y’ = 2\/— In x satisfying
the initial condition y|,_, = 1.

5. Show that all but one of the solutions of the differential equation y'> = 4y are
glven by the formula y = (x + C)?, where C is an arbltrary constant. What
is the extra solution? .

6. Find the general solution of the differential equation y” = In x.
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*7. By making the preliminary substitutions y' = p, y = p(dp/dy), find the parti-
cular solution of the differential equation y” = 2y satisfying the initial con-
ditions yly—0 = 1, ¥|x=0 = L.

*8. A differential equation of the form

dy . (y
#=/()

is said to be homogeneous. Solve this equation by separation of variables, after
making the substitution y = ux.
*9, Find the particular solution of the homogeneous differential equation
x + y + xy' = 0 satisfying the initial condition y|,-, = 0.
*10. A curve goes through the point (—1, —1) and has the property that the x-
intercept of the tangent to the curve at every point P is the square of the abscissa
of P. What is the curve?

5.2 PROBLEMS OF GROWTH AND DECAY

5.21. a. Suppose the dependence of one variable, say y, on another variable,
say t, is described by an “exponential law”

y = yoe, 1)

where y, > 0 and r are constants. Then the rate of change of y (with respect to t)
is given by the derivative

2. yore™.

dt
Thus y satisfies the simple differential equation

lt-’y’ ()

that is, the rate of change of the variable y is proportional to the value of y. The function
¢" is an increasing function of ¢ if r is positive, since then ¢, < f, implies rt; < rt;
and hence e™ < ¢"; in this case, we say that y grows exponentially (with t), or that
y is an exponentially increasing function of t. On the other hand, e” is a decreasing
function of ¢ if r is negative, since then t; < t, implies rt; > rt; and hence €™t > €"'%;
in this case, we say that y decays (or falls off) exponentially (with ) or that y is an
exponentially decreasing function of t. .
b. Setting t = 0in (1), we find that

)’|z=o = Yo- 3)

Thus the constant y, is just the initial value of y, that is, the value of y at the time
¢ = 0. In other words, (1) is the particular solution of the differential equation (2)
satisfying the initial condition (3). This can, of course, be seen directly. In fact,
separating variables in (2), we get

d—'v= rdt,
y
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so that

f%:frdt-%—k,

or
In|y| = rt + k, .‘ 4

where k is a constant of integration. Taking the exponential of both sides of (4),
we find that

ly| = Ce", (5)

where C = ¢ > 0. But |y| can never vanish, since Ce” > 0. Therefore y is either
positive or negative for all ¢. Since y, > 0, by assumption, the initial condition (3)
can be satisfied only if y is positive, and then |y| = y, C = y,, so that (5) reduces
to (1).

c. It follows from (2) that

iy
T oydt’

or equivalently

taty

that 1s, r is the logarithmic derivative of y (Sec. 4.53a). Thus r is not the rate of change
of y, but rather the rate of change of y divided by the “current” value of y. The
quantity dy/dt is called the growth rate, whether it be positive or negative, while r
is called the proportional growth rate. The word “proportional” can be dropped if
r is given in percent per unit time, since it is then clear that we can only be talking
about a proportional growth rate. Sometimes r is simply called.the rate, when there
is no possibility of confusion.

5.22. Population growth

a. Example. A population grows exponentially at the rate r. How long does
it take the population to double?
SoLutioN. Here r is positive and we have

N = N(t) = Noe", (6)

where N (for “number”) is the population at time ¢ and N, is the population at time
t = 0. The function N is, of course, just the particular solution of the differential
equation :

dN
— =N 7
it ()
satisfying the initial condition
N |z=o = Nj. ®

Let T be the doubling time, that is, the time at which the population is twice its initial
value Ny. Then
N oerT = 2N 0
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or
T=2 )
Note that T is independent of the population size. Taking logarithms, we get |
= In 2,
or |
T = In2 e~ 9293 :(10)
r r |

Thus the doubling time is inversely proportional to the proportional growth rate r,
which makes sense (“the faster the growth, the shorter the doubling time”). Suppose
r is measured in percent per year and ¢ in years, as in studies of human population.
Then we get the rule of thumb !

T = @ years. |
r 1
For example, the average annual growth rate of the population of Brazil during the
perlod 19611968 was 3%,. At this rate the population of Brazil will double in about
£ =23 years.
b. If T is the doubling time of a population, then the population will double
every T years, as long as it is growing at the rate r. To see this, we merely note that
N(T) = ¢TN, = 2N,, ‘
NQ2T) = TNy = ()2 N, = 22N, = 4N,,

with the help of (6) and (9), and, more generally,
N(nT) = e"TNy = (&TY'Ny = 2°N,.

c. The differential equation (7) merely says that the rate of change of ‘the
population is proportional to the present size of the population. This is perfectly
plausible. In fact, on the one hand, we must have

— =B - D, (7

T, }( )
where B is the birth rate and D the death rate. On the other hand, both B and D are
proportional to the population size N (large cities have more maternity wards and
more cemeteries than small towns). Therefore B — D is also proportional to N.
Comparing (7) and (7'), we find that

In other words, the proportional annual growth rate of population is just the 1per
capita excess of the birth rate over the death rate.

d. Eventually, of course, population growth must stop, due to lack of food,
spread of infectious disease, loss of fertility due to overcrowding, wars fought for
dwindling resources, or whatever. It turns out that these effects of “overpopulation”
are described remarkably well in many cases by introducing an extra term —sN? in
the right side of (7), where s (like ) is a positive constant. The resulting growth
equation” then becomes :
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N _ N — N2, ‘ (11)
dt
instead of (7), subject to the same initial condition (8). .
To solve (11), we separate variables and integrate, obtaining

dN
er_sNz [a+c=t+e (12)

where c is a constant of integration. The integral on the left is not hard to evaluate.
In fact, setting & = s/r, we have

dN 1 dN 1 e[t «
=Z = (]= N
V= rfN(l—ozN) rf[N+1—ocN]

=l[lnN—ln|1 — aN|[] =%ln
;

N
1 — aN|

Therefore (12) becomes

N
T—— =1t + k,
In 1= oN| r
where k = rc, or
N
= C r
TR
where C = ¢*. Applying the initial condition (8), we get
c=_No
[1 — aN,y|’
so that
t N NO ert’

1= aN| ™ [ — aNy|

where the vertical bars can now be dropped, since 1 — aN and 1 — aN, have the
same sign (in evaluating the integral on the left in (12), it was tacitly assumed that
1 — aN # 0 for all £ > 0). Doing this and solving for N, we finally obtain

Nye"
N=1= aNg(l — ")

or, even more simply,

N
N = ! , (13)
(M) e
Ny
where
1 ;
N, =-=L ‘ (14)
o S

Note that N; # N, since 1 — aNg # 0.
Graphing N as a function of time, we get the “S-shaped” curve shown in Figure 1
for the case N; = 50N,. Note that the population growth is now restricted. In fact,
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if t is large enough, then e™" ~ 0 and (13) is close to the “stable” population level
N, given by (14), where N, is independent of the size of the initial population. The
validity of formula (13) has been confirmed by many observations, both of human
populations and of experimental populations of bacteria, fruit flies, etc.

5.23. Radioactivity

a. Suppose it takes 2 days for 509, of the radioactivity emitted by a radio-
active substance to disappear. How long does it take for 999 of the radioactivity
to disappear?

SoLution. For simplicity, we assume that the radioactivity is entirely due
to a single radioactive substance. It is known from physics that the rate of change
of the mass of a substance undergoing radioactive decay is proportional at each
instant of time ¢ to the mass m = m(t) of the substance actually present; the situation
resembles that of a sterile population which is “dying off,” except that an atom of
radioactive substance, unlike a person, can have an arbitrarily large “longevity.”
Thus m = m(t) is the particular solution of the differential equation

dm
i rm (15)
satisfying the initial condition
mlt=0 == mO’ (16)

where m, is the mass of the radioactive substance present at time ¢ = 0. Since the
proportional growth rate r is now negative, we replace it by —k, where k is positive.
The differential equation (15) then becomes
dm
— = —km. 17
7 (17

The sotution of (17), subject to the initial condition (16), is, of course, just the function
m = mge ", (18)

describing the exponential decay of the amount of radioactive substance.
We now use the data of the problem to determine the number k, called the
proportional decay rate, or simply the decay constant. Since 50%; of the radioactivity
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disappears in 2 days, we have, measuring ¢ in days, {

1
moe™ 2 = 3 Mo-
This implies
1
—2k =In=,
"2
or
1
==In2
k 3 n
With this value of &, (18) becomes
m = mge~ 22

Disappearance of 999 of the radioactivity means that m = tizm,. Thus 99% of the
radioactivity will disappear after © days if 7 satisfies the equation

—(2/2) In 1
moe” 12N 2 = Too Mo’
or
T 1

Solving (19) for z, we get

In 100 In 10 2.30

Actually, we could have estimated the value of t at once by the following argu-
ment: Half the radioactivity disappears in 2 days, half of what’s left disappears in
2 more days, leaving one fourth the original amount after 4 days, half of what’s now
left disappears after another 2 days, leaving one eighth the original amount after
6 days, and so on. Hence ¢ of the original amount is left after 12 days, and iz is
left after 14 days, so that 1§y is left after about 13 days. You will recognize this
reasoning, based on repeated halving, as the exact analogue of the treatment of
repeated doubling, given in Sec. 5.22b.

b. The time it takes a radioactive substance to decay to one half its original
amount is called the half-life of the substance, and is independent of the amount
originally present. The connection between the half-life T and the decay constant
k is just

T=2

In2 0693
=% % 20)

as we see at once by solving the equation

—kT

mOe = mo

N —

for T. Note that (20) is the same as formula (10) for the doubling time, with r replaced
by k.
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PROBLEMS

The number of bacteria in a culture doubles every hour. How long does it
take a thousand bacteria to produce a million? What is the number N of
bacteria in the culture at time ¢?

The world’s population, equal to 3.6 billion in 1970, is growing exponentially
at the rate of about 2.1%; per year. Estimate the world’s population in the year
1984. In the year 2001.

An exponentially growing population increases by 20% in 5 years. What is its
doubling time?

One fourth of a radioactive substance disintegrates in 20 years. What is its
half-life?

The average amount of radium in the earth’s crust is about 1 atom in 10'2.
Does it make sense to assume that this is the radium left over from a larger
amount present at the time the earth was formed? The half-life of radium is
1620 years, and the age of the earth is estimated at 4.6 billion years.

Let N = N(t), N, and N, be the same as in formula (13). Show that

(a) M Ny < Ny, N(2) is increasing in [0, c0);

(b) If Ny > N, N(t) is decreasing in [0, c0);

(c) In both cases, N(t) - N, ast — oo;

(d) If Ny < Ny, N(2) has an inflection point at t = t,, where N(t,) = 3 N,.
Suppose consumption grows exponentially at the rate of rY; per .year, while
population grows exponentially at the rate of 5% per year How does the per
capita consumption behave?

According to Newton’s law of cooling, a body at temperature T cools at a rate
proportional to the difference between T and the temperature of the surrounding
air. Suppose the air temperature is 20° (Centigrade) and the body cools from
100° to 60° in 20 minutes. How long does it take the body to cool to 30°?
The absorption of daylight by sea water is described by the exponential law

I = Ige ",

where I, is the intensity of light at the surface of the sea and I is its intensity
at the depth x. Find the constant p, called the absorption coefficient, if the
intensity of light at a depth of 5 meters is one thousandth of its intensity at
the surface.

Solve the growth equation

—— = sN? — rN, 21

i r (21)
differing from (11) in the sign of the right side. Show that in this case, cor-
responding to a birth rate proportional to the square of the population size,
the population is destined for extinction if its initial size N is less than N = r/s.
Show that if N, > N,, then N — oo as

1
toim_No
r NO - Nl
Solve the growth equation
N =rN + s,

dt
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corresponding to a birth rate proportional to the population size, together with
an “immigration” rate s.

*12. Radioactive carbon 14 (“radiocarbon™), with a half-life of 5570 years, is con-
tinually being produced in the upper atmosphere by the action of cosmic rays
on nitrogen. Incorporated in carbon dioxide, the radiocarbon is mixed into
the lower atmosphere, and is absorbed first by plants, during photosynthesis,
and then by animals eating the plants. As long as they are alive, the plants
and animals take in fresh radiocarbon, but when they die, the process ceases
and the radiocarbon in their tissues slowly disintegrates, dropping to half its
original amount in 5570 years. This fact leads to a method, called radiocarbon
dating, for estimating the ages of such things as fossil organisms and old bits
of wood and charcoal. For example, the age of a sliver of a mummy case can
be estimated by comparing the amount of radioactivity in the sliver with the
amount of radioactivity in a piece of fresh wood of the same kind and size.

Suppose a Geiger counter records m disintegrations from an old specimen
of unknown age t during the same period in which it records n (>m) disinte-
grations from a similar contemporary sample. Show that

*13. Heartwood from a giant sequoia tree has only 75% of the radioactivity of the
younger outer wood. Estimate the age of the tree.

5.3 PROBLEMS OF MOTION

5.31. Consider the motion of a particle moving along a straight line L. As in
Sec. 3.11, let s be the particle’s distance at time ¢ from some fixed reference point,
where s is positive if measured in a given direction along the line and negative if
measured in the opposite direction. Suppose the particle is subject to a force F,
acting along the line L. Then Newton’s second law of motion states that

F = maq, (1)
where m is the particle’s mass and
_d%s
=

is the particle’s acceleration (Sec. 3.14a). The deceptively simple formula (1) is actually
a second-order differential equation, with far-reaching physical consequences. As we
now illustrate by a series of examples, once F is known, we can determine the particle’s
position as a function of time by solving (1), subject to appropriate initial conditions.

5.32. Examples

a. Find the motion of a particle in the absence of any external forces.
SoLuTioN. In this case there are no forces, so that F = 0 in (1). It follows
that
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after cancelling out the mass, which plays no role here. We now solve (2) by two
consecutive integrations. Recalling that

dv

=
where

_ds
U= a
is the particle’s instantaneous velocity (Sec. 3.13a), we first write (2) in the form

dv

Integrating (3), we find that
dv
u=fzm=fmm=cb @

where C; is a constant of integration, and hence

ds
v = E = 1 (5)
Integrating (S5) in turn, we get
d
s=f£m=fﬂﬁ+Q=CJ+Q, ©)

where C, is another constant of integration.
We must now determine the constants C,; and C,. Thisis done by taking account
of the initial conditions of the problem, namely

U|z=o = Vg, Slz=o = So,
where v, and s, are the velocity and position of the particle at the initial time ¢ = 0.
Settingt = 0,v = vpin(4)and t = 0, s = s, in (6), we find at once that
C, = v, C, = sq.
Therefore (4) and (6) become
v = v,
and
§ = vt + Sp,

where it will be noted that s has the constant value s, if v, = 0. Thus we have proved
Newton’s first law of motion: Unless acted upon by an external force, a body at rest
(vo = 0) remains at rest and a body in motion (v, # 0) continues to move with
constant velocity along a straight line. It is shown in a course on mechanics that this
conclusion remains true for a particle free to move in three-dimensional space, rather
than just along some line L.

b. Find the motion of a stone of mass m dropped from a point above the earth’s
surface.
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SoLuTION. We regard the stone as a particle, neglecting its size (Sec. 3.11).
Let s = s(f) be the stone’s position, as measured along a vertical axis with the positive
direction pointing downward and the origin at the initial position of the stone. By
elementary physics, the force acting on the stone is

F = mg,

where g is the acceleration due to gravity (approximately 32 ft/sec?) and we neglect
the effect of air resistance. Thus, in this case, Newton’s second law reduces to

dv  d%s
a=r =739 (7

which says that the acceleration has the constant value g. Integratmg (7) twice, we
get first

u=f—dt [gdt+c,=g+c, @®)
and then
s~j_dt fgt+C1)dt+C2=%gt2+C1t+C2. ©)
This time the initial conditions are |
=0 =0, Sli=0 = 0,

since the stone is “dropped” (that is, released with no initial velocity) from the point
chosen as origin. Settingt = 0,v = 0in (8) and t = 0, s = 0 in (9), we immediately
get C; = C, = 0. Thus, finally,

v =gt @)

and

1 2 A
=50 ©)

at least until the stone hits the ground. ’
¢. Find the motion of a stone thrown vertically upward with initial velocity v,.
SoLuTiON. We now find it more convenient to measure the stone’s position
along a vertical axis with the positive direction pointing upward. This has the effect
of changing g to —g in (8) and (9), since the acceleration due to gravity points down-

ward. The initial conditions are now

Ult=0 = Vo, s|t=0 =0

Settingt = 0,v = vy in (8) and ¢t = 0, s = 0 in (9), we get C; = vy, C, = 0. Thus,
in this case, (8) and (9) reduce to

v =10, — gt, (8"
and

1 2 ; 1%
s—vot—igt ]

(recall Example 3.15, where v, = 96 ft/sec).
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d. Find the motion of a falling stone of mass m subject to air resistance.
SoLuTioN. It is shown in physics that the effect of air resistance can be
approximated by a force

F=—ko (k> 0),

proportional to the stone’s velocity and acting in the direction opposite to its motion.
The force acting on the stone is now the sum of two forces, its weight mg and the air
resistance — kv. Thus, in this case, Newton’s second law (F = ma) gives

d%s dv ‘
mW=ma—t=mg—kv, (10)
where s is measured downward again, as in (7). Introducing the constants
k
o = —y vl = g,
m o
we can write (10) in the form
dv
EE =g —ov = —d(v - Ul). (11)

Separating variables in (11) and integrating, we find that

fvivvl=~afdt+c,

where ¢ is a constant of integration. Therefore

Injp — vy = —at + ¢,
or
v, —v=¢e*=Ce* (12)

since v — v; < 0 (why?), where C = ¢". Applying the initial condition v,-o = 0
(the stone is dropped from rest), we get C = vy, so that (12) becomes

v =101 — e ™). (13)

The behavior of v as a function of time is shown in Figure 2. After falling for T

Vi e e e
1 L | t
| T 1
0 1 2 3
« o a

Figure 2.
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seconds, where T is three or four times larger than 1/, the stone effectively attains
its terminal velocity v;, which is never exceeded. Note that v, = mg/k is proportional
to the weight of the falling object, and hence is much smaller for falling feathers than
for falling bricks! Nevertheless, feathers and bricks fall in exactly the same way in
a vacuum.

To find the stone’s equation of motion, we integrate (13), obtaining

—at
s=fvdt=vlf(1—e"")dt+C=vl<t+ea>+C.

Applying the initial condition s|,-o = 0, we find that C = —v,/e. Therefore
v —a
s=v1t—;1(1—e ",

at least until the stone hits the ground.

5.33. Work and energy

a. Suppose a particle of mass m, moving along a straight line L, is acted upon
by a force F = F(s) which is a continuous function of its position s. Then, according
to Newton’s second law,

ma = m% = F(s),
or, by the chain rule,

dv ds dv

Mmoo = mo o

if we think of the velocity v as a function of s rather than ¢. Let

= F(s), (14)

vo = v(So) vy = v(sy)

be the particle’s velocity at two different positions s, and s;. Then, integrating (14)
with respect to s from s, to s;, we get

[mas= " ma= [ Reas
or

1 St 1 1 sy
l:i muz:lso = Emv% - -2—mvé = J;O F(s) ds. (15)
In other words, as a result of the action of the force, the quantity T = $mv?, called
the kinetic energy of the particle, increases by an amount

W= f " F(s) ds, (16)

called the work done by the force on the particle in moving it from s, to s;.
b. In the absence of any force, F = 0 and the work (16) vanishes. Then (15)
reduces to ‘
1 1
3 mv? = 3 mv3, 17
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so that the kinetic energy remains unchanged, or, in the language of physics, is
conserved. If F = constant, (16) becomes

W:LZ‘F(s)ds=Ff;‘ ds = F(s; — s,).

Thus, in this case, the work equals the product of the force F and the “displacement”
5; — 5o, as taught in elementary physics.

c¢. IfF=mg, so=0,uv,=0,wehave the problem of the falling stone, as in
Example 5.32b. Then (16) gives W = mgs, and (15) reduces to

2
5 mo* = mgs,

after dropping the subscript 1 twice. Solving this equation for v, we get

v = 4/2gs.

The same result can be obtained by eliminating ¢ from formulas (8') and (9’), but here
we have used the concepts of work and kinetic energy to find the connection between
the stone’s velocity and its position without bothering to express either as a function
of time.

d. Now let V(s) be any antiderivative of the function — F(s), where the existence
of V(s) is guaranteed by the assumed continuity of F(s) and Theorem 4.23a. Then it
follows from (15) and the fundamental theorem of calculus that

1 1 51

imv% — imvé = —V(S) s = V(So) - V(sl)’

or equivalently

%mv% + V(s,) = %mvé + V(so). (18)
The function V(s) is called the potential energy (of the particle), and the sum of the
kinetic energy T = $mv? and the potential energy V = V(s) is called the total energy
E = T + V. Thus equation (18) says that the total energy remains unchanged, or
synonymously, is conserved, in the presence of any force F = F(s). In the absence
of any force, F = 0, V = constant, and then formula (18) for the conservation of the
total energy reduces to formula (17) for the conservation of the kinetic energy. Note
that the potential energy V, being an antiderivative, is defined only to within an
arbitrary “additive constant,” and hence the same is true of the total energy E =
T + V. This leads to no difficulties, since formula (18) remains valid if we replace
V(s) by V(s) + C, where C is an arbitrary constant.

e. IfF = —mgands, =0,v, # 0, we have the problem of the stone thrown
upward with initial velocity vy, as in Example 5.32¢c. In this case, V = mgs is an
antiderivative of — F = myg, and (18) takes the form

1 1
3 mv? + mgs = -2-mvg, (19)
after dropping the subscript 1 in two places. To find the maximum height reached
by the stone, we set v = 0 in (19) and solve for s, obtaining
_ %
=2
The same result can be obtained by solving (8”) for the time ¢ at which v vanishes, and
then substituting this value of ¢ into (9”).
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f. Example. With what velocity v, must a rocket be fired vertically upward in
order to completely escape the earth’s gravitational attraction?

SOLUTION. According to Newton’s law of gravitation, the force attracting
the rocket back to earth is given by the “inverse square law”

F = F(s) = —“:Z’", (20)

where k is a positive constant, M is the mass of the earth, m is the mass of the rocket,
and s is the distance between the rocket (regarded as a particle) and the center of
the earth. Here, of course, we choose the s-axis vertically upward along a line going
through the center of the earth, and the minus sign in (20) expresses the fact that the
force of gravitation is attractive, pulling the rocket back to earth.

The work done on the rocket by the earth’s gravitational pull as the rocket
leaves the surface of the earth and goes off to a remote point in outer space is given
by the integral

s1 S5 ka ka $1 ka ka
w=["Feds = - ds=[s] = -,

s0 Sy So

where s, equals R, the radius of the earth, and s, is a very large number. Therefore

kMm
- - @y
after dropping the negligibly small number kMm/s,. The work W equals the change
1 1
3 mo? — 3 mv3 (22)

in the rocket’s kinetic energy in going from the earth’s surface to outer space. Since
we are looking for the smallest value of the rocket’s initial velocity that will allow
it to escape the earth’s gravitational pull, we choose v; = 0 as the rocket’s final
velocity, so that the rocket arrives in outer space with its initial velocity v, completely
lost. Equating {21) and (22), with v; = 0, we get

1 kMm

"6 = "R

Therefore v, is given by the formula
2kM

R @)

vy =
and is independent of the rocket’s mass m.

To evaluate (23), we observe that the force acting on the rocket at the earth’s
surface is —kMm/R? by (20) and —myg in terms of the constant g, the “acceleration
due to gravity,” which figures in terrestrial problems involving gravitation. Equating
these two expressions, we find that the “universal gravitational constant” k equals

gR*

k=57 (24)

Substituting this into (23), we get

2GR*M
vo = | %vuz = /2R (25)
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Since, to a good approximation, R = 4000 miles and g = 32 ft/sec?, we finally have

[2-32-4000 .
Vo = 580 mi/sec =~ 7.0 mi/sec

(there are 5280 feet in a mile). In the language of rocketry, the quantity v, is called
the earth’s escape velocity. A rocket fired upward with a velocity less than v, must
eventually “fall” back to earth, unless it is “captured” by the gravitational attraction
of some other celestial body.

PROBLEMS

1. Find the equation of motion s = s(t) of a particle of mass m acted upon by a
constant force F, given that the particle is initially at rest at the point s = 0.

2. A particle of mass m moves under the action of a constant force F. Suppose
the particle’s position at time r = t, is s = s5,. What velocity v, must the
particle have at time ¢t = ¢, in order to arrive at the point s = s, at time ¢ = t,?

3. Suppose a particle of mass m is subject to a force F = kt, proportional to the
time that has elapsed since the onset of the motion. Find the resulting equation
of motion, assuming that the particle starts from the point s = 0 with initial
velocity v,.

4. With what velocity must a stone be thrown vertically upward from ground
level to reach a maximum height of 64 feet? How many seconds after it is
thrown will the stone hit the ground?

S. The acceleration due to gravity on the moon is about 5 ft/sec?, as compared
with 32 ft/sec? on the earth. Suppose a man can jump 5 feet high on the earth.
How high can he jump on the moon?

6. Which has more kinetic energy, a one-ounce bullet going 500 mi/hr or a ten-ton
truck going I mi/hr? What happens if the bullet goes 600 mi/hr?

7. According to Hooke’s law, the tension in a stretched spring equals ks, where k
is a positive constant and s is the length of the spring minus its unstretched
length. Show that the potential energy V of the stretched spring equals ks

8. A particle is attracted to each of two fixed points with a force proportional to
the distance between the particle and the point. How much work is done in
moving the particle from one point to another along the line connecting them?
Assume that the constant of proportionality k is the same for both points.

9. Show that to reach an altitude of h miles, a rocket must be fired vertically

upward with velocity
[ 2g9Rh
=R

where g is the acceleration due to gravity and R is the earth’s radius. Verify
that this expression approaches the value (25) as h —» 0.

10. If a rocket is fired vertically upward with a velocity of 1 mi/sec, how high will
it rise?

11. Estimate the moon’s escape velocity, given that the moon has approximately
+r the radius and gy the mass of the earth.
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*12.

*13.

Two men stand on the edge of a roof h feet above the ground. The first man
throws a stone downward with velocity v, ft/sec, while the second simul-
taneously throws another stone upward with the same velocity. Show that both
stones hit the ground with the same velocity vy, but naturally at different times
t;and t,. Find vy, t;,t, and At = £, — ¢;.

A spider hangs from the ceiling by a single strand of web. Suppose the spider’s
weight doubles the unstretched length of the strand, stretching it from s to 2s.
Show that to climb back to the ceiling, the spider need only do 75% of the
work required to climb an inelastic strand of length 2s.



Chapter 6

FUNCTIONS OF
SEVERAL
VARIABLES

6.1 FROM TWO TO n DIMENSIONS

6.11. Rectangular coordinates in space

a. Rectangular coordinates in space are the natural extension of rectangular
coordinates in the plane (Sec. 1.7). Suppose we construct three mutually perpendi-
cular lines Ox, Oy and Oz, known as the coordinate axes, intersecting in a point O,
called the origin (see Figure 1). Just as in the plane, each line is regarded as extending
indefinitely in both directions, and each is equipped with a positive direction, as in-
dicated by the arrowheads in the figure. The coordinate axes Ox, Oy and Oz are
called the x-axis, the y-axis and the z-axis, respectively. These axes determine three

N\
O\
<

Figilre 1.
208
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N

P=(a,b,c)

Figure 2.

mutually perpendicular coordinate planes, the xy-plane containing the x and y-axes,
the yz-plane containing the y and z-axes, and the xz-plane containing the x and z-axes.
In Figure 1 the yz-plane is the plane of the paper, and the positive x-axis points out
from the paper at right angles to the yz-plane.

b. We now associate three numbers with any given point P in space, by making
the following construction, analogous to the construction in Sec. 1.72: Through the
point P we draw three planes, one perpendicular to the x-axis, another perpendicular
to the y-axis, and a third perpendicular to the z-axis. Suppose that, as in Figure 2,
the first plane intersects the x-axis in the point with coordinate a, the second plane
intersects the y-axis in the point with coordinate b, and the third plane intersects the
z-axis in the point with coordinate ¢. Then the numbers g, b and ¢ are called the
rectangular coordinates, or simply the coordinates, of the point P. More exactly, a is
called the x-coordinate of P, b is called the y-coordinate of P, and c is called the
z-coordinate of P. Figure 2 is, of course, just the three-dimensional analogue of
Figure 10, p. 21.

c. The point P with a, b and ¢ as its x, y and z-coordinates may also be de-
noted by (a, b, ¢). The symbol (g, b, c) is called an ordered triple, and is a special kind
of three-element set of real numbers, namely one in which the order of the elements
matters. More generally, an n-element set of real numbers in which the order of the
elements matters is called an ordered n-tuple, and is denoted by (ay, a,, . . ., a,).

d. Example. Find the distance | P, P,| between two points P, = (x4, y;, z;) and
P, = (x5, ¥5, 2,) in space.

SoLutioN. Consulting Figure 3, which generalizes Figure 11, p. 22, we find
that

|P1P,* = [P1Q)* + |QP,%,
by the Pythagorean theorem. Therefore
|P1P,| = V]4BJ* + [QP,[%, 1

where we use the fact that |P,Q] = |4B|. But 4 = (x;,¥,), B = (x3, y,), regarded as
points in the xy-plane, and hence

|[AB]* = (x; = x2)* + (y1 — y2)% ©)
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by the formula for the distance between two points in the plane (Sec. 1.74). Sub-
stituting (2) into (1), and noting that |QP,| = |z, — z,|, we finally get

|PyPy| = Vx; — x3)* + (y1 — y2)* + (21 — 25)%
For example, the distance between the points P, = (3,1,9)and P, = (—1,4, —3)is
PPl =B+ 1>+ (1 — 4% + 9 + 3> =& + 32 ¥ 122 = /169 = 13.

6.12. By n-dimensional space, or simply n-space, we mean the set, denoted by
R,, of all ordered n-tuples (xy, x,, ..., x,) of real numbers. If n = 1, we have the real
number system R, = R. Thus one-space R, is the line, two-space R, is the plane,
and three-space Rj is ordinary three-dimensional space. Here, of course, we rely on
the one-to-one correspondence between R and the points of the line (Sec. 1.36a), and
the analogous one-to-one correspondence between R, and the plane (Sec. 1.72), and
between R; and space (see Prob. 1). The elements of R, are called “points,” just as
in the case of one, two and three dimensions.

The distance between two points Py = (ay,4a,,...,4,) and P, = (b,, b,,...,b,)
in n-space is defined by

|P1P2| =@, — b)) +(a, - b+ + (a, — by,

or, more concisely, by
|P1P2| = / (@; — b)* (3
i=1

When we set n equal to 1, 2 and 3 in formula (3), it reduces in turn to the formula
for the distance between two points on the line, in the plane, and in space (check this).

6.13. By a (numerical) function of n variables we simply mean a function
Sy, x5, .. ., x,) whose domain is some subset of n-space. For simplicity, we will
usually restrict the number of independent variables x,, x,, .. ., x, to two or three.
Other things being equal, we write x, y for xy, x, if n = 2 and x, y, z for x,, x5, x;
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if n = 3, to preserve the standard labelling of the coordinate axes in the plane and
in space.

When dealing with functions of several variables xy, x5, . . - , X,, We often want
to be vague about the actual number of variables. We then write f(P) instead of
(x4, X3, . . ., X,), Where P = (xy, X3, . . ., X,) is a variable point of n-space.

6.14. Next we generalize the considerations of Sec. 2.3 to the case of three
dimensions. By the solution set of the equation

F(x,y,2) = 0, @

where F(x, y, z) is a function of three variables, we mean the set S of all ordered triples
(x, y, z) for which (4) holds. Suppose we introduce a three-dimensional system of
rectangular coordinates, by setting up perpendicular axes Ox, Oy and Oz, as in
Sec. 6.11a, and then plot all the elements of S as points in space. These points make
up a “three-dimensional picture,” called the graph of S, or, equivalently, the graph
of equation (4). The same technique can be applied to a function

z = flx,y) )

~of two variables. Let S be the set of all ordered triples (x, y, z) for which (5) holds.
Then, plotting all the elements of S as points in space, we get a “picture,” called the
graph of S, or, equivalently, the graph of the function (5). Note that (5) is a special
case of (4), corresponding to the choice F(x, y, z) = z — f(x, y).
The graph of an equation (4) or function (5) typically looks like a “surface,”
possibly made up of several “pieces.” We will often refer to, these graphs as “the
surface F(x, y, z) = 0,” or “the surface z = f(x, y).”

6.15. Examples
a. Graph the equation
2+ y+22=1 j (6)

Figure 4.
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SoLUTION. Since x% + y? + z? is the square of the distance between the
point (x, y, z) and the origin O = (0, 0, 0), the point (x, y, z) belongs to the graph of (6)
when the distance between (x, y, z) and O equals 1, and only then. Therefore the
graph of (6) is the sphere of unit radius with its center at O, shown in Figure 4.

b. Graph the function

z=x*+ y% N
SoLuTiOoN. Here every point of the circle
X2+y2=C (C>=0)

corresponds to the same value of z, namely C. Equivalently, every plane z = C
(C > 0) parallel to the xy-plane intersects the graph of (7) in a circle, namely the
circle of radius \/E (why the square root?) with its center on the z-axis. The value
C = 0 gives rise to the “degenerate circle” x> + y* = 0, consisting of the single
point O = (0,0, 0). Thus the graph of (7) is the surface shown in Figure 5. This sur-
face intersects the xz-plane (y = 0) in the parabola z = x2 and the yz-plane (x = 0)
in the parabola z = y?, as we find by substituting first y = 0 and then x = Qinto (7).
It is easy to see (how?) that the surface (7) is “generated” (that is, “swept out”) by
rotating either of these parabolas about the z-axis. For this reason, the surface (7)
is called a paraboloid of revolution.

Figure 5.

¢. Graph the function

z=1-x"+y* (2+y2<)) ®)

SorLutioN. The graph of (8) is the right circular cone shown in Figure 6, with
its vertex at the point (0,0, 1). How is this deduced from (8)?
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Figure 6. ‘

6.16. Regions and neighborhoods

a. In general, the domain D of a function z = f(x, y) can be an arbitrary set
of points in the xy-plane, but in the simple cases considered here D will always be
either the whole plane, or a subset of the plane bounded by one or more curves,
parts or all of which make up the boundary of D. Suppose D is connected, in the
sense that any point of D can be joined to any other point of D by a curve which
never leaves D. (For example, the map of Ohio is connected, but not the map of
Hawaii.) Then D is said to be a region. A region is said to be closed if it contains
its boundary and open if it does not. More generally, a region may contain some
but not all of its boundary points. A region is said to be finite if it lies entirely inside
some circle x2 + y* = r? of sufficiently large radius r; otherwise the region is said
to be infinite. The symbol R will henceforth be used to denote a region, rather than
the real number system.

b. The domain of a function z = f(x, ) is understood to be the largest set of
points (x, y) for which the function is defined, just as in the case of one variable
(Sec. 2.15a). Thus the domain of the function

z=.1—-x% -y

is the set of all points (x, y) such that the square root makes sense, that is, such that
x? + y* < 1 (what is the graph of the function?). This is the finite region consisting
of the “unit circle”

x4+t =1 9)

and its interior. This region is closed, since it contains its boundary, namely the
circle (9). We can talk about “the region x> + y* < 1,” just as we talk about “the
interval -1 < x < L7

On the other hand, the domain of the function

z=In(x +y) (10)
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is the set of all points (x, y) such that x + y > 0, or equivalently y > —x. Thus the
domain of (10) is the infinite region R consisting of all points lying to the right of
the line y = —x (sketch a figure). The line y = —x is the boundary of R, but is not
contained in R, since In 0 is meaningless. Therefore R is an open region.

¢. Given any fixed point P, = (a, b) in the plane, let N be the set of all points
P = (x, y) such that

|PPy| < 8, (11)

where § is a positive number and |PP,| is the distance between P and P,. In terms
of coordinates, N is the set of all points (x, y) such that

Vix —a* + (y — b)? < 5, (12)
that is, the interior of the circle
(x — a)? + (y — by?> = 8 (13)

of radius 6 with its center at (a,b). Since N does not contain the circle (13) itself,
N is an open region. A region of this kind is called a neighborhood of the point
Py = (a,b). Clearly N is the two-dimensional generalization of the one-dimensional
neighborhood |[x — a] < & (Sec. 1.63b).

The merit of the inequality (11), as opposed to (12), is that it leaves the number
of independent variables unspecified. If n = 3, we write

PO = (a’ ba C), P = (x, ya Z).
Then the set N of all points P satisfying (11) is the interior of the sphere
(x—aP +(y—b?+ (z - c)? =6

of radius § with its center at (a, b, ¢). We again call N a neighborhood, this time of the
point Py = (a, b, c)in three-space. Similarly, the set N ofall points P = (x,, x5, ..., X,)
in n-space satisfying the inequality (11) is the “interior” of the “n-dimensional sphere”

Y (x—x)F =8
=1

of radius & with its center at (a,, a,, ..., a,). Naturally we again call N a neighbor-
hood, this time of the point P, = (a,, 4d,, ..., a,) in n-space.

By a deleted neighborhood of a point P, we mean any neighborhood of P, with
the point P, itself excluded.

PROBLEMS

1. We have shown how to find the coordinates of a given point in R;. How does
one find the point in R; with given coordinates?

2. If a cube has the points (1,1,1), (1, —1, —1),(~1,1, - 1) and (-1, -1, —1) as

four of its vertices, what are the other four?

Find the distance from the origin to the point

(@ 4 -2,-4: () (-412,6); (o) (12,16, —15).

»



Sec. 6.2 Limits and Differentiation 215

4. Verify that the points (3, —1,6),(-1,7, =2) and (1, — 3, 2) are the vertices of a
right triangle.

5. Which of the points (y2,+/2,0), /2 +/2 1), V2, v/Z,+/2), (1,4/3,0), (0,4/3, 1),
(-1, —ﬁ, 1) lie on the surface of the sphere of radius 2 with its center at the
origin?

6. Show that the sphere x2 + y* + z> — 4x — 6y — 2z + 13 = 0 is tangent to
the xy-plane.

7. By a surface of revolution we mean any geometrical figure in R, generated by
rotating a plane curve about a straight line lying in its plane. Can the same
surface of revolution be generated by rotating a given plane curve about two
different axes?

8. Describe the surface of revolution obtained by rotating the line x = 0,y = a
about
(a) The y-axis; (b) The z-axis.

9. Find the piecewise linear curves in which the cone (8) intersects
(a) The xz-plane; (b) The yz-plane.

10. Justify thinking of intervals as “one-dimensional regions.”
11. Write inequalities describing the finite open region bounded by the lines
x== 1’ y= + 1.
*12, Find the two points of the x-axis at distance 12 from the point (—3, 4, 8).
*13, Find the distance between the two points P, = (1,1,1,1)and P, = (0,2,0, 2) of
R,. Which is closer to the origin of four-space?
*14. What is the surface x> + y? = z%?
*15. Why is the domain of the function f(x, y) = In (x* — y?) not a region?

6.2 LIMITS AND DIFFERENTIATION

6.21. Limits and continuity

a. To define the limit of a function of several variables, we need only make
slight changes in the definition of the limit of a function of a single variable, given
in Sec. 2.44a. Thus we say that a (numerical) function f(P) of several variables,
defined in a deleted neighborhood of a point Py, approaches the limit A as P ap-
proaches Py, or that f(P) has the limit A at Py, if f(P) gets “closer and closer” to 4
as P gets “closer and closer” to P, without ever coinciding with P,. This fact is
expressed by writing

lim f(P) = A 1)
P-Py

or
f(P)—>A as P — P,

In the “c, & language” introduced in Sec. 2.44b, (1) means that, given any & > 0, we
can find a number & > O such that | f(P) — A| < ¢ whenever 0 < |PPo| < 3. As
in Sec. 2.44d, it is often convenient to talk about having a limit without specifying
what the limit is. Thus we say that a function f(P) has a limit at P, if there is some
number A such that f(P) - A as P — P,
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b. In two dimensions, we have f(P) = f(x,y) and P, = (a, b), say. We can
then write the limit (1) more explicitly as a “double limit” !

lim f(x, y) = A. 2

Xx-*a
y=b

Do not make the mistake of confusing (2) with the “iterated limit”

lim {lim f(x, y)},

x=a y—=b
I
)

which means something quite different.

¢. Just as in the case of a function of one variable (Sec. 2.63a), a function f(P)
of several variables, defined in a neighborhood of a point Py, is said to be continuous
at P, if

i
|
|
1

lim f(P) = f(Po)

If a function f(P) is continuous at every point of a region R, we say that f(P) is
continuous in R. When we call a function continuous, without further qualification,
we always mean continuous at some point or in some region, where the context
makes it clear just what is meant.

6.22. Partial derivatives

a. Let f be a function of n variables defined in a neighborhood of a point
(X1, X2, ..., X,). Then by the partial derivative of f with respect to x; at (x;, x5, .. ., x,),
denoted by the expression ;

Ylxyy X3, - - -, X) 23)

dx; ’
we mean the limit ;
Lim S, X+ AXy, X))~ S, e, X e, %)
A4x;~0 AX,- ’

where x; is given an increment Ax;, but all the other variables are held fixed, provided
this limit exists and is finite. Clearly there are n such partial derivatives, corre-
sponding to the n subscripts 1,2,...,n. Thinking of the symbol 9/0x; as a single
entity, whose effect is to form the partial derivative with respect to x; of any functlon
written after it, we can also write (3) as

;;Zf(xl,xz,...,x,,). |
The symbol 0 is still pronounced “dee,” even though we are now dealing w1th a
“curved dee.” i
b. To evaluate (3), we need only treat all the independent variables except x;
as if they are constants. Thus no extra technique is required to calculate partial
derivatives. For example, the function

S, ) = xe®

M
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of two variables has two partial derivatives, namely

o) _

0
 (xe®?) = &~ e,
o e (xe™) + xy

calculated by regarding y as a constant and then treating 6/0x like d/dx, and

6f(x,y)__5_ XYY _ 2 ,XY
3 —ay(xe ) = x%e¥,

calculated by regarding x as a constant and treating 6/dy like d/dy.

c. Thereareother ways of writing (3). Ifu = f(x,, X3, .. ., X,), we can abbreviate
(3) to df/éx; or du/dx;. We can also write (3) as

f;q(xb D TR X,,), (4)

or simply f,, or u,, where the subscript x; calls for (partial) differentiation with
respect to x;. We can go a step further, and write just

fi'(xb X2s-os X,,),

instead of (4), or simply f; or u;, where the subscript i calls for differentiation with
respect to the ith argument, whatever it be called. For example, if

u=f(rs1t=rs>Int,
then f(r, s, t), ., 4, f3, and u are all ways of writing the same partial derivative

., , rs 1
5;(7'8 In t) = —t—

d. Partial derivatives of higher order are defined in the natural way. For
example, if z = f(x, y), we have four second partial derivatives, two of the form

Fz_ 0 (o) Pr_0 (0
ax?  ox\ox)” 8y? ay\oy)

and two “mixed” derivatives of the form
oz 0 (o2 0z 0 [0z
axdy ox\dy). dyéx dy\ox)
one obtained by differentiating z first with respect to y and then with respect to x, the

other obtained by carrying out the differentiations in the opposite order. Similarly,
ifu = f(x, y, z), then :

Pu_ 8 Pu_ 0 Pu \_ & (u
dx dy 8z dx\dy dz)’ Ox? 0y 0z dx\dxdydz) ox2\dyadz)
and so on.
e. Example. If

fx,y,2) = xyln z,
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then

of _ of of _ xy

ax—ylnz, F—xlnz, Frlalia
o%f J
W—a—x(ylnz)=0,
o 0
W—é;(xlnz)=0,
Pf _o(xw\_ _»
022 oz\z ) 2%

o _ o

0
xdy ayax—b-;()clnz)—a—y(ylnz): In z,

0% ?*f 0 (xy) 0

= (xlnz)=f,
zZ V4

dydz 0dzdy ady\z) oz
o 3*f d (xy 0 y
6xaz_6zax_6_x<—z— —Ez-(ylnz)—;,

Note that the value of each mixed partial derivative is independent of the order of
differentiation. It is not hard to show that this is always true for a function with
continuous first and second partial derivatives, but the proof will not be given here.

6.23. Differentiable functions and differentials

a, It will be recalled from Sec. 2.55a that if f is a function of a single variable,
and if f has a derivative f'(x) at a point x, then the expression

L Af(x) = f(x) Ax
Ax ’
where Af(x) = f(x + Ax) — f(x) is the increment of f at x, approaches zero as

Ax — 0. Therefore, if f has a derivative f'(x) at the point x, we can write the incre-
ment Af(x) in the form

o(Ax)

Af(x) = f'(x) Ax + a(Ax) Ax,
where
lim a(Ax) = 0. (5

Ax=0

We can also write the increment as
Af(x) = df(x) + a(Ax) Ax,

in terms of df(x) = f'(x) Ax, the differential of f at the point x.
Conversely, if Af(x) can be represented in the form

Af(x) = A Ax + a(Ax) Ax, (6)

where A is a constant and (5) holds, then the derivative f'(x) exists and equals A.
To see this, we need only divide (6) by Ax and take the limit as Ax — 0, obtaining
Af(x)

‘) = lim =52 = A + lim a(Ax) = A.
f(x) ax~0 Ax Ax—=0 oc( X)
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Thus, in the case of a function f of one variable, having a differential df(x) and
having a derivative f'(x) are equivalent properties, both described by saying that
f is differentiable at x.

b. In the case of a function of several variables, the situation is rather different.
For such a function, having a differential (in a sense to be defined in a moment
for a function of two variables) and having partial derivatives are not equivalent
properties. Indeed, the mere fact of having partial derivatives does not guarantee
having a differential (it does, though, if the partial derivatives are continuous). On
the other hand, having a differential does guarantee having partial derivatives. Thus,
having a differential is a “stronger” requirement than having partial derivatives, and
we will use the word “differentiable” exclusively in the sense of having a differential.
These things are worth knowing, but, with the exception of Theorem 6.23d, we omit
the proofs, which are tedious and rather technical. They can be found in a more
advanced course, together with the proof alluded to at the end of Sec. 6.22e.

c. Definition. Given a function z = f(x, y) of two variables, by the increment
of f at the point (x, y) we mean the expression

Af(x,y) = f(x + Ax,y + Ay) = f(x, ). M

Suppose that for every point (x + Ax,y + Ay) in some neighborhood of (x, y), we
can write Af(x, y) in the form

Af(x,y) = A Ax + B Ay + a(Ax,Ay) Ax + B(Ax, Ay) Ay, 8)
analogous to (6), where 4 and B are constants, and
lim «(Ax, Ay) = 0, lim B(Ax, Ay) = 0. 9)
Ax—0 Ax—0
Ay—0 Ay—0

Then we say that f has a differential or is differentiable at (x, y), and the expression
A Ax + B Ay in (8) is called the (total) differential of f at (x, y), denoted by df(x, y),
so that :

df(x,y) = AAx + B Ay. (10)

For brevity, we will often write Af and df for Af(x, y) and df(x, y).
d. TaeoreM. If f is differentiable at (x, y), then

(1) f is continuous at (x, y);
(2) f has partial derivatives f, and f, at (x, y);
(3) The increment Af can be written in the form

Af(x,y) = fulx,y) Ax + fi(x, ) Ay + alAx, Ay) Ax + B(Ax, Ay) Ay:  (11)
(4) The differential df can be written in the form
df(x, y) = fu(x, y) Ax + f(x,y) Ay. (12)
Proof. It follows at once from (8) and (9) that
lim Af(x,y) =0,

Ax—=0
Ay=-0

and therefore
lim f(x + Ax,y + Ay) = f(x, ),

Ax—0
Ay—0
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which expresses the continuity of f at (x, y) in increment notation. Setting Ay = 0
in (8), we get

J&x 4+ Ax,y) — f(x,y) = A Ax + a(Ax,0) Ax,
with the help of (7), and hence

fboy) = lim JEFARN = feoy) o a(Ax, 0) =

Ax—0 Ax Ax—0

(see Prob. 1), that is, the partial derivative f,(x, y) exists and equals A. Slmllarly,
setting Ax = 0 in (8), we get

flx,y + Ay) ~ f(x,y) = B Ay + B(0, Ay) Ay,

and hence

A y) = lim LRI EM) — SN g (0, Ay) =

Ay—0 Ay Ay—0

so that f(x, y) exists and equals B. Replacing 4 and B in (8) and (10) by f.(x, ) and
S(x, ), we get (11} and (12). O
e. It follows from (12) that

dx 2A+—?Ay—1Ax+0 Ay = Ax, |

dy=a—yAx+ayAy—O Ax + 1-Ay = Ay. ‘
0x oy |

In other words, the increments and the differentials of the independent variables are
equal (recall Sec. 2.56a). Thus we can write (12) in the form

df(x,y) = filx,y) dx + f(x, y) dy,

or, even more concisely, as

fdx+fy

df = (13)

The generalization of (13) to the case of a function f(x,, x,, . .., x,) of n variables
is just ‘
dx,, (139

f i A
df = T a dez + a_xn

and is proved in much the same way (we omit the details).
f. Example. Estimate the quantity

Q = J(1.98) + (4.02)> + (3.96)~

SoLuTtioN. If
[ y,2) = x>+ y2 + 22,
then
0 =f(x+ Ax,y + Ay, z + Az),
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.

where
x =12, y= 4, =4,
Ax = —0.02, Ay = 0.02, Az = —0.04.

Therefore
0 = f(x,9,2) + Af(x,5,2) = f(x,5,2) + df(x,5,2),

where we have approximated the increment Af by the differential df. Using (13')
with n = 3, we have

of af of xdx + ydy + zdz
df=adx+a—ydy+$ zZ = ,____—__——x2+y2+22

and therefore

~0. 02) + 4(—0. 12
0~ e 4 2000 + 4002 + & 004 _ 012 _ o0

N/ 6

An exact calculation shows that

Q = /35.7624 = 5.9802

to four decimal places.

PROBLEMS

1. Show that formula (2) implies

Xx=a

lim f(x,b) = A, lim f(a,y) = A.
y—b

2. Show that
lim xty
x=0X — )
y—0

does not exist. ,

3. Does (x, y) = (a, b) imply x — a, y - b, and conversely? Justify your answer.

4. Suppose f(x, y) is independent of y, so that f(x, y) = g(x), and suppose g(x) is
continuous at the point a. Show that f(x, y) is continuous at the point (a, b)
for arbitrary b.

5. Suppose f(x, ) is independent of x, so that f(x,y) = h(y), and suppose h(y) is
continuous at the point b. Show that f(x, y) is continuous at the point (a, b)
for arbitrary a.

6. Let g(x) be continuous at the point a, while h(y) is continuous at the point b.
Show that the functions f(x) + g(¥), f(x)g(y) and f(x)/g(y) are all continuous
at (a, b), provided that g(b) # 0 in the last case.

7. Use continuity to evaluate

. xy . . X

a) lim ——; b) lim e*¥; c) lim In—.

( ) x—1 x2 + y2 ( ) x=0 ( ) x~a :
y=+1 y—0 y—2a
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8. Define and evaluate the limit

A = lim In 22 .
x20 Xt 4y

z2—e

9. Where is the function f(x, y) = 1/{/xy continuous?
10. Where does the function

- 1
S(x,,2) [Zx = )2 |
i
1
fail to be continuous? "
11. Find dz/0x and 0z/dy if
(@ z=x*+x%% (b z= i i_ ;; (€) z=e*

12. Find du/ox, du/dy and 0u/0z if
@ u=e"; ) u=hZ @ u=(F

13. Find

3 3
ajZL:ay ifu=(x+9ylnxy; () a—x%—yf‘—é; ifu = ™,
14. Verify by direct calculation that 8%z/9x dy = 9%z/dy ox if
@@ z=In(x+y); (b) z=In(xy).
15. Verify directly from the definition of the differential that each of the followmg
functions is dlﬁerentlable in the whole xy-plane: |
@ f0)=x>+y () f(xy)=xp
16. Find the (total) differential of
@ z=xy-x+x%; (b)) z=y- f
17. Use differentials to estimate i
(@) (297> + (4.057%  (b) (1.002)(2.003)%(2.999)°.
*18. Verify that the function

@)

1
u=In (x* + y2 # 0)
x2 + y?
satisfies the equation
*u % “
et =0

known as Laplace’s equation.

Comment. An equation like this, involving one or more partial derlvatlves
of a function, is called a partial differential equation, as opposed to the ordmary
differential equatlons considered i m Chapter 5. ;

*19. Is the function f(x, y) = \/x* + y? differentiable at the origin? ;
*20. According to the perfect-gas law, the pressure p, the volume V and the tem-
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perature T (in degrees Kelvin) of a confined gas are related by the formula
pV = kT, where k is a constant of proportionality. Show that
ovaTap _
T dp oV
Comment. This formula should cure you of any temptation to treat partial
derivatives like fractions.

6.3 THE CHAIN RULE

6.31. a. We now generalize Theorem 2.82a on the derivative of a composite
function to the case of a function of n variables. For simplicity, we choose n = 2,
just as in Theorem 6.23d, but the result is readily extended to the case n > 2.

TueoreM (Chain rule).  Suppose x and y are functions of a single variable, both
differentiable at t, and suppose f is a function of two variables, differentiable at (x(t), y(t))-
Then the composite function F, defined by F(t) = f(x(t), y(t)), is differentiable at t,
with derivative

Ft) = flx(2), y(0)x'(2) + f,(x(@), y(£))y'(2). (¢Y)

Proof. The proof is the natural generalization of the proof of Theorem 2.82a.
Let z = f(x, y). Since x and y are differentiable at ¢, then, as in Sec. 6.23a,

Ax = x(t + At) — x(t) = [x'(t) + AAr)] At,

2
Ay = y(t + A) — y(0) = [y'(t) + w(Ar)] At @

where A(At) — 0, u(At) - Oas At — 0. Moreover, since f is differentiable at (x(£), y(£)),
then, by Theorem 6.23d,

Az =f(x + Ax,y + AY) - f(x,J’)
= [f,(x, y) + d(AX, Ay)] Ax + [j;v(x’ ,V) + B(AX, Ay)] Ay’

where we temporarily drop the argument ¢ in many places, and a(Ax, Ay), B(Ax, Ay)
satisfy the conditions (9), p. 219. Substituting the expressions for Ax and Ay into
the formula for Az, we get

Az = [fi(x,y) + a(Ax, Ap][x'() + A(AD] At
+ [£0xy) + BAx, Ay][y()) + u(An] At. (3)

It follows from the expressions for Ax and Ay (or from the continuity of x and y at )
that At = 0 implies Ax — 0, Ay — 0, so that Ar — 0 implies not only A(Af) - 0,
u(At) = 0, but also a(Ax, Ay) = 0, B(Ax, Ay) — 0. Therefore, dividing (3) by At and
taking the limit as At — 0, we find that

lim % = lim [£(x,) + a(Ax, Ay)] lim [x(2) + AAf)]
A0 AL A0 At=0
+ lim [£(x, y) + B(Ax, Ay)] Jim [y() + w@Ad)]
= f(x(t), y(£))x'(®) + f,(x(1), y(0))y'(®), 4
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where we reinstate the argument ¢ in four places. On the other hand,

Az = f(x + Ax,y + Ay) — f(x,y)
= f(x(@) + x(t + Ar) — x(2), y(2) + y(t + At) — y(£)) — f(x(1), y(t)) !
= flx(t + A0, y(t + A1)y — f(x(t), y(1)) = F(¢t + A1) — F(), |

which implies
. Az
lim — = lim —————~ = F(r). (5

Comparing (4) and (5), we get (1). O
b. Formula (1) can be written more concisely as

dF 6f dx of dy
& oxdr T aydr ©)

We can simplify (6) even further by changing F to f:

af afdx+6l@
dt oxdt | dydt

After all, since f is a function of two variables, the fact that we write an ordinary
derivative df/dt on the left in (7) means that each argument of f is being thought of
as a function of a single variable, namely ¢. With this understanding, we can do
without the extra symbol F, which was introduced only to make the distinction
between f(x, y) and f(x(t), y(t)) more explicit.

¢. The case where x and y are functions of several variables presents no diffi-
culties. For example, suppose x = x(¢, u), y = y(t, u), where x and y are differentiable
functions of two variables. If u is held fixed, x and y reduce to functions of a smgle
variable t, and we can apply the theorem without further ado, obtaining

of Fox oy
o " axa oyar @

g

where all three ordinary derivatives in (7) now become partial derivatives. Slmllarly,
holding ¢ fixed, we get

6f__6f6x of dy ,
" axdu  ayou ®)

Here again we might have introduced a composite function F, defined by
F(t,u) = f(x(t, u), y(t, u)),

but it is simpler to regard f(x, y) and f(x(t, u), y(t, u)) as being the same function,
written in terms of different independent variables.

d. The generalization of formula (7) to the case of a function f(x,, x,, . .. ,xn)
whose n arguments depend on a single new independent variable ¢ is given by
d _of dxy o dx; O dx, Jf dx; 1

& g a T Y, dt_Zaxdt ®

and is proved in much the same way (we omit the lengthy details). Similarly, the

|
i
|
\
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generalization of (8) and (8') to the case of a function f(xy, x5, ..+, X,) whose n argu-
ments depend on m new independent variables t,, t5, . . . , t,, is given by

o o ox, o ox of ox, of ox; .

o, ox 0, o, 0, T ox, 0 Emm G=1L2...m (0)

The last two formulas are the “master” chain rules, of which all previous versions
(including the first formula in Sec. 2.82c) are merely special cases. Note the following
common features of (9) and (10): ;
(1) The right side contains » terms, one for each “intermediate” variable
XI,Xz,...,x,,; ‘
(2) Each of these terms is a product of two derivatives, with the interme-
diate variable appearing in the denominator of one derivative and in
the numerator of the other. |
f
6.32. Examples :
a. Let f be any differentiable function of two variables. Prove that the function
u=flx~-yy—2 satisfies the partial differential equation 1
ou Ou Ou

“3—x+@+'é;=0 } (11)

SoLuTION. Lets = x — y, t = y — z. Then, by the chain rule,

du Ouds oOudt Ou |

o dsox T arox oS ;
ou Ouds Oudt ou ou

oy —asoy ooy as o
ou_ouds war  _w
9z 050z otdz ot 3
and adding these three equations, we get (11). Here, of course, we have used the
formulas ‘

}
{
!

os 0 ot
8_x—6—x(x—y)=’ v (J’—Z)—O
os 0 ot 0 :
a—y-—‘a;(x—,\’)——l, 5—5(}’—2)—1,
os 0 ot
H=5a"N=0 E——w—>—4
b. Given a function F(x, y) of two variables, suppose the equation
i
Flx,y) =0 1 (12)

defines y as an “implicit” function of x, in the sense that there exists a function y = y(x)
such that {

F(x, y(x)) = 0 |
|
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for all x in some interval I. Then, assuming that the functions F(x, y) and y(x) are
both differentiable, we can use the chain rule to differentiate (12) with respect to x:

dF(x, y)

d :
= = Fil, y) + F(x, y) = Fy(x,)) + F)(x, y);é =0. (13

Solving (13) for dy/dx, we get

dy _ Fuxy)
dx Fy(x,y)
provided that F(x,y) # 0. This is, of course, just a more official version of the

technique of 1mphclt differentiation introduced in Sec. 2.83d. For example, the
equation

’

(14)

x2—xy+y =1 ‘

considered there is of the form (12) if g

Fx,y)) =x*—xy+y* - L
We then have J
Fix,y) =2x -y, Fyxy) = —x + 3y’
so that (14) becomes
_ 2x — y i
T ox = 3y¥ !
which is precisely formula (12), p. 86. :‘

¢. The technique of implicit differentiation can also be used to calculate partial
derivatives. Thus, given a function F(x, y, z) of three variables, suppose the equation

F(x,y,2) =0 (15)
defines z as an “implicit” function of x and y, in the sense that there exists a function
z = z(x, y) such that

F(x,y,2(x,y)) = 0

for all (x, y) in some region R. Then, assuming that the functions F(x, y, z) and z(x, 3))
are both differentiable, we can use the chain rule to differentiate (15) with respect
to x and y (dropping arguments for simplicity): |

i

oF Ox dy 0z 0z ;
—_— = —— — F — = —_— =
Ox F. 0x +F, ox +E Ox Fet F. 0x 0. (136)
6F 0x oy 0z 0z 1
~ F ~ F ~ = F F -— =Y, 16'
since
0x dy 1 ox Oy

ax  dy ay ox
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|
Solving (16) and (16’) for 0z/0x and 9z/0y, we get o

7 = a_z - _Fx(x3 Vs Z) z 02 _ Fy(x’ P Z) (17)
*T o Ry 7T F&y2
provided, of course, that F,(x, y, z) # 0.
d. Given that t
e —224 =0, ; (18)
find 8z/0x and 9z/0y. j
SoLuTioN. Here F(x, y, z) is just the left side of (18). Therefore, by (17),

0z  ye™™ 0z xe™™,

Zx=5—§=—————ez~2, Zy—-é;f_e’-—Z”
provided that z # In 2. ‘

PROBLEMS

1. Find dz/dt by both the chain rule and by direct substltutlon if
(@) z= x4+ xy° x—ey—l/t :
(b) z—e“*"ln(u+v)u-—2t v=1-2¢ :

2. Find dz/0x and 0z/8y in two different ways if {

(@ z=u+vu=xLv=In(x+y); (b) z=ln;,s=§,t=

% I<

3. Given that z = f(x, y), express dz/dx and 0z/0y in terms of 0z/0u and dz/ov if
(@ u=px+qpuov=rx+sy; (O u=xyv=yXx
4. Given that 3
22 - 2xyz + 3 =0, '
fmd z, = 0z/0x and z, = 0z/0y. Evaluate these derlvatlves at the point x = 1,
= 2,
5. A function f(x, y) with domain D is said to be homogeneous of degree kif (x,y)e D
implies (tx, ty) € D for all ¢ > 0 and if
flex, ty) = t'f(x, y) ’ (19)

!

for all (x, y) e D and t > 0. Show that each of the followmg functions is homo-
geneous, and find its degree:

@ x*+xy+y45 ) STy @ Vx- ;;
1 '
X+ Yy

w)m§ @)

6. Show that if f(x, y) is homogeneous of degree k and differentiable at every point
of its domain, then I

%)) + W) = Koy (20)

a result known as Euler's theorem on homogeneous functions. Verify by direct
calculation that each of the functions in the preceding problem satisfies (20).
*7. Let !

x2+2y2+3zz+xy—z—9=0.

i
i
|
i
{
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Use repeated implicit differentiation to find 8%z/0x2, 8%z/dxdy, 8*z/0ydx and
0%z/0y* atthepoint x = 1,y = —2,z = 1.
*8. Show that if f is continuous in [a,b] and if a < u(x) < v(x) < b, then

v(x)

fyd fv(x)) — flulx ))

u(x)

provided that u and v are differentiable.

6.4 EXTREMA IN n DIMENSIONS

6.41. a. In this section we favor the notation X = (x;, x,, ..., x,) for a vari-
able point in n-space, reserving the symbol P for a fixed point of n-space. Global
and local extrema of a function f(X) = f(x,, x,, ..., x,) of n variables are defined
exactly as in Secs. 3.32a and 3.61b, with x, p and g replaced by n-dimensional points
X, P and Q, respectively. As in Sec. 3.62b, if f(X) has a local extremum at P, the
extremum is said to be strict if f(X) # f(P) for all X # P in some neighborhood of
P, that is, for all X in some deleted neighborhood of P (Sec. 6.16¢).

In R, we have the following analogue of Theorem 3.32c, which we state without
proof:

THEOREM. If f is continuous in a finite closed region R, then R contains points
P and Q such that

Q) < f(X) < f(P)

for all X € R. In other words, f has both a maximum and a minimum in R, at the points
P and Q, respectively.
For example, the function

If(x’ _V) = Vl - XZTTZ, (1)

whose graph is the upper half of the sphere shown in Figure 4, p. 212, has a global
minimum, equal to 0, at every point of the circle x> 4+ y? = 1, but no local minima
(why not?), and both a global maximum and a strict local maximum, equal to 1,
at the origin O = (0,0). As another example, the function

fx,9) = x* + y%, )

whose graph is the paraboloid of revolution shown in Figure 5, p. 212, has both a
global minimum and a strict local minimum, equal to 0, at the origin O, but no global
or local maxima. This can be seen by inspection of Figures 4 and 5, and will be verified
in Sec. 6.42 by using partial differentiation.

b. There is a natural generalization of Theorem 3.63a for functions of several
variables:

THEOREM. If f(X) = f(xy,X2,...,X,) has a local extremum at a point P =
(ag, a,, . ..,a,), then either f(X) is nondifferentiable at P, or the partial derivatives of
f(X) all vanish at P:
>O) _YP)_ | _Y® o
0x4 0x, 0x, )

Proof. Obviously, f(X) is either nondifferentiable at P or differentiable at P.
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In the latter case, the partial derivatives of f(X) at P all exist, by the natural general-
ization of Theorem 6.23d to the case of n variables. But then all » functions

fx,az, .. 0,a), flapxy, ..o, a8, ..., f(al,éz,...,x") 4)

“ofa single variable are differentiable, the first at a,, the second at a,, and so on,

with derivatives :

a P i
f’(xls ayy s an) x1=ay = gil), i
, of (P)
ay, Xz, s Un = ’
f( 1s V2 ) x2=az axz f (5)
: _yw
f (ah Agy vy xn) Xn=an - axn ' !

:

The first of the functions (4) has a local extremum at a,, the second has a local
extremum at a,, and so on (why?). Therefore, applying Theorem 3.63a n times, we
find that the left sides of all n equations (5) vanish. But then (3) holds.

Note that the theorem reduces to Theorem 3.63aifn = 1.. U

c. By analogy with Sec. 3.63¢, by a critical point of a function f of n variables
we mean either a point where f is nondifferentiable or a point where the condition (3)
holds, and by a stationary point of f we mean a point where (3) holds. Thus a critical
point of f is either a point where f is nondifferentiable or a statlonary point of f.
According to the theorem, if f has a local extremun: at P, then P is a critical point
of f. On the other hand, just as in the case of one variable (Sec. 3.63¢), if P is a critical
point of f, there is no necessity for f to have a local ex.remum at P. For example,
consider the function i

fooy) = x* = y* i (©)
The partial derivatives
i
o o !
== —=—2 ‘
== 3 y '

i

vanish at the origin O = (0,0), which is therefore a critical point of f, in fact a
stationary point. But f does not have a local extremum at O. In fact,

q
T, |
ax: T w7

so that, by the second derivative test for functions of a single variable (Theorem 3.65a),
the function f(x, 0) has a local minimum at O, while the function f(0, y) has a local
maximum at O, and this obviously prevents f(x, y) from havmg either a local mini-
mum or a local maximum at O.

Thus what we really want are conditions on a function f which compel f to
have u local extremum at a given point P. For the case of a function of two

i
i
i
t
i
|
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variables such conditions are given by the following two-dimensional generalization
of Theorem 3.65a, which we state without proof:
THEOREM.  Suppose f(x, y) has continuous second partial derivatives in a neigh-
borhood of a critical point P = (a, b), and let
_ PP

&f(P) O*f(P) 2
A_ axzy B_axaya C—‘ ayz, D—AC'—B

Then f(x, y) has a strict local maximum at Pif D > 0, A < 0, and a strict local minimum
atPif D > 0,4 > 0, but no extremumat P if D < 0,

If D = 0, there may or may not be an extremum at P. For example, D = 0 at
the origin O = (0,0) if f(x, y) = x* + y*orif f(x, y) = x* + y?, but in the first case
the function f(x, y) clearly has a local minimum at O, since it vanishes at O and is
positive everywhere else, while in the second case f(x, y) has no extremum at O, since
S0, y) = y* is increasing in the interval —co < y < 0.

6.42. Examples

a. The function (1) is differentiable for x2 + y* < 1, with partial derivatives
o x of y

x - -y Wy Jiee-y
Therefore, by Theorem 6.41b, the only critical point of f in the open disk x* + y* < 1
is at the point O = (0, 0), where these partial derivatives vanish. Moreover, as you
can easily verify,
2
5 20,0

_30,0) _ 9%(0,0)
A= ox2 7 T T Taxay =0 C= 0y*?

=—1, D=AC—-B*=1,

It follows from Theorem 6.41c that f has a strict local maximum, equal to 1, at the
point 0, as already observed.

b. The function (2) is differentiable in the whole xy-plane, with partial deriva-
tives

2x, g = 2y.

dy

Again the only critical point of f, this time in the whole plane, is at the origin O =
(0,0). We now have

_ 210,00
I T oaxay T 9P

o _
7 =

500 _ 0,0

A

=2, D=AC-B =4

Therefore, by Theorem 6.41c, f has a strict local minimum, equal to 0, at the origin.
Actually, this fact is obvious without making any calculations at all, since the function
f is positive everywhere except at the origin, where it vanishes,

¢. Inspection of Figure 6, p. 213, shows that the function

[, ) =1—x* 4+ )?

has both a global maximum and a strict local maximum, equal to 1, at the origin
O = (0,0). Therefore, by Theorem 6.41b, O is a critical point of f, but this time not
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because O is a stationary point of f, but because f is nondltferentlable at 0. In fact,
the derivative

¥0.0 _ . SO+A50 - f0,0 _ . IAxI
Ox 4%+0 Ax ax~0 Ax

fails to exist, for the reason given in Sec 2.45¢, and the same is true of the derivative

2f(0, 0)/0y.
- d. Find the local extrema of the function

fix,y) = x* + y> = 3xy.
SoLuTIiON. Solving the system

8f = 3x2 - 3y % = 3y? — 3x =§0,
we find that f has two critical points, namely (0, 0) and (1, 1). Since
2 2 . 2
A—%%: X, B=aax—);y=—3, C-—g—y]:—by
we have
A=0 B= -3 C=0, D=AC-B*=-9
at (0, 0), and :

A=6 B=-3 C=6 D=AC— B =2

at (1, 1). It follows from Theorem 6.41c that f has no extremum at (0, 0) and a strict
local minimum, equal to —1, at (1, 1).
e. Find the brick of largest volume with a given surface area 2c.
SoLuTioN. Let x be the length, y the width and z the height of the brick.
Then the brick has volume ,
V = xyz ' ¥))

and surface area
2(xy + xz + yz) = 2¢

(there are two faces of area xy, two of area xz and two of area yé). Thus our problem
is to find the largest value of (7), subject to the “side condition” or “constraint”

xy+xz+yz—c=0. 1 8)
Suppose we solve (8) for z, obtaining i

c—xy

;
= . ; 9
z x+y i ©)
Substituting (9) into (7), we then get
c—xy ‘
V= R ! 10
S ry (10

and we can solve the problem by maximizing (10) as a functidn of the two variables
x and y. This approach leads to no particular difficulties (see-Probs. 9 and 10), but

i
i
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we now solve the problem by another method, which is both more elegant and of
interest in its own right,

Suppose we multiply the constraint (8) by a new variable 4, called a Lagrange
multiplier, and add the result to (7), obtaining a new function

V* = xyz + AMxy + xz + yz — ¢) (11)

of four variables x, y, z and 1. We then look for local extrema of V*, by the usual
technique of setting the partial derivatives of V* equal to zero:

av*

Em =yz+ My + 2 =0,

V*

66 =xz4+ Mx +2)=0,

ay* (12)
Vv

—a;=xy+l(x+y)=0,

ov*

—ﬁ=xy+xz+yz—c=0.

The fact that we get back the constraint () as the last of these equations is, of course,
essential to the success of the method. Suppose the four equations (12) can be solved
for A as a function of x, y and z. Then, substituting A back into the first three equa-
tions, we get three equations in x, y and z, whose solutions are just the values of x, y
and z for which the original function V achieves its local extrema, subject to the
constraint (8). To see this, we merely observe that if the equations (12) hold, then
the constraint (8) is automatically satisfied, so that the term in parentheses in (11)
vanishes, and the “unconstrained extrema” of V* reduce to the “constrained extrema”
of V.

We now solve the equations (12) for A. To this end, we multiply the first equa-
tion by x, the second by y, and the third by z. We then add the results and invoke
the fourth equation, namely the constraint, obtaining

3xyz + 2A(xy + xz + yz) = 3xyz + 2Ac = 0,
which determines A as a function of x, y and z:

_ 3xyz
2’

Substituting (13) back into the first three equations (12), we get

A= (13

- 3 _
yz_l—%(y+z)- = 0,
[ 3y ]

xz I—Z(x+z) =0,

- 35 -
xy|l — % x+y»|=0,
or equivalently,

3x 3y 3z
2c(y+2) 1, 2c(x+2) 1 x+y=1 (14)
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since x, y and z are nonzero, because of their physical meaning. The first and second
of the equations (14) imply x(y + 2z) = y(x + z) and hence x = y, while the second
and third imply y(x + z) = z(x + y) and hence y = z, so that

xX=y=z (15)
Substituting (15) into the constraint (8), we get 3x> = ¢. It follows that

x=y=z=\/§. (16)

It is “physically obvious” that the function ¥ must have a maximum, rather than a
minimum, at the point (16), since there are long, skinny bricks with surface area 2c
which have “arbitrarily small” volume (see Prob. 5). Thus, finally, we find that the
brick of largest volume with surface area 2c is the cube of side (c/3)/* and volume
(c/3)*2.

PROBLEMS

1. By investigating all critical points, find the local extrema, if any, of
(@ z=3x+6y—x*—xy+y* () z=x>~xp+y> —2x+y;
(© z=2x3— xy? + 5x* + y~

2. Do the same for
(@) z=2x>+xy? —216x; (b) z=13x>—2x/y+y — 8x + §;
d z=(—y+ 1)~

3. Find the global extrema of the function z = x2 — y? in the closed disk
x2 +y? <4

4. Find the global extrema of the function z = (2x? + 3y?)e”*'7** in the closed
disk x2 + y* < 1.

5. Let V be the same as in Example 6.42¢. Show that V — 0 as z - 0.

6. Suppose that in Example 6.42¢ we subtract A times the constraint (8) from the
function (7), obtaining the new function

V* = xyz — Mxy + xz + yz — ¢)

instead of (11). Does this have any effect on the final answer?

7. Use a Lagrange multiplier to show that ¢” is the largest value of the product
of n positive numbers x,, x,, . . . , X, wWith a given sum nc.

*8. Use a Lagrange multiplier to show that

s)(31'|'Xz'|""+x,,

"xlxz...xn "

for arbitrary positive numbers x;, x,, ..., X,, thereby generalizing Sec. 1.4,
Problem 14.
*9. Solve Example 6.42¢ by maximizing (10).

*10. Use Theorem 6.41c to confirm that the function V = xyz has a strict local
maximum at the point (16), subject to the constraint (8).

*11, Use a Lagrange mulitiplier to derive formula (11), p. 34, for the distance d
between a point P, = (x;, y,) and the line Ax + By + C = 0.

*12. Suppose a firm produces two commodities. Then the total cost to the firm of
producing a quantity Q, of the first commodity and a quantity Q, of the second
commodity is some function of @, and Q,, called the cost function and denoted by
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C(Q1, @;). There are now two marginal costs, MC,(Q,, Q;) = 0C(Q,, 0,)/30,,
the marginal cost of the first commodity, and MC,(Q,, Q,) = dC(Q,, 2,)/0Q,,
the marginal cost of the second commodity. This is, of course, just the natural
extension of the considerations of Sec. 3.22a to the case of a two-commodity
firm.

Suppose the firm’s cost function is

C(Q1,2,) = 30% + 20,0, + 303.

Find the marginal costs MC,(Q;, Q,) and MC,(Q,, Q,). Suppose further that
the two commodities are sold at predetermined prices P, and P,, chosen to
make them sell in a competitive market. Write an expression for the firm’s
profit I1(Q,, @,), which is now a function of two variables. What output levels
of the two commodities maximize this profit? Verify that your answer actually
leads ta a maximum. What condition must the prices satisfy?

In the preceding problem, suppose profit is to be maximized subject to a con-
straint of the form Q, + @, = g > 0. For example, an automobile manu-
facturer may want to make a given total number of sedans and station wagons.
What output levels maximize the profit in this case? What condition must
now be satisfied by the prices and the number g?



TABLES

Table 1. GREEK ALPHABET
Letter Name Letter Name
A« Alpha Ny Nu
B g Beta E ¢ Xi
Ty Gamma Oo Omicron
A b Delta = Pi
E ¢ Epsilon Pp Rho
Z ¢ Zeta o Sigma
H n Eta T« Tau
@ 0© Theta T Upsilon
1 Iota ® ¢ (¢) | Phi
K x Kappa X z Chi
A2 Lambda ¥y Psi
Mu Mu Qo Omega
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Table 2. EXPONENTIAL FUNCTIONS
X e* e > X e* e %

0.00 1.0000 1.0000 2.5 12.182 0.0821
0.05 1.0513 0.9512 26 13.464 0.0743
0.10 1.1052 0.9048 2.7 14.880 0.0672
0.15 1.1618 0.8607 28 16.445 0.0608
0.20 1.2214 0.8187 29 18.174 0.0550
0.25 1.2840 0.7788 30 20.086 0.0498
0.30 1.3499 0.7408 31 22.198 0.0450
0.35 1.4191 0.7047 32 24.533 0.0408
0.40 1.4918 0.6703 33 27.113 0.0369
045 1.5683 0.6376 34 29.964 0.0334
0.50 1.6487 0.6065 35 33.115 0.0302
0.55 1.7333 0.5769 36 36.598 0.0273
0.60 1.8221 0.5488 37 40.447 0.0247
0.65 1.9155 0.5220 3.8 44.701 0.0224
0.70 2.0138 0.4966 39 49.402 0.0202
0.75 2.1170 0.4724 4.0 54.598 0.0183
0.80 2.2255 0.4493 4.1 60.340 0.0166
0.85 2.3396 0.4274 42 66.686 0.0150
0.90 2.4596 0.4066 43 73.700 0.0136
095 2.5857 0.3867 44 81.451 0.0123
1.0 2.7183 0.3679 45 90.017 0.0111
1.1 3.0042 0.3329 4.6 99.484 0.0101
12 3.3201 0.3012 4.7 109.95 0.0091
13 3.6693 0.2725 438 121.51 0.0082
14 4.0552 0.2466 49 134.29 0.0074
15 44817 0.2231 5 148.41 0.0067
16 49530 0.2019 6 403.43 0.0025
1.7 5.4739 0.1827 7 1096.6 0.0009
1.8 6.0496 0.1653 8 2981.0 0.0003
19 6.6859 0.1496 9 8103.1 0.0001
20 7.3891 0.1353 10 22026 0.00005
21 8.1662 0.1225

22 9.0250 0.1108

2.3 9.9742 0.1003

24 11.023 0.0907




Table 3. NATURAL LOGARITHMS

n Inn n Inn n Inn
0.0 4.5 1.5041 9.0 2.1972
0.1 *7.6974 46 1.5261 9.1 2.2083
0.2 *8.3906 47 1.5476 9.2 22192
0.3 *8.7960 48 1.5686 9.3 2.2300
0.4 *9.0837 49 1.5892 9.4 2.2407
0.5 *9.3069 50 1.6094 9.5 2.2513
0.6 *9,4892 51 1.6292 9.6 2.2618
0.7 *9.6433 5.2 1.6487 9.7 2.2721
0.8 *9.7769 53 1.6677 9.8 2.2824
09 *9.8946 54 1.6864 9.9 2.2925
1.0 0.0000 5.5 1.7047 10 2.3026
1.1 0.0953 5.6 1.7228 11 2.3979
1.2 0.1823 5.7 1.7405 12 2.4849
13 0.2624 5.8 1.7579 13 2.5649
14 0.3365 59 1.7750 14 2.6391
1.5 0.4055 6.0 1.7918 15 2.7081
1.6 0.4700 6.1 1.8083 16 2.7726
1.7 0.5306 6.2 1.8245 17 2.8332
1.8 0.5878 6.3 1.8405 18 2.8904
1.9 0.6419 6.4 1.8563 19 2.9444
20 0.6931 6.5 1.8718 20 2.9957
2.1 0.7419 6.6 1.8871 25 3.2189
2.2 0.7885 6.7 1.9021 30 3.4012
23 0.8329 6.8 1.9169 35 3.5553
24 0.8755 6.9 1.9315 40 3.6889
2.5 0.9163 70 1.9459 45 3.8067
2.6 0.9555 7.1 1.9601 50 39120
2.7 0.9933 72 1.9741 55 40073
2.8 1.0296 7.3 1.9879 60 4.0943
29 1.0647 74 2.0015 65 4,1744
30 1.0986 7.5 2.0149 70 4.2485
31 1.1314 7.6 2.0281 75 4.3175
3.2 1.1632 7.7 2.0412 80 4.3820
33 1.1939 7.8 2.0541 85 4.4427
34 1.2238 79 2.0669 90 4.4998
3.5 1.2528 8.0 2.0794 95 4.5539
36 1.2809 8.1 2.0919 100 46052
37 1.3083 8.2 2.1041
38 1.3350 8.3 2.1163
39 1.3610 84 2.1282
4.0 1.3863 8.5 2.1401
4.1 1.4110 8.6 2.1518
42 1.4351 8.7 2.1633
43 1.4586 8.8 2.1748
44 1.4816 8.9 2.1861

* Take tabular value — 10.

Tables
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Tabled. ELEMENTARY DIFFERENTIATION RULES*

Function Derivative Proved in
c 0 Sec. 2.43b
x 1 Sec. 2.43b
x" rx'! Sec. 4.45¢
f+g f+q Sec. 2.71a
f-4g - -9 Sec. 2.71a
fa fa+fg Sec. 2.72a
! fo- 1 Sec. 2.73
g g
1
[t 7 Sec. 2.81a
dF
F(y) yrRd Sec. 2.82a
In x l Sec. 4.32
x
1
log, x o log, e Sec. 4.36¢
& & Sec. 4.43b
a” a“lna Sec. 4.44c
Iny —};)- Sec. 4.53a
cosh x sinh x Sec. 4.5, Prob. 21
sinh x cosh x Sec. 4.5, Prob. 21

* Here ¢, r and a > 0 are arbitrary constants, f and g are
functions of the independent variable x, f ! is the inverse of
f,and F is a function of the dependent variable y. The prime
denotes differentiation with respect to x.
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12.

forn=ksothatl +2+ -+ k=

Chapter 1

{a}, {b}, {c}, {a, b}, {a, ¢}, {b;c}, .

(@ {0}; (@ {3,-3} (o {aclsu}
Only (a) is true. A has 4 elements.

All but (d) are true.

(@ {a,b,c,d}.

@ {3.4).

Trivial, but give details anyway.

(@ {3}; (© {1,2,3}.

Only (c) and (e) are empty.

16.

1.3 i

Yes. —1 —(=2) =1L, (—-1)}(-1)=1,—-1+ —1 =1,

@ t+3=% (© 13=% .

Let m/n and m'/n’ be two rational numbers, where m, n (#0), m', n’ (#0) are

’

integers. Thenn;1 + % = m—'f—fn,—rﬁf, where mn' + m'n and nn’ (0) are again
integers, and similarly for subtraction and multiplication.. If m’ # 0 as well, so
that m'/n’ # 0, then%1 + % = ;l%, where mn’ and m'n (#0) are again integers.
All but (a) exist.

Irrational.

(1 = 2) + V2 = (1 = \/2) = (=+/2) = 1, where both terms are irrational.

V2+/2 = 2isrational, and sois \/Z + /2 = 1.

The set of irrational numbers is not closed under any of the operations.
Ontheonehand,0-¢c + 1-¢ =0"c + ¢, whileontheotherhand,0 ¢+ 1-¢ =
O+1)-c=1-c=csothat0-c + ¢ = c. Now subtract ¢ from both sides.

11+1)

2
k(";l). Thenl + 2+ + k+(k+1) =

_k(k+ 1) +2k+2  (k+ Dk +2)
- 2 - 2

The formula holds for n = 1, since 1 = . Suppose the formula is true

k—(kTJ’—l—)+(k+1)

also holds forn = k + 1.

, S0 that the formula

239
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13. By definition, a/0 is the number ¢ such that 0-¢ = a. But 0-¢c = 0 for all ¢
(Prob. 9), and hence there is no such c unless a = 0. If a = 0, we get 0/0 which
is meaningless, not because there is no number ¢ such that 0 - ¢ = 0, but rather
because every number ¢ has this property!

14. %%

15. §+4%=03333... + 0.1666... = 0.4999... Let x = 0.4999... Then 10x =
4.9999. .., and hence 9x = 10x — x = 4.9999... — 0.4999... = 4.5000... =
4.5, so that x = 4.5/9 = 0.5. Thus a decimal with an endless run of nines after
a certain place represents the same rational number as the “next highest
decimal,” which always terminates.

16. (a) £; () %&5. Use the same reasoning as in Prob. 15.

18. 1.414214673...

20. Suppose k is a sum of threes and fives exclusively. Then this sum either con-
tains a five or it does not. In the first case, replace a five by 2 threes. In the
second case, there are at least 3 threes, since k exceeds 7, by hypothesis, and
we can replace 3 threes by 2 fives. To start the induction (Sec. 1.37c), note that
8§ =543

Sec. 1.4

1. (@ a— b > 0,and hence —a — (—b) < 0.
) mn’ — m'n
2. p > p means p — p' > 0, or equivalently S > 0. But nn' > 0, and
hence mn' — m'n > 0, or equivalently mn' > m'n.
3. b -3
4. By Theorem 1.43 twice, ac > bcand be > bd. Hence ac > bd, by Theorem 1.45.
5. Clearly a # b. If a > b, then, by Prob. 4, with ¢ = a, d = b, we have a* > b?,
contrary to b? > a%.
6. An immediate consequence of Theorem 1.43. Ifa®> = g, thena = OQora = 1.
10. (a) O; © 1; (e) -1
11. (b) n
12. If p < g, then 4p < 3q. Adding first $p and then 4 to both sides of the last
inequality, we get p = 3p + 4p < 4p + $gqand §p + 39 < 39 + 39 = g. Let
r and s be rational numbers such that r < 1, s > 0. Then r = §(r + 1) and
s = 4(0 + s) = 4s are rational numbers such that r <7 <1, 0 <s <.
The argument works equally well for real p, q,v,s, 7', 5.
13. (b) Show that (a + b)® > 4ab is equivalent to (a — b)*> > 0.
Sec. 1.5
1. Examine cases. Forexample,ifx > 0,y < 0, then|x| = x,|y| = —y |xy| = —xy.
4. By two applications of the inequality (3), [x + y + 2/ = |x + y) + 2 <
P+ o+ J2 < x|+ D+ el
7. 0, -%
8. x2 lies to the right of x if x > 1 or if x < 0, and to the left of x if 0 < x < 1.

Selected Hints and Answers

x? and x coincide if x = 0 or x = 1.
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|x1 —3(x; + xz)l = lxz —3(x, + xz)l = 2{351 - le = 71P P2|

First replace x by x — y in (3), and then replace y by y — x. Equality occurs
under the same conditions as for (3) itself, namely if x and y have the same sign
or if one (or both) of the numbers x and y is zero.

The pomt moves from a to b.

(a) Ifnisany integer greater than 1/|x, — x,|,and if ¢ is the irrational number
1/4/2 < 1,thenatleastoneoftherationalnumbers..., —3/2n, — 1/2n,1/2n,3/2n,..
and at least one of the irrational numbers. .., —3¢/2n, —c/2n, ¢/2n, 3¢/2n, ... fa]ls
between x, and x,; (b) Apply (a) repeatedly.

1.6

0,2, [-3,3}

The interval 1 € x < 2.
(=2,1). [-1,2]

(@ (1,3]; (o) (—oo,)
(b) {1}

(0, o0), {(— 00, 1].

1.7

A six-pointed star.

=(3,2),B =(3,4,C =(,5),D =(-1,4,E =(-1,2), F =(1,1). Each
abscissa is increased by 1 and each ordinate by 2.
x<0,y> Omthesecondquadrant x <0,y < 0in the third, x > 0,y < 0
in the fourth.

@ 42 © L

|AB| |BC| = |CD| = |DA| = /17 and |AC| = |BD| (=+/34).
(3,3), (15, 15).
21.

=(x+x,y+)

1.8

(a) 11; {c) Slope undefined.

When m = m'.

(a) 45°% (c) 135°

(a) tan20° = 0.36397; (c) tan165° = —tan 15° = —0.26795.
-1

The lines are perpendicular.

1.9

@ y=2x-2; © y=2x—-1; (e y=2x -3
(a y="7x—-19; © y=x+4

@ y=-x+1 (o y= -2

@ m=3a= = -6; (c) m=~-1,a=3>b=23
@ m=5a=—-%b=4; () m=0,qundefined, b = 3.
y=2x—8.
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7. y=—-x+ 3. (%’%)
20.

8.
1. y= ~2x.
12, The line has slope m = —b/a. Substitute this value of m in formula (2).
13. (o) x+3y+3=0.
4. y=—x+ 5,y =3x
15. 3.

17. (@) 2; {c) 0.

Chapter 2

Sec. 2.1

f0) = 6, f(1) = 10, £(2) = 16, f(/2) = 8 + 3,/2.

3. g(=1) = —4, g0) = -1, g(1) = 3, 9(1/v/2) = 242 + 2, ¢(1/3/3) does not

exist.

(a) Domain all x such that |x| > 3, range all y > 0; (c) Domain all x # 3,

range all y # 0.

f(3, 1) = %‘af(()’ 1) = 2af(190) = %’f(aaa) = _laf(a’ '—a) = L

Domain all points in the xy-plane except the origin, range — o0 < z < 0.

Yes.

No. Yes.

10. No.

11, Yes.

13. True.

14. False.

16. f(l, 1, 1) =3 f(4s 1, 9) = lél_sf(la 9, 1) = %’f(4s 9,16) = '}_

18. Yes.

19. The inverse function has domain Y and range X.

20. Allbut (). Theinversesare:(a) x =y (b) x =1/y; () x=1+ (1/)y);
d x=y* (y=0)

21, False.

22. Domain —o0 < x < oo, range the set of all integers.

24. No, only when every y € Y is the second element of a pair (x, y) € f.

25. 2

26. When no two ordered pairs in f have the same second element. To get f
write all the pairs in f in reverse order.

27. Delete ecither the point x, and the arrow joining x, to y, or the point x} and
the arrow joining x to y;.

28. Reverse the directions of all the arrows.

30. (a) Finite; (c) Infinite.

ot
.

&

AN

-1
bl

Sec

1. (@ x#0; w x=0; ) x=0.
3 1

5

6
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7. (a) %’ %> %! %7 %; (C) 1» _%, ':-li’ _%a _é" o 3

8. 1,4,9,...,n% ... (recall Sec. 1.37a).

9. 1,1,2,3,5,8,13,21.

11. Examine the thre¢ cases —0o <x < —1, —1<x<1 and 1 <x <
separately.

13. 4.

Sec, 2.3

1. The pair of intersecting lines y = xand y = —x.

3. x4y +4x -6y +9=0.

4. True. If the line x = c intersects the graph in more than one point, then the
function takes more than one value at x = ¢, contrary to the definition of a
function.

5. False. Consider circles, for example.

6. See Prob. 4.

7. No line parallel to either the x-axis or the y-axis can intersect the graph in
more than one point.

9. {(a), (d) and (f) are even, (c) and (e) are odd, (b) is neither even nor odd.

10. Note that (—1)" = 1 if n is even, while (—1)* = —1 if n is odd.

12, True.

13. x24+y*—x—y=0. ‘

14. Reflect G in the line y = x. Then interchange the labelling of the coordinate
axes. .

15. If x # x/, then either x < x’ or X’ < x. Since f is increasing, f(x) < f(x') in
the first case and f(x’) < f(x) in the second case, so that in any event f(x) #
f(x'). Therefore f is one-to-one, with an inverse f ~!. Lety = f(x), y' = f(x'),
sothat x = f~}(y), x' = £~ 43"), and suppose y < y'. Then x # x’, since !
is itself one-to-one, but x' < x is impossible, since then y’ < y. Therefore x < x/,
so that f ~! is also increasing.

16. Use Probs. 12 and 15.

17. See Figure 1A.

18. See Figure 1B.

2
1—“ 1__
i 1 1 } x } ! 4 1 } x
-2 =1 0 1 2 -2 -1 0 1 2
A B

Figure 1.
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19. Suppose 0 < x < x"and 0 < x* < x*. Then 0 < x**! < x’**!1 by Sec. 1.4,
Prob. 4. The result now follows by mathematical induction (Sec. 1.37).
20. Use Prob. 19 and the symmetry of the curve y = x" (recall Prob. 10).

Sec. 2.4

3. No, unless m = 0. Yes.

4, Yes.

5. If|f(x) — A|is “arbitrarily small,” then so is |[ f(x) — A] — 0|, and conversely.
6. (a) O; ) 1, (¢) No limit.

7. No. Yes.

8 (b) O.

9. In general, yes. No.

0

10. If|f(x) — 0| is “arbitrarily small,” then so is || f(x)| — 0| = || f(*)|| = | f(*)|, and
conversely.
11. No.

12. Suppose both f(x) —» A as x — x, and f(x) - A, as x — x,, where 4; # A4,.
Then, choosing ¢ = 3|4, — 4,| > 0, we can find numbers 5, > 0 and 8, > 0
such that |f(x,) — A;| < & whenever 0 < |x — xo| < &, and |f(x) — 4,| <&
whenever 0 < |x — xo| < 8,. Let & be the smaller of the two numbers §, and
02. Then |4, ~ Ay = |4, — f(x) + f(x) — 43 < |4, — f()] + |f(x) — 4,] <
2t = |A; — A,| whenever 0 < |x — xo| < . But this is impossible!

13. Let f(x) > A as x — x,, and let fi{x) = f(x) everywhere except at x = x,.
Then, given any & > 0, there is a § > 0 such that |f(x) — 4| < ¢ whenever
0 < |x — xo} < 8. Let 8, be the smaller of the numbers & and |x, — x,| # 0.
Then, given any ¢ > 0, we have |fi(x) — 4] = |f(x) — 4] < ¢ whenever
0 < |x — xo| < 8y, so that fi(x) » A4 as x — x,.

14. Choosing ¢ = 1, we can find a 6 > 0 such that |f(x) — A] < 1 whenever
0 < |x — xo| < 8. But |f(x) — A| = |f(x)| — |4], with the help of Sec. 1.5,
Prob. 10. Therefore 0 < |x — x| < & implies | f(x)| — |4] < 1, or equivalently
L) < |4] + 1.

15. If A>0, choose ¢ =$A. Then there is a 6 >0 such that 0 < |x — xo| < &
implies |f(x) — A| < 44, or equivalently 0 < $4 < f(x) < 34, so that, in
particular, f(x) > 0 and 3|4| < f(x) = |f(x)|. If A <O, choose ¢ = —3A.
Then there is a § > 0 such that 0 < |x — x| < & implies | f(x) — A| < —34,
or equivalently 24 < f(x) < $4 < 0, so that, in particular, f(x) < 0 and
—|f(®)| = f(x) < 34, or equivalently | f(x)| > —34 = }|4].

Sec. 2.5

1. Ax = —0.009, Ay = 990,000.

4. No. Yes, the tangents at any pair of points (xo, x3), (—Xo, — x3) are parallel.
6. y=0ory=8x — 16.

7. (2,4).

8. -2

9. (a) Ay=17, dy =3, E =4, about 57% of Ay; (c) Ay = 0.030301,

dy = 0.03, E = 0.000301, about 1%, of Ay. The approximation of Ay by dy
improves as Ax gets smaller.

10. When |Ax| is too large or when f'(x) = 0.

11, A(uv) = Au(x)v(x + Ax) + u(x) Av(x) = u(x + Ax) Av(x) + Au(x)v(x).

12. b= -3c=4
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/

Figure 2.

13. Recall Sec. 2.3, Prob. 17.

14. About 19 square miles, almost as large as Manhattan Island.

15. In Figure 2, drawn for the case Ax > 0, 0 < dy < Ay, we have dy = |4B|,
Ay = |4Q|. Thus dy is the increment of the ordinate of the tangent T to the
curve y = f(x), while Ay is the increment of the ordinate of the curve itself.

Sec. 2.6
2. Apply formulas (2) and (4) repeatedly.
4. @@ 0; (© %
5. Atx = 1,2
7. lim f(x) =3, lim f(x) = 5.
x—=+2- x+2+
8. SeeFigure3. Atx =0, 1, +2,...
y
3+ QO
2+ P
o fix) = [x]

1 L i }

¥ L) 13 1 ':' : ll X
-4 -3 -2 -1 0 1 2 3 4
0 —1
Gl +—-2
GO +—3

Figure 3.
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9. Examine the figure, noting that the solid dots belong to the graph.
10. No. Yes. No.

13.  No, since such intervals do not contain their end points.
15. We have
|f(x)g(x) — AB| = |f(x)g(x) — Bf(x) + Bf(x) — AB]|
= |f(x)[g(x) — B] + B[f(x) — 4]|
< [/)[g(0) — B + [BLf(x) — A4]|
< || lgtx) — B| + (B| + D)|f(x) — Al
Given any e > 0, there are positive numbers 8, §,, 8, such that [fG)] < |4] + 1

whenever 0 < [x — xo| < 8,, | f(x) — 4] < whenever 0 < |x — x,| < 6,,

3
2(B|+1)

€
and |g(x) — B| < TSy whenever 0 < |x — x,| < J5. Let & be the smallest
of the numbers §,, 8,, §;. Then
€ €
[f(x)g(x) — ABl < (lAI + l)m + ('Bl + 1) m =
whenever 0 < |x — xo| < 6.
Similarly,
1) _‘ IBf x) = Ag(9)| _ |Bf(x) = AB + AB — Ag(x)|
g(x) Bg(x) [Bg(x)|
< |B| | f(x) — 4] + (4] + D]g(x) — B .

[B| lg)

Given any ¢ > 0, there are positive numbers 8, 8,, &5 such that |g(x)| > }|B]|

B
whenever 0 < |x — xo| < &y, |f(x) — 4] < ——- whenever 0 < |x — x| < 55,
2
and |g(x) — B| < 2 (|"|1| L 0 whenever 0 < |x — xo| < 83. Let &, be the smallest
of the numbers ¢, d,, 65. Then
S a2 A adn oot
g(x) |B] 4 |BI*  4(4] + -

whenever 0 < |x — x,| < 4.

Sec. 2.7
1
1. (@ 4x3+6x; () 1+ =

2. (@ 2x—(a+b); (0 32x® + 12x.

2a © —x* 4+ 10x3 + 6x — 15
(x + a)?*’ (> + 3

3. (a)

4. True.



Selected Hints and Answers 247

1

1 3/x
8 (a ; c) ——.
@ T © — ;
9. True
’ 1 7" 2 " 3.2 n n '»
10, y=_;7’ y =F, y =———;——,... ()—( 1) x""'l

12. y® =4-61, )7 =0.

Sec. 2.8 ; 1 1 1 -
y _ t.-23
1. If y=23x=x then x = y* and — = = = = =x
y=ix=x Y dx dx/dy 3y* 3@/x? 3
2. f3+.5

(x + 2)(x + 4)
(x + 3)?

4. 200-3%.

3. (b)

7 @) —: (@ __a
' NEYa (¥ = X%

(1 —x Yo +9)+(r— s)x]

8. (1 + )s+1
d 1 S'x)
9. Start from — ——,
dxfx) -~ 0
11. In theinterval 0 < x < oo. In the whole interval —c0 < x < c0.
L _2x-y .
13, y = x — 2y’ y|x=1,y=0 = 2, y|x=1,y=1 = —1 i
14,y = O o,
n*x?
d dy _dyadt d m" ' mml om . m _
1. = ymin m—1_"" _ —_ — 1/mym n__ (m/n)—1
5 ax* Tdx didx =m i dx/dt — nt""? () n* ’
where we make free use of formulas (15) and (16), p. 78.
1. y= -3y = -8,y = -

19. Solving (16) for y?, we get y*> = $(x*> + / —3x*). Hence the only real solution
of (15)is x = y = 0, and it is meaningless to talk about y'.

Sec. 2.9

1. (a) 1 © %
2. (@ —oo0; () oo.
3. fix)>ooasx —»0+,1—,2+,while f(x) > —c0casx - 0~,1+4,2—.
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5. @)

6. x > 2998.

8 x <3P0 x > 3990

9, (a) x=~2,y=%; (c) x=+2,y=1.

11. See Figure 16.

13. (@ 1; (9 %

14. None.

16. The formula obviously holds for n = 1. Suppose it holds for n = k, so
that (L + x) > 1 + kx. Then it holds for n = k + 1, since (1 + x)**! =
I+ +x)20+k)1+x)=1+k+Dx+kx2>1+ (k+ 1)

17. 1lifla] > 1,0if|a| < 1,4ifa = 1.

18. @ 1+3+3+3+1=23, (0 2'+ 3%+ 43+ 5% =700

19. (a) 2; (c}) 1. Note that ! = 1 1 .

nn+1) n n+1

20. There are no points at which f(x) - + o, and f(x) does not approach a finite

limit as x - + o0. However,
im |5 — X o g - 0
——— —=| = lim |z———| = 0.
st |22+ 1 2 Lie [22X2 4+ 1)
21. Let x, equal /2 to n decimal places.
23, Notethatx, =5,., —5,>s—s=0asn— 0.
Chapter 3

Sec. 3.1

1. The average velocities are 215, 210.5 and 210.05 ft/sec. The instantaneous
velocity is 210 ft/sec.

3. The acceleration is variable.

4. The stone hits the ground 3 seconds later, travelling at a speed of 64 ft/sec.

6. The car is accelerating with a constant acceleration of k = 8.8 ft/sec?. Equation
(7) can only be valid when the car’s speed is well below its top speed.

7. The car is decelerating with a constant deceleration of k = 4 ft/sec?.

9. The stone’s motion during the last 3 seconds is the “reverse” of its motion
during the first 3 seconds (make this precise).

10. The flywheel has angular velocity 6'(tf) = b — 2¢t and angular acceleration
8't) = —2c. :

Sec. 3.2

1. 5/8n = 0.2 ft/min = 2.4 in/min.
3. No. Yes.
5. Increasing, at 40 in?/sec.
d
7. MR(Q) = = QAR(Q).

dQ
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9. Q(P)is a decreasing function of P.
10. Since Q = Q(P)is decreasing, it has a decreasing inverse P = P(Q), by Sec. 2.3,
Prob. 16, so that PQ = PQ(P) = QP(Q).
12. —% ft/min%
Sec. 3.3
1. (a) No extrema; (©) A maximum equal to 1 at x = 1, a minimum equal
tofatx = 2; (¢} No maximum, a minimum equal to —1 at x = —1.
2. (a) A maximum and a minimum, both equal to 0, at every point of (0, 1);
(c) A maximum equal to 0 at x = 0, a minimum equal to —1 at every point
of(—1,0); (e) No extrema.
4. True, by the intermediate value theorem.
5. No. Yes.
7. No maximum, a minimum equal to —1 at x = 0.
8. The function f(x) = 1/x maps (0, 1) into (1, o).
9. The function graphed in Figure 14, p. 91, maps (— c0, o) into (1, 2).
10. Let ,
. -1 if x< -1,
)y =x, gx)= 0 ff x <0, hx)={ x if -1<x<1,
x if x>0, .
1 if x> 1.
These functions are all continuous in (—2,2), say; f maps (—2,2) into (—2,2),
g maps (—2, 2)into [0, 2), and h maps (—2, 2)into [ - 1, 1].
Sec. 3.4
L fi(x) =3x* - 12x + 11 = 0if x = 2 + 1/J/3 = 1.42,2.58.
3. The formula f(a) — f(b) = f'(ca — b) is equivalent to (10), but now ce (b, a).
5. ¢c=42
7. Apply formula (9) to the train’s distance function s = s(z).
9. Apply the mean value theorem to the function \/i
Sec. 3.5
1. The domain of f is not an interval. |
2. (b) —(/x)+ C. '
3. Trivial, but worthy of note.
4. Use the chain rule. ‘
5. (@ x*-x*+3x2—4x+C;  (0) Ixx+2Jx+C
6. True.
8. (b) Increasingin[—1, 1], decreasingin(— oo, —1]and[1, o).
9. f isa polynomial of degree less than n. ‘
Sec. 3.6 »
1. Reread Sec. 3.62a.
2. (@) Minimumy =0atx = 0; (c) No extrema.
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3. (b) Maximumy = —2atx = —1, minimumy = 2atx = 1,
4. (a) Maximum y = 66 at x = 10, minimum y = 2 at x = 2;
() Maximumy =3atx = ~1, minimumy = latx = 1.
6. y' # Oifad — bc # 0,y = constant if ad — bc = 0.
8 c= -4
10.  y10,000 = 7h0-
Sec. 3.7
2. Nothing. Explain.
4. Inflection points at x = +4, concave upward in (— oo, —3%), concave downward
in (—4, 4), concave upward in (4, o).
6. ¢c=—
8. See Figure 4.
9. See Figure 5.
11, Lety = T(x) be the tangent to the curve y = f(x)at x = p. Then, by the mean
value theorem in increment form (Sec. 3.43b),
f(x) = T(x) = f(x) = f(p) = f(p) Ax
= flp + Ax) — f(p) = f'(p) Ax = [ f'(p + «Ax) = f'(p)] Ax, (i)
where Ax = x — pand 0 < o« < 1. If f' is increasing in a §-neighborhood of p,
then f'(p + aAx) — f(p) < 0 if -4 < Ax < 0, while f(p + aAx) — f'(p) > 0
if 0 < Ax < 4, so that, in either case, the right side of (i) is positive. Therefore
f(x) > T(x) in the d-neighborhood, so that f is concave upward at p. The
proof for decreasing f" is virtually the same.
12, Again we start from (i). Suppose the extremum is a maximum. Then

fi(p + ¢Ax) — f'(p) < 0 if -6 < Ax < 0, while f'(p + aAx) — f'(p) < 0 if
0 < Ax < 6, so that the right side of (i) is positive to the left of p and negative

/\ y={x+ 1){x—1)2
X
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10.
12
14.

15.
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y
y= x+ 1
x2+1
-2 —1
—*_:/ —t + X
0 1 2
Figure 5.

to the right of p. Therefore f(x) > T(x) to the left of p, while f(x) < T(x) to
the right of p, so that p is an inflection point of f. The proof for the case of a
minimum is virtually the same. ‘

38

The square of side /4.
The triangle with legs /3 and ¢/ /3.
2713/9./3. i
P =(3,0).
3nV2. “
t_oca+ﬂb _ |ab — B4
T a4+ B N
The line (x/2a) + (y/2b) = 1, with x-intercept 2a and y-intercept 2b.
Q = 30.
The chord whose distance from the point A equals 2 of the diameter of the
circle. :

7R (1 + /5).

Chapter 4

Sec. 4.1

NEhe

10.

11.

(a) 2; (c) max A4 does not exist.

(b — a)/n. No, although 1 < b — a.

Yes. Define the area A4 between the curve y = f(x) and the x-axis from x = a
to x = b by the integral A = {} f(x) dx, whether or not f(x) is nonnegative.
Then A < 0 if more area lies “above” the curve than “below” it.

max A = aif 0 < a < 1, max A does notexistifa > I,max 4 = a?if -1 <
a < 0, max A does notexistifa < —1.

Show that 0 < o < 4, where ¢ is the sum (3), regardless of the choice of the
points £, &,,..., &, Therefores - 0as A — 0.

(b) Choosing all the points &, &,,..., &, in the sum (3) to be rational, we
have ¢ = 1, and choosing them all to be irrational, we have ¢ = — 1, regardless
of the size of A. Therefore ¢ cannot approach a limit as 1 — 0.
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Sec. 4.2
2. (@ % (© ¥
4. 3.
5. A= [i(/x = x*)dx = %. See Sec. 2.3, Prob. 14.
7. ¢c=4
9. Use the fundamental theorem of calculus, noting that v = ds/d.
11. An immediate consequence of formula (11).
12. Given any ¢ > 0, there is a 6 > 0 such that |6(2) — 04| < ¢, or equivalently

6o — & < 0(4) < g + ¢, whenever 0 < |4| < 8. Ifg, < 0,choosee = —g, > 0.
Then there is a § > 0 such that 204 < ¢(4) < 0 whenever 0 < || < é, which
contradicts ¢(4) = 0. Therefore g4 = 0.

13. Apply Prob. 12 to the functions 6(4) — 4 and B — a(4).

14. (b) —f(a).

15. Follow the argument used to prove formula (7).

17. Apply Prob. 16 to the function f = f, — f;.

21. Note that 5 € 1/(10 + x) < 7% if 0 < x < 2, where equality occurs only if
x=0o0rx =2

Sec. 4.3
2. No, since In (x?) is defined for all x # 0, while 2 In x is defined only for x > 0.
3. @) 4<x<6; ) x>e
3x% ~2 3 2
4, (a) m ) (C) ; (ln X) .
2 1
I e S
1
6. ¢c= m
8. Y= —2/x%
10. 1

12. Atx = 1. No.
14. (a) x=21lifa>1,0<x<1if0<a< L

16. Use (7).
1
18. Note that log, a = E.
In x
Sec. 4.4
2. (@) 4e¥7*5; () (1 + x).
e/ 71

3. (@) 2xe* c) ———.
(a) (© TS|
o=In(e— 1)~ 0.54.

6. ¢
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Figure 6.

Inflection points at x = + 1, concave upward in (— oo, — 1), concave downward

8.
in (—1,1), concave upward in (1, 00). The graph is the ‘bell-shaped” curve
shown in Figure 6.

9. They are inverses of each other.

11. The advisor had the effrontery to ask for more than 18 billion billion billion
grains of rice! Show this by using formula (13), p. 97, to evaluate the sum
P+2 422+ 428

12. (a) 10%(1 + xIn 10); () a*x° (; + In a).

13. Use (14), (11) and (12), noting that Ina > Oifa > I,Ina < 0if0 < a < 1.

14. Use (17), (11) and (12), together with formulas (8) and (9), p. 155.

16. ¢ < —ef6,c > 0.

Sec. 4.5

1. (a) 1/e; (c) lle
2. (a) e; © e i
a -1 t 1

4. I =1l = = Ina.

x:_rg x ,l_,r{)l log,(1 +¢t) log,e na
6. (@) ¥ (c) (logyoe)
7. $1,485.95. i
9. About 13 years and a month.

r Nt
¢ = —_—

11. P(1 + ry) —P<1 + N> .

12. One dollar grows to e dollars in one year if compounded continuously at an
annual interest rate of 100%.

(x + 1)? 2 3 4
13. - - .
@ T Prs I+l x+2 x+3 (
2 1
14. (@) x*(2xlnx + x); (c) (Inxy (ln Inx + m)
. . _xdz xdzdy (ydz\(xdy\
16. By the ordinary chain rule, ¢,, = P v ;E;E = <E @) (; To) = Sab
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18.

20.

21.
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x".
_Mc .. d _C
Note that ¢c = m, while E AC(Q) = o7 (ec — 1).

See Figure 7. The various properties of cosh x and sinh x are easy consequences
of those of ¢* and e ™. ‘

Sec. 4.6

1.

10.

Ifx = —¢, then ffaf(x)dx = —Lof(—-t)dt = fo"f(t)dt = f:f(x) dx.

1

(@ 23/X*+1+C; (o) “nx C.

: . d d (- -1 1
Lett = f(x), noting thatif t < O,thenzln |t| = Eln(—-t) = =—=7
@ In(1+x)+C; () Injlnx|+C

xa* a*
() e Gna? +C; (¢) ix*Inx — &x* + C.
Letu = In(x + /1 + x?),dv = dx.
2 3
(a) 1'—';, (C) 2—m
y
X

Figure 7.



11.

12.

13.

14,
15,

17.

18.

19.

20.

21.
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4" 6" 9" X i x(In n In (ab)
- . I . Not that xbx = exlnae,xlnb =g (Ina+inb) __ e
nd T 2ing o T & Notethata

= (ab)".

dx _J' 1 <1 B 1>dx
I(x+a)(x+b)— a—b\x+b x+a

= (njx +b —In|x +a) +C
a—b :

1
=a—b]n

x+b
x+a

e

x -3
x—2

(a) In

e

3 —~e
See Sec. 4.5, Prob. 21d.

(b) j itidx= f<—1'+1—3—x>dx= —x—2In|l — x|+ C.

The formulas (23) are equivalent to
F(x) = G(t(x)) + C, F(x(t)) = G(t) + C. (i)

The substitution x = x(¢) transforms the first of these formulas into the second,
while the substitution t = t(x) transforms the second into the first, since
t(x(t)) = t, x(t(x)) = x (Sec. 2.22b). :

By the fundamental theorem of calculus,

[2 09 dx = F) - Fl@) = 600)) - 66(@) = [ 9(0) dt,

x(B)

o ) dx = F(x(B)) — F(x()) = G(B) — G = [ g(t) dt,
with the help of (i).

. . . 1 min!
Repeated integration by parts gives fo X1 — x)'dx = m

Integrate by parts repeatedly, noting that P®* )X(x) = 0, since P(x) is of degree n.

Sec. 4.7

RE O =

The integral is divergent if » < 1 and equals a* ~7/(r — 1)ifr > 1.
(b) Divergent.

The integral is divergent if > 1 and equals a* ~"/(1 — r)ifr < 1.
® 3

Note that

X ¢’ X ‘
li dx = dx + li dx,
tim [ g dx = [T f09 dx + lim [ 100 dx
so that one limit is finite when the other is finite, and only then. Similarly

lim [ () dx = lim ey ax + [ re0 ax.

X-—o
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Moreover,

I N O o B (S B A M

where, for brevity, we omit the expression f(x) dx behind the integral signs.

6. For example, s(X) = [¥ f(x) dx stands in the same relation to the improper
integral [§ f(x) dx as the partial sum sy = Y'_, f, to the infinite series Y=, f£,.
Develop the analogy further.

7. A= {§(x 1?2 - x 1P dx.

Chapter 5
Sec. 5.1
1. Let®(x,y,z) =z — F(x, ).
3. y=e*
5. Take the square root and then separate variables. The extra solutionis y = 0.
7. We have p(dp/dy) = 2y*, and hence [pdp = [2y*dy + C,, or p* = y* + C,.

Application of the initial conditions gives C, = 0. Therefore p? = y*, or
y' = y?%, so that y = 1/(1 — x), after solving this first-order equation and ap-
plying the initial conditions again.

8. The general solution is In |x| = ®(y/x) + C, where ®(u) is any antiderivative
of the function 1/[ f(u) — u].

10. Solving the differential equation x — (y/y’) = x2, subject to the initial condition
Ve=-1 = =1, wegety = 2x/(1 — x).

Sec. 5.2

1. 310 ok N = 10002
In2
SIn2

3. na2) "~ 19 yrs

5. No.

8. 1hr

10. To get the solution of (21), change e ™™ to ¢" in formula (13).

s

11. N = Nye" + ;(e" - 1.

12. If the fresh specimen has N, radioactive atoms, the old specimen has Nye ™
atoms, where k = (In 2)/5570 is the decay constant of radiocarbon. Therefore
n = aNgy, m = aNge ™, where a is some constant of proportionality. But then

nim = é€-.
Sec. 5.3
1. s=Ft}2m.

3. 5= (kt3/6m) + vot.
5. 32ft.
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7. V= [§kxdx = 3ks®.
9. As in Example 5.33f, the work done on the rocket by the earth’s gravitational
pull is
W= R+h kad _ kMm  kMm kMmh  mgRh
- -J 2 “TR+n” R - "®R+WHR_ R+NW
with the help of (24). Therefore $mv3 = mgRh/(R + h).
11. About 1.5 mi/sec.
Chapter 6
Sec. 6.1
1. The point P in R; with x, y and z-coordinates a, b and ¢ is the unique point of
intersection of the planes x = a,y = band z = c.
3. (a) 6; (c) 25.
5. Allbut (+/2, /2, 1) and (2, /2, /2).
7. Yes. Consider a sphere.
8. (a) The plane y = a.
9. (@ z=1-]x (-1<x<1)
10. Intervals are connected.
12. (5,0,0),(—11,0,0)
14. A pair of right circular cones with their common vertex at the origin (make a
sketch).
15. The domain of f is the set of all points (x, y) such that |x| > |y|. This set is not
connected (why not?).
Sec. 6.2
1. Formula(2)means that, given any ¢ > 0, thereisa & > Osuch that | f(x, y) — 4| <e¢
whenever 0 < \/(x —a)® + (y —b)* < 8. Therefore|f(x,b) — A| < ¢ whenever
0 < (x—a)?=|x~a| <éand]|f(a,y) — 4] <ewhenever0 < ./(y — b)* =
|y — bl <é.
2. Use Prob. 1, first setting y = 0 and then x = 0. ‘
3. Yes. Use the inequalities |x — a| < +/(x — a)* + (y — b)?,
y—bl<Vx—af +(y - b Jx—a +(y —b* <|x—d +|y-b
4. By Prob. 3, lim f(x, y) = lim g(x) = g(a) = f(a, b).
;:g x—a
5. See Prob. 4.
6. Use the analogue of Theorem 2.63c for functions of two variables.
7. (b) L
8. The triple limit is another way of writing (x, y,z) — (0, 1,e). By the three-
dimensional analogue of Prob. 6, the function In ————22 > is continuous at
. xX° 4+ y
(0,1,e). Therefore A =Ine = 1.
10. On the cylinder x* + y* = 1.
2
1. (b) oz 2y 0z x

N
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ou 1 Ou 1 Oéu 1
12. b _— = - _—= - _—— -
® ox x’ 8y y 0z z
13. (a) —1/x%
0%z 0 1 1 90 1 9%z
oxdy Oxx+y  (x+y? dyx+y odyox
15. (@) Af(x,y) = (x+Ax)> +(y + Ay)> —x? — y? = 2x Ax + 2y Ay + (Ax)? + (Ay)?
is of the form (8) with 4 = 2x, B = 2y, a(Ax, Ay) = Ax, B(Ax, Ay) = Ay.
16. (a) dz = (y — 2xy® + 3x%y)dx + (x — 3x%y% + x3) dy.
17. (@) 5.022.
20. First solve for each of the three variables as a function of the other two.

14. (a)

Sec. 6.3
1
1. (a) 2% + (—2— - —23—) é.
t t
2 (@ 0z PN 21n(x +y)’ ?£= 2In(x + y).
Ox x+y ay x+y
3. (@) ﬁ_ 6z+ 0z 6_2_ 6z+ 0z
) ox P w oy e e
yz xz
4. 2y = 7 — xys zy = 7 — xy' Zx|x=1,y=2,z=1 = _2a zy|x=1,y=2,z=1 = —1:

Zx|x=1,y=2,z=3 = 6’ Zy|x=1,y=2,z=3 = 3.

5. (@ 2 (© 3 () -L
6. Differentiate (19) with respect to ¢, and then set t = 1.
3%z 2 9%z 0%z 1 8% 394

T 72="% o ok~ 5 37 1% at the indicated point.

Sec. 6.4

1. (b) Minimumz = —1at(x,y) = (1,0).

2. (b) Minimum z = Qat (x,y) = (2, 4).

4. Maximum z = 3/e at (x, y) = (0, 1), minimum z = O at (x, y) = (0, 0).

5. Ifz - oo, then x — 0, y — 0, since otherwise xz + yz — oo. Therefore
lim V = lim (¢ — xy) ¢ lim o 0,
z— 00 x-0 x—'o X

y=+0 y=0

with the help of (10) and the mequahty

y‘ = ‘Iy] |y|, valid for

positive x and y. x+y
6. No.
9. Solve the equations
vV cy? — x2y? — 2x)® —0 oV cx? —xy - 2x% 0
x (x + y)? T3y (x + y)?

for positive x and y.



10.

11.

12.
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It follows from (i) that

o2 , V' te
A=z = "
_ o =2xyc—x2—3xy—y2‘
dx dy (x + y)? ’
% x4+ ¢
c=27 -2 .
oy* SCEE
Let 5
(x + y)° 2 2 2 2 242
f(x,y) = prea (AC — By = (x* + e)(y* + ¢) — (¢ = x* = 3xy — y})A
Then

/()56

so that D = AC — B? is positive at the point (v/¢/3, \/c/3), while A4 is negative.
The (perpendicular) distance d between P, and the line L with equation
Ax + By + C = 0 is, of course, also the minimum distance between P, and
a variable point P = (x,y) of L. Minimizing § = \/(x — x;)> + (y — y;)?
subject to the condition Ax + By + C = 0 is equivalent to minimizing 52
subject to the same condition. Let u = 62 — A(4Ax + By + C), where A is a
Lagrange multiplier. Setting the partial derivatives of u with respect to x, y
and A equal to zero, we get

Oou

5—;=2(x—x1)—/1A=0,

ou

@=2(y—y;)—w=0,

du .

The last equation is just the equation of L. It follows from the first two equa-
tions that (x, — x;)/4 = (y, — y,)/B, where P, = (x,, y,) is the point of L
minimizing » and hence 8. Let this last ratio be denoted by g. Then x, — x, = Ag,
¥, —y1 = Bg, and hence 4, the minimum value of §, equals «/Azqi + B =
A* + B*g|. But P, lies on L, and hence Ax, + By, + C = A(Aq + x;) +
B(Bg + y;) + C = 0, so that ¢ = —(Ax, + By, + C)/(A*> + B?). Substituting
this value of ¢ into the formula for d, we get the required answer.
MC(Q1,Q2) = 60, + 2Q,, MC3(Qy,Q5) = 2Q; + 6Q,. The profitI1(Q,, Q,) =
PyQ; + P,Q; — C(Qy,Q,) is maximized when Q; = {s(3P, — P,), Q, =
15(3P, — P;). Note that 8*I1/0Q? = —6 < 0, while (3*11/0Q%)(9°I1/0Q3) —
(0*11/8Q, 8Q,)* = 32 > 0. The larger price must not exceed three times the
smaller price.

1



SUPPLEMENTARY
HINTS AND ANSWERS

Chapter 1

1.2

Sec.

T LT LU
N N . .

Sec.

2.

(b) {5}; (a) {2,3}.

(b) {-1,0,1,2,3,4}.

(b) 4.

If x belongs to A, then x certainly belongs to A or B. If x
belongs to both A and B, then x certainly belongs to A.

If x belongs to A and B, then x certainly belongs to A or B,
in fact to both. Yes, if A = B.

(b)y {1,2,3};: (a) 4.

(b) and (d).

(a) The triangle with sides 3, 4, 5 is a right triangle, and
so is the triangle with sides 3n, 4n, 5n, where n is any

2 2

positive integer; (b) Note that 5 + 122 = 13%; (c) The

interior angles of a regular polygon all equal n ; 2~180°, and
hence cannot be smaller than 60°; (d) The square is a regular
polygon; (e) There is no positive integer n such that

n -2 _
_— 180° = 100°.

1.3

1 1.1 . .13
(b) 3 - F=g i (d) FEy¥=3 .

260
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}

ul

5. If 1 - /2 were rational, then 1 - /7 = o where m and n are

integers. But then /27 =1 -2=030_m

, where n - m and n are
n n

integers. This is impossible, since vZ is irrational.

1 _ 1
10. = 0.25, 50 = 0.05.
1_ S
1. 3= 0.T, & = 0.09.
31 . 139
16. (b) 95 | (d) 333 °

17. Let the rational number be % , and carry out the long division.
Each step of the division gives a remainder less than n. If 0
is obtained at any step, the decimal representing g terminates.
Otherwise, since there are at most n - 1 nonzero remainders,
one of the remainders must eventually repeat. But then the
same group of digits must repeat in the quotient, provided we
are in the part of the quotient past the decimal point.

3 4322 41

6

The formula holds for n = 1, since 12 = 211

[
hN4
.

= g—i—%—i—l . Suppose the formula is true for n = k, so that

2x3 + 3% 4+ x
2+ 3k t k.

23

2 2

17+ 2% 4 e + k2 = Then

12 + 22 4+ ooo 4 k2

3

+ 3k 4+ k
2
2 2 3 2
+3k% + k + 6(k% + 2k + 1) _ 2k3 + 9k% + 13k + 6
3 ;

3 2
=2k ¥ 1)+ 3(k6+ L)+ (k+ 1) , so that the formula also

+x+1? = + ok + 1?2

_ 2k

holds for n = k + 1.

Sec. 1.4

l

1. (b) a~b >0, c-d> 0, and hence (a -~ b) + (¢ - Q)

= (a+c) - (b+d > 0.
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3. @i @ .

7. Note that 1% = 1, 1 ; 1-9,/2>1>0>-3. We can also

]

write ~3 < 0 < L = L <1< 12 < /2.

8. (a) Use Prob. la and the fact that a = b implies -a = -b;

(b) Examine cases, using Theorem 1.45; (c) Same hint.

9. Use Theorem 1.43 and the fact that a = b implies ac = be.
10. (b) 1; (d) 1; (£f) -2.
1l. (a) n; (¢) n - 1.
13. (a) start from (a - b)2 > 0; (c) Start from (a - l)2 >0,
and use Theorem 1.43 to divide by a.
14. Use Prob. 13b, noting that equality occurs when a = b and only

then. Also use Prob. 5.

15. A rectangle of length x and width y has perimeter p = 2(x + y)
and area A = xy. In terms of the arithmetic mean a and
geometric mean g, we have a = % P, g = YA. Holding a (or p)
fixed, we get the greatest value of g (or vA), and hence of

A= (/3)2, when x = Y.

Sec, 1.5
2. An immediate consequence of formula (1).
3. If x >0, then [x] = x and lxI2 = x2, while if x < 0, then

|x] = -x and [x|2 = (-x)2 = x%.

5. Use mathematical induction (Sec. 1.37) and an argument like

that in Prob. 4.

jon
.

-3, 1.
1. () x=2; (@ x=-2, §-
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Sec. 1.6
2. [2,8). (¥Z - 2,/3 - 2]. ;
4. (3 -9Y2,3 +/2). (3 -VZ,3)U (3,3 + V2).
6. (b) [1,=).
7. (a) [-1,11; (e) (-1,1].
i
Sec, 1.7
4. (b) 5; (4) 3.

2- (1,1), (-1,1), (-1,-1), (1,-1). }

jon
.

Aixy - 30y + 2017 + [y, - 2ty + y,)1°

='\/[x2 - %-(xl + x2)]2 + Iy, - 3_}-(17l + y2)12 '

1 _ 2 - 2 - 1
9. (%,3) is the midpoint of AB, (1,2) is the midpoint of BC, and

SO On.

Sec. 1.8

1. ) -3;: (@ /3- /2.

3. (b) 90°; (4&) o°. ¢
4. (b) tan 100° = -tan 80° = -5.67128.

5. =-3.

7. Let L have slope m and L' slope m'. Thenm = 2, m' = - % ) SO

1
L) = - —
that m 0
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Sec. 1.9
l. (b) y = 2x + 1; (d) v = 2x.
_ 1 1, - _ 1 11
3. (b)y—-i-}("'z, (d)y— 7X+T.
3. () y=3x () y=-2x+3.
4. (b)) m=2, a= -2, b=4; (d) m= 0, a undefined, b = 2.
5. W)m=-%a=0,b=0; (@ m=-1, a=-1, b = -1.
9. Below it.
10. The first two lines are parallel, the second two are perpendi-

cular.

(a) 2x +y - 2 = 0; (c) 4x + 8y - 1 = O.

(=] (=]
[+)] w
. .

Let I be the line Ax + by + C = 0, and let P2 = (xz,yz) be the

foot of the perpendicular dropped from P1 to L. Then

d = IPIPZI. Since the slope of L equals - % , the slope of

the line L' through Pl and P2 equals g . Hence the equation
' - =B - ; '

of L' is y ¥y X(x xl). Since P, lies on L', we have

Xg =% Y7 ¥

=B - =
Yo = ¥y = g%y - %), or —x B . Let this last

ratio be denoted by g. Then Xy = X = Aq, Y, = ¥; = Bq, and

2 2 2.2 . p2g2
d = |p,P,| = Mﬁxz -x) "+ lyy - y)T = Walq® + 8%q

=A% + B2 |gl. But P, also lies on L, and hence

Ax, + By, + C = A(Ag + x,) + B(Bg +y,) + C =10, so that
2 1l 1

2
qg= —(Ax1 + By, + c)/(A2 + Bz). Substituting this value of q

into the formula for d, we get the required answer.

17. (b) 5.
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Chapter 2

2.1

g(=2) = 14, q(-l) = 4, $XO) =0, ql/§) =9 + V3.

(b) Domain -3 < x < 3, range 0 <y < 3; (d) Domain all

x # -5, range all y # 0.

Take an evening paper dated 4, and look up'P in the financial
section. The function is undefined on days when the exchange
is closed.

No.

V = jwh.

Let x be the temperature in degrees Centigrade and y the
temperature in degrees Fahrenheit. Then y = % x + 32,

X = g (y - 32). The missing entries are x = 40 and y = 176.
Convince yourself that every "rule" or "procedure" associating
a unique value of y with each given value 6f x is in effect a
set of ordered pairs of the type described.

The one-to-one function f(n) = n + 1 maps the even numbers into
the odd numbers.

(b) Finite; (d) Infinite. 1
2.2

a=4,b=-1,

£(£(x) = x, £(3(x) = 1/x%, g(£00) = /%%, g(g(x)) = x%.

1 1 1 1 1 . 1 1
(b) 7!3‘11‘71%1%1 (d) lr lpjr 1r'§-
a; = 4, a, = 4, a, = 2, a, = 5,
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0 if x > 0,
12. No. For example, let f(x) = - glx) = {
lifx<o,

1if x> 0,

0 if x < 0.

Sec. 2.3

o
.

The circle of radius 1 with its center at the point (-1,1).
8. The graph of £(x) + ¢ is obtained by shifting G a distance c

upward if ¢ > 0 and a distance |c| downward if c < 0. The
graph of f(x + c) is obtained by shifting G a distance ¢ to
the left if ¢ > 0 and a distance |c| to the right if c < 0.

11. For example, if f(x) and g(x) are odd, then f(-x) = -£(x),
g(~-x) = -g{x), and hence f(-x)g(-x) = £{x)g(x), so that
f(x)g(x) is even.

17. Yes, The function is increasing in the interval 1 < x < =,
decreasing in the interval - < x < -1, and constant in the
interval -1 < x < 1.

18. Yes. The graph has corners at the points (-~2,3), (-1,2) and

(0,3). The function is increasing in the interval -1 < x < ®

and decreasing in the interval -~ < x < 1.

Sec., 2.4
2 2
a(x, + h) + b(x, + h) + ¢ - ax; - bx, = ¢
. 0 0 0 0
1. f£'(xy) = lim Y
h+0
2axgh + ahZ + bh
= lim B = lim (2ax0 + b + ah) = 2ax0 + b.

h+0 h+0



N
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[
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(x, + ny3 - xg
f'(x,) = 1lim = lim
0" " B0 h he0 h

2 2 3
3xoh + 3x°h + h

= Lim (3x] + 3xgh + h?) = 322

h+0
For example, if £(x) = x2, then £' (%)) = £(xg) for x, = 0 or 2.
(b) 1; (d) o. L
(a) 1; () 2. ‘
If [£(x) - A| is "arbitrarily small,” then so ||f(x)]| - |all,
since |[£(x)| - |A]| < |£(x) - A|, by Sec. 1.5, Prob. 10. The

converse is false, for example, lim lii does not exist
x>0

(Example 2.45e), but lim ‘lﬁll =1,
x>0 X

2.5

Afu + v) = [u(x + Ax) + v(x + Ax)] - [u(x) + v(x)]

= [ulx + Ax) - u(x)] + [V(X + Ax) - v{x)] = Au + Av.

Here f(x) = mx + b, f(xo) = mX, + b, f'(xo) = m, so that (3)
becomes y = m(x - xo) + mx, + b =mx + b.

Yes, the tangents at any pair of points (xl,xi), (xz,xg) such
that XyXy = = % are perpendicular. No.

(b) Ay = 0.331, dy = 0.3, E = 0.031, about 9% of Ay;

(@) Ay = 0.003003001, dy = 0.003, E = 0.000003001, about 0.1%
of Ay.

In the intervals -» < x < =1, =1 < x < 1, 1 < x < ». At the
points (-1,2), (1,2). 7

If S is the surface area of the earth and R its radius (~ 4000
miles), then § = 4nR2. Therefore AS = dS = 87RAR = g%g% square

miles.
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Sec.

B 1o s 1w e

Sec.

2.6

Let g(x) = c.
We get the indeterminate form % .
(b) -3; (a) 23.

If |£(x) - A| is "arbitrarily small" both for all "sufficiently
small” Xy = X > 0 and all "sufficiently small” x - Xq > 0, then
|£{x) - A| is "arbitrarily small” for all "gufficiently small"
jx - xol > 0, and conversely.

Use Prob. 1ll.

Use Sec. 2.4, Prob. 1l.

2.7
2 14 _ 9
(b) 6ax” - 2bx; (d) - 5 - =5 - -
X X X
2 2
(b) 3x° - 2(a + b)x + ab; (d) 6x” - 26x + 12.
by 2L * ) g K- axtl
! _——.'—T— .
(1 - x%)2 (x - 2)
If n is odd and t" = x, then (-t)® = -x, so that V=% = - Vx.

~n"ex".

Use Prob. 6 and the fact that division by zero is impossible.

1 2

(b) - —— ; (4) .
X 3A7%

If n is odd, then =)™ = (- ¥O©

flllg + 3fﬂgl + 3flg" + glll.

The tangent T to the curve y = 1/x at the point P, = (xo,l/xo)
1 1__x ., 2
(x - xo) + == x2 + . Therefore T
0

has equation y = - "
0 0

*0
has x~intercept 2x0 and y-intercept 2/x0. Now use Sec. 1.7,

Prob. 6.
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By Sec. 2.66, g is continuous at x. But g(x) # 0, by
hypothesis, and hence g(x + 4x) # 0 for all "sufficiently

small" |Ax|, by Sec. 2.4, Prob. 15.

2.8

Use the fact that vx is an increasing function.

(@) 2(x + 2)(x + 3)2(3x% + 11x + 9); (¢) —L— 3%_

a-x3
For example, if f is even, then f(-x) = f(x), so that é% f(~x)
= 3% £(x), and hence ~£'(-x) = £'(x) or £'(-x) = ~£'(x).
£, 2 Ly o Ly eo Ly o f'g - fg'
(3= (E P = 2+ £ ;;)g —9?—L-
(b) = .
(1 - x)VM1 - x
1 _ 1 1 |
Note thatm—;-’-r__x.
v = _ _2x + . = -2
~1 m-1
n-1 , m-1 mx™ m X
ny” y' = mx , and therefore y' = — = — —
nyn 1 n (xm/n)n 1

- m_(m/n)-1
_r_lx .

Solving the quadratic equation (14) for y, we get

y = % (x3N4 - 3x2), and hence y' = % (1 + _;_35___>
1/ 2
4 - 3x

y'|x=l = % (1 ¥ 3) = -1, 2 when le=1 = % (} +1) =1, 0.

;, SO that

In the theory of equations, it is shown that the cubic equation

2 3
y3 + ay + b = 0 has three distinct real roots if %F + %7 < 0.
bz a3
There is only one real root if Tt 55 > 0. Use this to

investigate equations (11l) and (13).

'
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Sec.

O [~ & N e
. . . . .

g

19.

22.

B

(b)
(b)
The

x < -1000.

(b) x

-d/¢c, y = a/c.

limit is a product of five

limits, all equal to

e

= 1
EX) = ek = ay (X - ay)

allazl

Consider the separate branches of

Figure 15.

(b) 0; (d) No limit.

20.

(b) 1% + 2! + 3! + 4!

= 873.

(b) 1.

Let x_ = 1 Then x

n n ° 1

Xe + X, + X, + X = L
5 6 7 8 5

and so on. Therefore

Sy = xl + Xy + Xq + x

and so on.

divergent.

4

*e+,a, are all different.

, where the constants

the function graphed in

+ 50 4 61 =1+ 2+ 6+ 24+ 120 + 720
- =1 ~1,1.,2_1
=1, x =5/ X3+ X =3+7>7%73
1.1 .1.1,1,1,1_4_1
tg+tgtg>gtgrtestsTe T2
- 1 = A
Sy =X > 7 8 =X x> 25,
s = cee A1
>37'58 x1+x2+ +x8>42-

Thus the sequence &, is

No, as shown by the example of the harmonic series.

unbounded and hence
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Chapter 3

3.1

Sec.

Sec.

N
.
o
=)

fob
.

8.

[
-
.

v = t2 - 4t + 3, a = 2t ; 4.» The direction of niotion changes
at t = 1 and t = 3., The particle returns to its initial
position at t = 3.

128 ft. 240 ft.

Differentiating (8), we find that the velocity after braking is
Ve kt. Hence it takes a time equal to vo/k to bring the car
to a stop, during which it travels a distance equal to

vo(vp/K) = 3 k(ve/m)2 = 3 vi/k).

The flywheel stops rotating when t = b/2c.

3.2
% 25 mi/hr.

ncreases faster if x < ¢4, y'increases faster if x > 4,

[

X
x and y increase at the same rate if x = 4.

2 ft/sec. No.

The curve of marginal cost is the straight line
MC(Q) = a - 2mQ. :

5 £t2/min.

3.3

Sec.

(b) No maximum, a minimum equal to 1 at x = 1; (d) No extrema.
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2. (b) A maximum equal to 1 at x = 1, a minimum equal to 0 at
every point of (0,1); (d) No maximum, a minimum equal to 0 at
every point of (0,1).

3, If £ is increasing in [a,b], f has its minimum at a and its
maximum at b, while if f is decreasing in [a,b], £ has its
maximum at a and its minimum at b.

6. No. !

Sec. 3.4

2. f is not differentiable at x = 0.

4. (1,1, (-1,-1). i
1

6. a=1- == 0.42,
V3
8. ¢c= % ., V2,
Sec. 3.5 ;
1 _4 2 3 1
2. (@) 7x +C (e) 3Nx" + C.

5. (b) x - 3x° + =5 x° - 3 X + C;

= 3
(4) % x> - g /2 4 34t 2 x9/2 + C.
7. No.
8. (a) Increasing in (—w,£], decreasing in [%,w); (¢) Increasing
in [-1,1), decreasing in (-«,-1] and [1,«).
Sec. 3.6

2. (b) Maximum y = % at x = % .



Supplementary Hints and Answers 273

1 at x = *1, minimum y = 0 ‘at x = 0; (c) No

3. {(a) Maximum y
extremum at x = 0, maximum y = %-3T at x = %, minimum y = 0 at
x = 1.

4. (b) Maximum y = 100.01 at x = 0.01, 100, minimum y = 2 at x = 1;
(d) Maximum y = 132 at x = =10, minimum y = 0 at x = 1, 2.

5. |3x - x3| has its maximum in [~2,2] at the points x = 21, 22,

7. Minimum y = 0 at x = 0 if m is even and no extremum at x = 0
if m is odd, maximum y = mnnn/(m + n)m+n at x = m/(m + n),
minimum y = 0 at x = 1 if n is evén and no extremum at x = 1

if n is odd.

9. Solve the equations YIx=2 = -1, y'|x=2 =0 togeta=1, b=0.

Then show that y"|x=2 < 0.
Sec. 3.7
1. True.
. _ .3 _ 4 _ 4 "

2. For example, if £(x) = x, g(x) = x°, h(x) = -x , then £"(0)
= g"(0) = h"(0) = 0, but £ has an inflection point at x = 0,
g is concave upward at x = 0, h is concave downward at x = 0.

3. No.

5. Inflection points at x = 0, #3a, concave upward in (-»,-3a),

concave downward in (-3a,0), concave upward in (0,3a), concave

downward in (3a,«).

7. a=-3,b=%.

10. The points have abscissas 1, -2+/3, the solutions of the

equation x3 + 3x2 -3x-1=0,

13. Reread Secs. 3.33b, 3.64a and 3.72.
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3.8

Sec.

. .

|l—-‘
Lo LA B B L

[
w
.

4nr3/3/3

No, even if the buggy is much faster than the boat.
1

x = = (xl X, b ocee 4 xn).

If N(Q) has a local extremum at Q = QO’ then n'(Qo)

R'(Qo) - C'(Qo) = MR(QO) - MC(QO) = 0, so that MR(QO)

MC(QO). This extremum will be a maximum if H"(Qo)

R"(Qo) - C“(Qo) < 0, that is, if MR'(QO) < MC'(QO).
Overhead is positive, and hence d > 0. The marginal cost is
MC(Q) = 3aQ2 4+ 2bQ + c, with first derivative MC' (Q) |
= 6aQ + 2b and second derivative MC"(Q) = 6a. Therefore MC(Q)

has a local minimum at Q0 = -b/3a if a > 0. But Q0 > 0, and

2
hence b < 0. Moreover, MC(Q,) = 25335-9— > 0, and hence
b2 < 3ac, which, in particular, implies ¢ > 0.

Let the sides of the angle be the x-axis and the line y = mx.
The line through P = (a,b) with slope 1 intersects the x-axis
in the point EA—§—9,0> and the line y = mx in the point

( al - b m aA - b
X -m ' X -m /)’

m(ar - b)2/20 (2 - m).

forming a triangle of area

Choosing A = (a,b), P = (x,0) and B = (c,d), minimize

2

|ap| + |PB| =’\[(X - a)? + b° +’\/(x— c)2 + d@° (the speed of

light can be cancelled out). The minimum is achieved when x
: es sea XxX-a_¢c-x i
satisfies the condition —TifT = —T§§T . Now use similar

triangles.
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Chapter 4

4.1

Sec.

1.

8.
i1.

(b) 1.

The global maximum of f in [a,b], whose existence is
guaranteed by Theorem 3.32c. _

No. Yes, since the number of subintervals cannot be less than
the integral part of (b - a)/X.

If f(x) = ¢, the region bounded by the curve y = f(x), the

x-axis, and the lines x = a and x = b is a rectangle of length
b
b - a and width c¢; then A = J f(x)dx = J cdx = ¢c(b - a), by
a a
(6) and (11). If a = 0, £(x) = cx, the region bounded by the

curve y = f£(x), the x-axis, and the lines x = 0 and x = b is a
b b

right triangle with legs b and cb; then A = J f(x)dx = J cxdx
a 0

= % cb2 = % becb, by (6) and (12), Both results are in keeping

with elementary geometry.

A

4 4 4
J [£(x) - g(x)]dx = f (x - 1)dx = I xdx - dx
2 2 2

1

=5 % -2%) - (4-2)=6-2=4. Buta=2L2(1+3), by

N N——n

elementary geometry.

f(x) is continuous in every such interval.

(a) Use the same argument as in Example 2.45e, noting that
f(x) takes both values 1 and -1 in every deieted neighorhood
of ¢, since every such neighborhood contains both rational and

irrational points (this is a consequence of Sec. 1.5, Prob. 13).
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4.2
= -1.1
0= VY71
(b) 6; (4) 1.
1
n+ 1 n = 1 n+ljl1 _ 1 n+l
5 J X dx 3 X 1553 [1 - (-1) 1.
-1
9
70
b
2 2
1 b - a® _ 1
b-aJ"d"‘z(b—a)"z‘(a"b"
a
Yes, provided that x > 0.
(a) 0; (c) £(b).
Choose A = 0 in Prob. 15.
Clearly f(c) > 0. Suppose a < ¢ < b. Then there is an
interval [c - §,c + &) such that f(x) > 0 for every
x& [e - §,c + §] (why?). By Theorem 4.2la,
c~6 c+é
I f(x)dx = I f(x)dx + J f(x)dx + J f(x)dx .
a a c-§ c+6
The first and third integrals on the right are nonnegative, by
Prob. 16, while the second integral is positive, by the mean
value theorem for integrals. Therefore the integral on the
left is also positive. The proof is even simpler if ¢c = a or
c = b.
Use Prob. 18. '
Apply Prob. 18 to the function f = fl - fz.
Use Prob. 17, noting that -|f£(x)| < £(x) < |£(x)|, where, by

Sec. 2.6, Prob. 14, |£(x)| is continuous and hence integrable

in [a,b].
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The assertion is obviously true if f is a constant function.
Otherwise f takes values between its maximum M and its

minimum m in [a,b]. But then M - f(x) > 0 at some point in

b
[a,b], and hence J [M - £(x)]dx > 0, by Prob. 18, or
a
b
equivalently B—%—; I f(x)dx < M. 1In the same way, we find that
a

b
m < 5 } a J f(x)dx. Continuing as in the proof of Theorem
a

4.22a, we observe that the point ¢ is now known to lie between
the points p and q at which f takes its maximum and minimum,

so that ¢ & (a,b).

4.3

Because r = -1.

(b) x > 1.

(B) In x +1; (&) 4= -

) —E ;@) L.
l-x 1+ x

The tangent has equation y = x/e.

¥ In x - x is an antiderivative of 1ln x.

Increasing in [-1,0) and [1,»), decreasing in (0,1} and
(-=,-1].

Inflection points at x = *1, concave downward in (~«,-1),
concave upward in (-1,1), concave downward in (1,«).

(b) 2 < x < 3.
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Use (12), (8) and (9), noting that ln a > 0 if a > 1, while

Ina<0if 0 < a < 1.

Let £(x) = In x. Then In b~ 1lna= (b - a)f'(c) = b ; a ’

where a < c < b.

4.4

Sec.

[

i~
.

If ¢ = 1n k, then ke¥ = ecex = eC+x.

(b) -3¢73%, () &X(1 - 2x - x%).

X

(b) __23;_7 ;o (d) —=———
(e* + 1) 01 + ¥

ax . . . R ax
e /a is an antiderivative of e .

Maximum y = 101°e'9 at x = 9, minimum y = 0 at x = 1.

x =1, 2.
2 X
(b) 2xe* 1n a; (d) - 10" 1n ioo .
(1L + 107%)
x=%. (ZY_ z-y).

10
The function 5—; has its maximum at x = 1i°2 ~ 14.4. Now
2

compare Y,, with Y15¢

4.5

(b) e.
(b) 2.
log (1 + x)
a - 1 ;oo In(l 4+ x) -1
;ig X " Ina iig X Tna - 109, ¢ (Sec.

4.36b).
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rinx

r
x -1 ;e - 1xln x : 1n x
5. lim = lim —%= = r 1In e-lim ==
= gl X T 1 x>1 T in x X 1 xs1 X 1
=r lim in{l +t) _ r.
t+0
6. (b) 1n 4.
1 -
8. 10 In 2 * 6.93%.
10. $7,408.18
2
X“+2x
e 4 1
13. (b)m(ZX'#Z-?i—m). )
. x
4. by xM/XLAnX (g X W Xan x4 1).
X
15. y" is nonvanishing.
17. ax.
= = ﬁgx i =
19. If y = £(x), then ny =y a - The function xf (x) xy has
ici X = = = xdy _
elasticity Xy (xy)' 7 (y + xy') 1+ v ax 1+ eyx'
22, The sum of 8 terms of the series is 2.71825...
Sec. 4.6
2. Let x = -t.
3. Let x=1-t¢t.
2 .
4. 3 v @ia+rmo¥?ic
5. () 3infx® +2x -3 +¢c (@) e+ +c.
1
1 e~-1"°"

8. (b) x3ex - 3x2ex + 6xe* - 6e¥ + C;

(d) % x3/2 In x - é x2 4 c.
10. (b) 1; (d) e - 2.
1. e §w|E e
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2 2 2
_t -1 2 _tT+1 _ T+ 1
16. Notethatx——-—Zt s V1 + x = =g ,dx__.z-;.r_dt,
e3x + 1 2x X 1 2x X
17.  (a) I — dx = J (e -~ e + 1)dx = 5 e - e + x + C;
e + 1
(c) g = (1+2 32— +2 2 )a
1 - %2 * = 72T +x  IT=-x/%
= ~x + & 1p|i ¥ X
=-x+* 5 lnl1 — x‘ + C.

22. Divide the price range [Pl,Po] into n equal small units
AP = 'rlT (Po - Pl) , where AP is just large enough so that each
successive price drop causes more of the commodity to be so‘ld.
Let AQi be the extra quantity sold when the price is lowered
from Py - (i - 1)AP to By - iAP. Then the total revenue

received in the course of the staged price drop is just

n

E : (Po - iAP)AQi, which approximates the integral in (25). To
i=1

convert (25) into (26), integrate by parts.

2,
23. 100P0(1 - E) z 26.4P0.
Sec. 4.7
. 1 1
2. (a) 35 (€) 17775 -
4. (a) Divergent: (c) 6.
7. By Prob. 3, A= —to - L= -3=2,
-3 1-3
-]
8. By Sec. 4.6, Prob. 15, A = J {(cosh x - sinh x)dx
0
X P
= lim I (cosh x - sinh x)dx = lim Einh X -~ cosh )g
X+ 0 X+ 0
=1 + lim (sinh X - cosh X) = 1 + lim (-e”%) = 1.

X+ X->o0
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Chapter 5

5.1

Sec.

oy [ v
N N .

S+ o
.

y = 2/x.
y=(x1lnx - x + 1)2.
I ] _ 3
Yy=3x (ln x f) + Clx + C2.
2
_1-x
Y =" -

5.2

Sec.

1LY
.

| s
.

o
.

I~
.

4.8 billion. 6.9 billion.
20 1n 2
In 2
n3

z 48 yrs.

- .
(a), (b) and (c) follow at once from formula (13). To prove
(d), differentiate (11), obtaining N" = rN' - 2sNN'
= (r - 2sN)N' = (r - 2sN)(r_f sN)N, where the expression on
the right is positive for N < r/2s, zero for N = r/2s, and
negative for r/2s < N < r/s. Now use Sec. 3.72, Proposition (4).
Per capita consumption is constant if r = S, grows
exponentially at the rate of r - s percent per year if r > s,

and decays exponentially at the rate of s - r percent per year

if r < s.
W= §_&§_l2 * 1.4 per meter.
*
Let N* = N + ; . Then %%? = rN*, and hence N* = Cert, or
N = ceFt - % . Applying the initial condition Nlt=0 = Ny, we
s
get C = N0 + T

About 2310 yr

0
.
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5.3

Sec.

2.

[on
.

jco
.

§, - 8
"o=‘t%—tg"§%‘t1‘to"
64 ft/sec. 4 sec.
The truck has more kinetic energy in the first case, the bullet
in the second.

Let the fixed points be s = ta. Then the force is F(s)

= -k{s + a) - k(s - a) = ~2ks. Hence the work done in going
a

from ~a to a is -2k J sds = 0,
-a

About 84 mi.

vy ='va + 2gh, tl = (--vo + vl)/g, t, = (vo + vl)g, At = 2vo/g.
Since the spider's weight mg stretches the strand by an amount
s, the tension ks in the strand satisfies the condition

ks = mg, so that k = mg/s. Therefore the potential energy:of
the stretched strand is % ks2 = % mgs (Pfob 7). As a result
of the spider's climb, the potential energy of the system
consisting of the spider and the strand changes by

2mgs - % mgs = % mgs8, since the strand is no longer stretched
after the climb., This is the work wl done by the spider in
climbing up the strand, to be compared'with the work wz = 2mgs
done by the spider in climbing up an inelastic strand of

length 2s.
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Chapter 6

6.1

Sec.

. . .

= | o
W | o jo o | jw N
.

(,,-n, (1,-1,1), (-1,1,1), (-1,-1,1).

(b) 14,

Show that the side lengths satisfy the Pythagorean theorem.
Complete the squares, as in Sec. 2.32b.

(b} The cylinder x2 + y2 = az.

(b) z =1~ |y| (-1 <y <1).

-l <x<1, -1 <y <1l., The region is an "open square."

Sec.

1LY

o [N

I=

|P1P2| = 2. P, is closer to the origin.
6.2 ,
If the limit in question exists, then lim = = 1im =X , which is
x>0 X y>0
impossible.

(a) % ; (c) ~1ln 2.

In the first and third quadrants of the xy-plane.

(a) g_}z{ = 2xy3 + 3x2y2, g—;- = 3x?‘y2 + 2x3y; (c) %—f; = - %—e—x/yr
g% = ;x? e X/Y

(a) 3% = yze*¥Z, %% = xze*¥Z, %% = xye*¥%; (c) %% = % (xy) 2%,
=Zam® 2= an® i Gy,

(b) (1 + 3xyz

+
(b)-a_.z_=3l=o=_a_.l=
X9y o9X Y dy X  9ydx °
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15. (b) Af(x,y) = (x + Ax)(y + Ay) - xy = yAx + xAy is of the form

(8) with A =y, B = x, a(Ax,Ay) = B(Ax,Ay) = O.

16. (b) dz = y* lnyadx + xyxnldy.
17. (b) 108.432.
2 2
8. Letr=’V>r2+y2. Then 8 =. %X 3u_ _ 1, 2x
= Ix 2 2 77 T
r Ix r r
2 2
= i—z—l— . Interchanging the roles of x and y, we get
r
2 2 2
9%u _ - x
'3_2' . Yﬁ—* ‘
Yy r
19. No, since the partial derivatives fx(0,0) and fy(0,0) do not

exist (why not?).

Sec. 6.3 J
1. (b) 0.
9z _ 2 9z _ _ 2
2.. (b)'ﬁ—irw— 7 -
2z bz _ ydz dz_,02, 12
3. ) 5x=¥y 5w %2 v ' ¥y Xt xaw e
5. (b) 1; (d) 0.
v 1
8. If F(u,v) = J £(t)at, then 4= = £(v), by Theorem 4.23a, while
u .

u H

F _ _ 3 _ dF _ 3F du , JF dv

T " Tu'[ f(t)at = -f{u). Buta; 70 ax +Wa'i<' , by the
v ‘

v(x)

. dF _ d
chain rule and hence I~ = f(t)at
u(x)

= fvx) -t P
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Sec.

1.

(L8]
.

6.4
(a) No extrema; (c) Minimum z = 0 at (x,y)} = (0,0), no
extrema at (x,y) = (1,%4), (- % :0).
(a) Maximum z = 864 at (x,y) = (-6,0), minimum z = -864 at
(x,y) = (6,0), no extrema at (x,y) = (0,%6/6); (c) Minimum
z = 0 at every point of the line y = x + 1.
Maximum z = 4 at (x,y) = (#2,0), minimum z = -4 at
{x,y) = (0,%2).
Let u = x;X, *** X, u* = u - A(x1 + X, + et +x, - nc).
Then, at any critical point,
du* _ -A=-2 o a=
T~ X2 X, A= %, A =0,
Bu*_ Py - =.E.— =‘
T el T AT T A0
n n
so that !
.l: co-=.$_=x'
X : n
which implies x; = *** = X, = C. : : |
Maximize u = ﬁmixz e X, subject to the condition
i
X, + X%, + e++ + x = nc.
The profit is maximized when Q1 = % (P1 - P2 + 4q),

Q, = % (P2 - Pl + 4q). The absolute value of the price

difference must not exceed 4q.
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Abscissa, 21 Composite function, 43
Absolute value, 14 continuity of, 85
Absorption coefficient, 198 derivative of, 83
Acceleration, 102 Compound amount, 167
due to gravity, 35, 102, 201 Compound interest, 166
Air resistance, 202 - Concavity
Algebraic sum, 74 downward, 127
Angle of incidence, 136 in an interval, 127
Angle of reflection, 136 at a point, 127
Annual interest rate, 166 tests for, 128
effective, 171 upward, 127
nominal, 171 Conservation of energy, 204
Antiderivative, 117 Constant(s), 31 ff.
existence of, 147 of integration, 118
general, 118 vs. variables, 35
Area Constraint, 231
between a curve and the x-axis, 137 Consumer’s surplus, 180
between two curves, 141-142 Continuity, 68 ff. '
negative, 143 in a closed interval, consequences of, 109-111
under a curve, 137 of a composite function, 85
Arguments (of a function), 36 as a consequence of differentiability, 72
Arithmetic mean, 14 of functions of several variables, 216
Asymptote, 93 geometrical meaning of, 71
horizontal, 93 in increment notation, 73
vertical, 93 in an interval, 68, 72
Average, of a function, 147 of an inverse. function, 82
Average velocity, 100 from the left, 69
Averaging time, 100 at a point, 68, 216

of a polynomial, 69
of a rational function, 70

Base ot natural logarithms (e), 156 in a region, 216

Bell-shaped curve, 253 from the right, 69

Birth rate, 194 Continuous function(s), 68 ff.
Boundary, 213 algebraic operations on, 68-71
Boundary conditions, 191 integrability of, 143

Bounded sequence, 94 inverse of, 82

product of, 68-69
properties of, 109-111

Calculus quotient of, 68
differential, 54 ff. sum or difference of, 68-69
first key problem of, 2, 54 Convergent improper integral, 181, 182
fundamental theorem of, 149 Convergent sequence, 94
integral, 137 ff. Coordinate axes, 20, 208
second key problem of, 2, 54 positive directions of, 20, 208

Cauchy, A, L., 55 Coordinate planes, 209

Chain rule, 84, 223 Coordinates, 15 ff.

Change of variables, 173 on a line, {5

Closed interval, 17 origin of, 5, 20, 208
continuous image of, 109 in a plane, 21

Closed region, 213 rectangular, system of, 46

Completing the square, 47 in space, 209

286



Cost
average, 107
elasticity of, 172
marginal, 1, 106-107, 234
total, 106, 233

Cost function, 106-107, 233.
cubic, 107, 136

Counterclockwise direction, of quadrants, 21

Critical point, 123, 229
Cubical parabola, 49
Curve(s), 47 ff.
area between two, 141-142
area under, 137-138
inflection point of, 49, 129
sketching of, 47, 129
symmetric, 49
tangent to, 49, 55

Death rate, 194
Decay constant, 196
Decimals, 8
nonrepeating, 8
repeating, 8
terminating, 8
Decreasing function
exponentially, 192
in an interval, 50-51, 120
in a neighborhood, 113
Decreasing sequence, 94
Definite integral(s), 137 ff.
evaluation of, 142-143, 149-150, 173-178
existence of, 139, 143
vs. indefinite integral, 140
properties of, 144-145
Definite integration. 140
Deleted neighborhood. 18, 214
Delta-neighborhood. 18
deleted, 18
Demand, 108
elastic, 170
elasticity of, 170
inelastic, 170
Dependent variable, 36 ff.
differential of, 64, 220
increment of, 59
value of, 36
Derivative(s), 2, 53 ff.
of a composite function, 83
of a constant function, 55
higher, 79
of an inverse function, 81
logarithmic, 168
nth, 79
of the nth power of x, 77-78
of order n, 79
partial (see Partial derivatives)
of a polynomial, 77
of a product, 75
of a quotient, 76
of the rth power of x, 78, 163
second, 79
of a sum or difference, 74
third, 79
Difference quotient, 53, 59
Differentiability
in an interval, 63
at a point, 63
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Differentiable functions, 63 ff.
properties of, 112-116
of several variables, 219
Differential(s), 64, 219
of the dependent variable, 64
of a function, 64, 219
of the independent variable(s), 65, 220
total, 219
Differential equation, 1, 186 ff.
first-order, 186
homogeneous, 192
initial conditions for, 188, 190, 191, 200
of order n, 186
order of, 186
partial, 222
second-order, 190
with separated variables, 189
solution of, 186
general, 187, 190
particular, 187, 190
Differentiation, 63 ff.
implicit, 86-87
logarithmic, 167-168
operator, 65
partial, 216
rules, table of, 238
Discontinuity, removal of, 70
Discontinuous function, 68
Distance
between a point and a line, 34
between two points
on a line, 15
in n-space, 210
in a plane, 22
in space, 210
Distance function, 100
Divergent improper integral, 181, 182
Divergent sequence, 94
Division by zero, impossibility of, 5, 10
d notation, 65
Domain, 37, 41
of a function of two variables, 213
Double limit, 216
Doubling time, 193
Dummy index, 96, 140
Dummy variable, 140

e (base of natural logarithms), 156, 165-166
Elasticity, 168
of cost, 172
of demand, 170
Element (of a set), 2
Empty set, 3
End of proof symbol, 11
End points, 17
Energy
conservation of, 204
kinetic, 203
potential, 204
total, 204
Epsilon-delta language, 55 ff.
Equation of motion, 100
Error of approximation, 64
Escape velocity, 206
Even function, 49
Even number, 5
Excise tax, 134
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Exponential growth and decay, 192
Exponential law, 192
Exponential(s), 159 ff.
to the base a, 161-162
to the base ¢, 159
graph of, 161
properties of, 159-161
table of, 236
Extreme value, 110
Extremum (extrema), 110 ff.
absolute, 122
constrained, 232
global, 110, 122, 228
local, 110, 121-126, 228
first derivative test for, 124, 228
necessary condition for, 123, 228
second derivative test for, 125, 228
relative, 122
unconstrained, 232

Fermat’s principle, 136

Fibonacci sequence, 45

Finite interval, 19

Finite region, 213

Finite set, 42

First derivative test, 124

Force, 199

Fractions, S

Function(s), 36 ff.
algebraic operations on, 44-46
arguments of, 36
asymptote of, 93
average of, 147
composite, 43
concave downward, 127
concave upward, 127
continuous (see Continuous functions)
critical point of, 123
decreasing, 50-51
derivative of, 53, 63
differentiable, 63
differential of, 64
differentiation of, 63
discontinuous, 68
domain of, 37, 41, 213
elasticity of, 169
even, 49
formal definition of, 41
graph of, 46, 211
identically equal, 42
increasing, 50-51
increment of, 64
inflection point of, 127
integrable, 139
inverse, 39
limit of, 55
as a mapping, 41-42
mean value of, 147
notation for, 37
numerical, 42
of n variables, 36, 210
odd, 50
one-to-one; 39
of one variable, 36
parity of, 50
piecewise linear, 48
range of, 38

Function(s) (Continued)
rate of change of, 53
rational, 69

of several variables (see Functions of several

variables)
* stationary point of, 123
sum of, 44
value of, 37, 41
vanishing, 113
Function(s) of several variables, 36, 210 ff.
continuous, 216
critical point of, 229
differentiable, 219
differential of, 219
domain of, 37, 39, 213
extrema of, 228-233
graph of, 211
homogeneous, 227
increment of, 219
limit of, 215
partial derivatives of, 216
stationary point of, 229
value of, 37, 39
Fundamental theorem of calculus, 149

General solution, 187
arbitrary constants in, 187, 190
General term, 44
Geometric mean, 14
Geometric series, 97
sum of, 97
Global extrema, 110, 122, 228
Graph
asymptotes of, 93
of a continuous function, 71
of a discontinuous function, 71
of an equation, 46, 211
of a function, 46, 211
of a one-to-one function, 51
symmetric
in the origin, 49
in the y-axis, 49
Gravitation, 2, 205
Greek alphabet, 235
Growth rate, 193
proportional, 193

Half-life, 197
Harmonic series, 99
Higher derivatives, 79-80
Homogeneous functions, 227
degree of, 227
Euler’s theorem on, 227
Hooke's law, 206
Hyperbolic cosine, 172
graph of, 254
Hyperbolic sine, 172
graph of, 254

Identical equality, 42

Identity, 43

Implicit differentiation, 86-87

Improper integral(s), 181-184
convergent, 181, 182
divergent, 181, 182



Improper integral(s) (Continued)
evaluation of, 183-184
vs. proper integral, 181
Inclination, 25
Increasing function
exponentially, 192
in an interval, 50-51, 120
in a neighborhood, 112
Increasing sequence, 94
Increment(s)
of the dependent variable, 59
approximated by differential, 64-65, 220-221
of a function, 64, 219
of the independent variable(s), 59, 65, 220
notation for, 59, 64, 219
Indefinite integral(s), 118 ff.
vs. definite integral, 140-141
evaluation of, 118-119, 173-178
existence of, 148
properties of, 119
Indefinite integration, 118
Independent variable(s), 36 ff.
differential(s) of, 65, 220
increment(s) of, 59, 65, 220
value(s) of, 36
Indeterminate form, 52, 56
Index of summation, 96
dummy, 96, 140
Induction, mathematical, 8-9
Inequalities, 1, 10-13
greater than, 10
greater than or equal to, 12
less than, 10
less than or equal to, 12
Infinite branches, 92
Infinite interval, 19
Infinite limits, 90
Infinite region, 213
Infinite sequences (see Sequences)
Infinite series (see Series)
Infinite set, 42
Infinity, 19
limits at, 90
minus, 19, 89
plus, 19, 89
Inflection point, 127
necessary condition for, 128
tests for, 128
Initial conditions, 188, 190, 200
vs. boundary conditions, 191
Initial value, 192
Instantaneous velocity, 100-101
Integers, 5
negative, §
positive, 5
Integrability, 139
of continuous functions, 143
Integrable function, 139
Integral part, 13
graph of, 245
Integral sign, 118
Integral(s), 2, 118-119, 139 ff.
definite (see Definite integrals)
improper (see Improper integrals)
indefinite (see Indefinite integrals)
mean value theorem for, 145
proper, 181
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Integrand, 118, 140
Integration
constant of, 118
definite, 140
indefinite, 118
interval of, 140
lower limit of, 140
by parts, 176-178
by substitution, 173-176
upper limit of, 140
variable of, 118, 140
Interest
compounded N times per year, 166
continuously compounded, 166-167
rate of, 166
Interior point, 113
Intermediate value theorem, 111
Intersection (of two sets),’ 3
Interval, 17 ff.
closed, 17
continuity in, 68, 72
differentiability in, 63
end points of, 17
finite, 19
half-closed, 17
half-open, 17
infinite, 19
of integration, 140
length of, 17
open, 17
partition of, 139
Inverse (function), 39
continuity of, 82
derivative of, 81
Inverse square law, 205
Irrational numbers, 6
decimal expression of, 8
Irrationality of V2, 6-7
Iterated limit, 216

Jump discontinuity, 71

Kinetic energy, 203
conservation of, 204

Lagrange multiplier, 232, 233
Laplace’s equation, 222
Law of reflection, 136
Left-hand limit, 71
Leibniz, G. W., 1
Limit(s), 1, 51 ff.
algebraic operations on, 66-68
definition of
in epsilon-delta language, 56
informal, 55
double, 216
finite, 90
of a function of several variables, 215
infinite, 90
at infinity, 90
iterated, 216
in n dimensions, 215
left-hand, 71
one-sided, 71
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Limit(s) (Continued)
of a product, 66-67
of a quotient, 66-67
right-hand, 71
of a sequence, 94
of a sum or difference, 66-67
uniqueness of, 58
Lines (see Straight lines)
Logarithmic derivative, 168, 193
double, 169
Logarithmic differentiation, 167-168
Logarithm(s), 153 ff.
to the base a, 157
common, 157
natural, 153
base of, 156
graph of, 156
properties of, 153-157
table of, 237

Mapping diagram, 42
Marginal cost, I, 106-107, 234
Marginal profit, 106
Marginal revenue, 106, 108
Mathematical induction, 8-9
Maximum

in an interval, 110

local, 121, 228

strict, 122, 228

of a numerical set, 143
Mean value of a function, 147
Mean value theorem, 115

applications of, 117-120

in increment form, 115

for integrals, 145

Minimum
in an interval, 110
local, 121, 228

strict, 122, 228

Minus infinity, 19, 89

Monotonic sequence, 94
bounded, convergence of, 94

Neighborhood, 18, 214

deleted, 18, 214
Newton, 1., 1, 2
Newton's first law of motion, 200
Newton’s law of cooling, 198
Newton's law of gravitation, 205
Newton's second law of motion, 199
n-dimensional sphere, 214
n factorial, 80
Nonrepeating decimal, 8
Normal cost conditions, 8
n-space, 210

points in, 210
nth derivative, 79
nth power, 51
nth root, 80, 163
Number line (see Real line)
Number theory, §
Number(s), 4-8

decimal expression of, 8

even, 5

irrational, 6-7

Number(s) (Continued)
negative, 11
odd, 5
positive, 11
rational, 5
real, 7-8
Numerical function, 42

Qdd function, 50

0Odd number, 5

One-sided limits, 71

One-to-one correspondence, 7, 210

between real numbers and decimals, 8
between real numbers and points of line, 7

between sets, 42
One-to-one function, 39
continuous, 82
Open interval, 17
Open region, 213
Optimization problems, 131
Ordered n-tuple, 209
Ordered pair, 21
Ordered triple, 209
Ordinate, 21
Origin (of coordinates), 5, 20, 21, 208
Overhead, 107

Parabola, 49, 59, 62, 103

cubical, 49

tangent to, 62
Paraboloid of revolution, 211
Parity, 50
Partial derivative(s), 216

of higher order, 217

mixed, 217

equality of, 218

second, 217
Partial differential equation, 222
Partial sum, 97
Particle, 100
Particular solution, 187
Partition, 139

fineness of, 139
Perfect-gas law, 222
Perpendicular lines, slopes of, 27
Piecewise linear function, 48
Plus infinity, 19, 89
Points

on a line, 7, 15

in n-space, 210

in a plane, 21

in space, 209

of subdivision, 137, 138
Polynomial, 69

continuity of, 69

degree of, 69

derivative of, 77
Population growth, 193-195
Positive direction, 4, 20, 208
Potential energy, 204
Present value, 166
Profit, 109

marginal, 106
Proportional changes, 168
Pythagorean theorem, 6, 22, 105, 209

converse of, 23



Quadrant(s), 21
first, 21
second, 21
Q.E.D., symbol for, 11

Radioactivity, 196-197
Radiocarbon dating, 199
Range (of a function), 38, 41
Rate(s)

birth, 194

of change, 1, 2, 53 ff.

related, 104-106

of cooling, 1, 198

death, 194

growth, 193

interest, 166
Rational function, 69

continuity of, 70
Rational numbers, 5

decimal expression of, 8
Real line, 7 ff.

coordinates of points on, 15

distance between two points of, 15

origin of, §

positive direction of, §
Real number system, 4, 7
Real numbers, 6 ff.

decimal expression of, 8
Real variable, 42
Rectangular coordinates (see Coordinates)
Recursion formula, 44
Region, 213

closed, 213

finite, 213

infinite, 213

open, 213
Regular polygon, 4
Repeating decimal, 8
Revenue

average, 107, 108

marginal, 108

total, 106, 108
Right-hand limit, 71
Rocket, motion of, 205-206
Rolle’s theorem, 113-114
rth power of x, 162-163

derivative of, 78, 163

Secant (line), 60
Second derivative test, 125
Second-order differential equation, 190
Separation of variables, 189
Sequence(s), 43 ff.

bounded, 94

convergent, 94

decreasing, 94

divergent, 94

Fibonacci, 45

general term of, 44

increasing, 94

limit of, 94

monotonic, 94

terms of, 44

unbounded, 94

Index

Series, 96-97
convergent, 97
divergent, 97
geometric, 97
harmonic, 99
partial sums of, 97
sum of, 97
terms of, 96
Set(s), 2 ff.
closed, under algebraic operations, 5, 9
connected, 213
difference of, 4
elements of, 2
empty, 3
equality of, 3
finite, 42
infinite, 42
intersection of, 3
with n elements, 42
one-to-one correspondence between, 42
with the same number of elements, 42
subset of, 3
proper, 3
union of, 3
Side condition, 231
Slope, 24
in terms of inclination, 26
negative, 25
positive, 25
Solution set, 46, 211
Speed, 101 :
Square root, 13 ;
S-shaped curve, 195
Stationary point, 123, 229

- Straight line(s), 24-33

equations of, 29-31
inclination of, 25
intercepts of, 29
perpendicular, slopes of, 27
slope of, 24
Subset, 3
proper, 3 :
Summation notation, 9
Summation sign, 96
Surface, 211
of revolution, 215
Symmetry of a curve (or graph)
in the origin, 49
in the y-axis, 49

Tangent (of an angle), 26, 55
Tangent (line)

to a circle, 59

to a curve, 49, 55

horizontal, 123

to a parabola, 62
Terminal velocity, 203
Terminating decimal, 8
Total differential, 219
Total energy, 204
Triangle inequality, 15

Unbounded sequence, 94
Union, 3
Universal gravitational constant, 205

201
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Vanishing function, 113
identically, 113
Variable(s), 35 ff.
change of, 173
vs. constants, 35
dependent, 36
independent, 36
of integration, 118, 140
proportional changes in, 168
real, 42
related, 35
separated, 189
separation of, 189
values of, 35
Velocity, 1, 100 ff.
angular, 104
average, 100
escape, 206
initial, 102, 201
instantaneous, 101
terminal, 203
true, 101

Work, 203

x-axis, 20, 208
x-coordinate, 21, 209
x-intercept, 29
xy-plane, 21, 209
xz-plane, 209

y-axis, 20, 208
y-coordinate, 21, 209
y-intercept, 29
yz-plane, 209

z-axis, 209
z-coordinate, 209
Zero, S



